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Translator’s Note 


This English translation of the fifth volume of Professor Gel’fand’s 
series on generalized functions contains all the material of the Russian 
fifth volume with the exception of its appendix. This appendix, in which 
generalized functions of a complex variable are discussed, appears as 
Appendix B of the first volume in the English translation. 

The text of the translation does not deviate significantly from the 
Russian, although some minor typographical errors have been corrected 
and some equations have been renumbered. The symbol: # has been 
used to indicate the end of the Remarks (set in small type in the Russian). 

The subjects discussed in this book are often of interest both to 
mathematicians and to physicists, and each discipline has its own ter- 
minology. An attempt has been made to keep to the mathematicians’ 
terminology, but some confusion is inevitable. I will appreciate suggestions 
for improvement in terminology and notation. 

I wish to express my gratitude to the members of the Department of 
Mathematics at Northeastern University who have helped with the 
terminology. I am especially grateful to Professors Flavio Reis and 
Robert Bonic. I also wish to thank Dr. Eric H. Roffman and Professor 
E. C. G. Sudershan, who read the manuscript and galley proof and 


offered many helpful suggestions. 
E.J.S. 


Foreword 


Originally the material in this book had been intended for some chapters 
of Volume 4, but it was later decided to devote a separate volume to 
the theory of representations. This separation was based on a suggestion 
by G. F. Rybkin, to whom the authors express their deep gratitude, for 
it is in excellent accord with the aims of the entire undertaking. 

The theory of representations is a good example of the use of algebraic 
and geometric methods in functional analysis, in which transformations 
are performed not on the points of a space, but on the functions defined 
on it. 

As we proceeded in our study of representation theory, we began to 
recognize that this theory is based on what we shall call integral geometry 
[see Gel’fand and Graev(9)]. Essentially, we shall understand integral 
geometry to involve the transition from functions defined on one set of 
geometrical objects (for instance on the points of some linear surface) 
to functions defined on some other set (for instance on the lines generating 
this surface).* Stated in this way, integral geometry is of the same general 
nature as classical geometry (Pliicker, Klein, and others), in which new 
homogeneous spaces are formed out of elements taken from an originally 
given space. In integral geometry, however, we shall deal with such 
problems in what perhaps may be called their modern aspect: the transition 
from one space to the other shall be accomplished with the simultaneous 
transformation of the functions defined on it. This may be compared to 
the difference between classical and quantum mechanics: the trans- 
formations in classical mechanics are point transformations, while those 
of quantum mechanics are transformations in function space. (See the 
introduction to Chapter IT.) 

We have presumed to devote an entire volume to these elegant special 
problems in order to emphasize particularly this modern point of view 
relating geometry to functional analysis, as well as to point out the 
algebraic-geometric approach to functional analysis, an approach still in 
its earliest development. 

In this book we shall not attempt a complete description of the theory 
of representations, for that would probably take several such volumes. 
Instead we shall restrict ourselves to the group of two-dimensional 


* The term “integral geometry” as we use it here differs from its traditional meaning 
in which it involves calculating invariant measures on homogeneous spaces. 
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complex matrices of determinant one, which is of interest for many 
reasons. First, it is the simplest noncommutative and noncompact group. 
Further, it is the transformation group of many important spaces. In 
particular, it is locally isomorphic to the group of Lobachevskian motions, 
to the group of linear-fractional transformations of the complex plane, 
and several others. Finally, it is important in physics, for it is locally 
isomorphic to the proper Lorentz group. 

The method we use in this book to develop the representation theory 
is not the only one possible. We have chosen the most natural approach, 
one based on the theory of generalized functions and making use of the 
excellent work of Bruhat(4). In this approach many of the phenomena of 
representation theory, in particular the relation between finite and infinite 
dimensional representations, become somewhat easier to understand. 

This volume can be read almost independently of the previous ones. 
We assume only a knowledge of Chapters I and II and some of Chapter ITT 
of Volume 1, as well as their extension to the complex domain as discussed 
in Appendix B of that volume. The authors apologize beforehand for 
the incompleteness of the present volume. We hope that its underlying 
point of view will nevertheless be useful for those who are interested in 
new developments in functional analysis. The book is written to be read 
in one of two possible ways. Readers interested only in integral geometry 
may study Chapters I, II, and V, which are concerned only with integral 
geometry and are independent of the rest of the book. On the other hand 
readers interested only in representation theory can start with Chapter III, 
although an outline of the problems discussed is already given in Section 2 
of Chapter IT. 

Chapters I and II were written by Gel’fand and Graev. The rest of 
the book was written by the three authors together. It contains a rewritten 
and expanded version of chapters originally written for Volume 4 by 
Gel’fand and Vilenkin (Chapters III and IV of this volume). 

The authors express their deep gratitude to A. A. Kirillov and F. V. 
Shirokov, who read over the manuscript and made many helpful observa- 
tions. They are especially grateful to L. I. Kopeykina whose help in 
the final stages of the manuscript greatly accelerated the publication of 
the book, and to S. A. Vilenkina for important help in the manuscript 
stage. 

I. M. GEL’FAND 
M. I. GraeEv 
1962 N. Ya. VILENKIN 
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CHAPTER | 


RADON TRANSFORM OF TEST FUNCTIONS 
AND GENERALIZED FUNCTIONS 
ON A REAL AFFINE SPACE 


1. The Radon Transform on a Real Affine Space 
1.1. Definition of the Radon Transform 


In this section we shall study the relations between the functions 
(x) = f(x, , ..., %,) on a real affine space and their integrals over all 
possible hypersurfaces. 

We shall start by defining the integrals over a hyperplane. Consider 
an n-dimensional real affine space consisting of points x = (x,, ..., X,). 
We shall always assume the Space to be oriented. Further, we shall 
consider the differential form 


dx = dx, +++ dx, 


to be the volume element in this space, which then defines the integral 
of a function. 

We now wish to define the integral of f(x) over the hyperplane whose 
equation is 


(é,x) = Ey tee + EnXy = Dp. 


To do this we must define a volume element on the hyperplane, namely 
a differential form of degree m — 1, and give the orientation of the 
hyperplane. Thus with the hyperplane we shall associate the differential 
form defined by? 


d(é, x)-w = dx, ++ dx, . (1) 


It is a simple matter to obtain an expression for w in any system of 
coordinates on the hyperplane. For instance, if the points on the hyper- 


1 Here d(é, x) - w is the exterior product of the differential forms. (We refer the reader 
to Volume |, pp. 214 ff.) 
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plane are given by the m — 1 coordinates x, , ..., Xj1 ) Xpizy e+) Xn 5 
we arrive at? 


(—1)*71 dx, -+> dxj_y djs, +++ dx, 
g; 


We then define the integral of f(x) over the (€, x) = p hyperplane by 


(2) 


Hen=],. fee 3) 


where w is given by Eq. (2) and the orientation of the hyperplane is 
chosen so that it becomes the boundary of the region (&, x) < p. 
By using the 6 function we may write (3) in the convenient form 


HE») = | f@)8(p — &»)) de. (4) 


(The integral is taken over the entire space.*) 

Thus with a function f(x) on an n-dimensional real affine space, 
we may associate another function /(é, p) which is defined on the set of 
hyperplanes. We shall call this new function the Radon of transform of f(x). 

Let us specify the class of functions whose Radon transforms we 
shall be discussing. In general, in order for the integral of (3) to converge 
for all values of € and p we need only require that f(x) be absolutely 
summable over the entire space. Unless stated otherwise, however, 
we shall place stronger requirements on f(x). We shall assume, namely, 
that f(x) is infinitely differentiable rapidly decreasing, as are all of its 
derivatives.4 Then the Radon transform of f(x) is easily shown to be an 
infinitely differentiable function of € and p. 

Note that according to Eq. (4) f(€, p) is an even homogeneous function 
of € and p of degree —1. This means that for any real « 4 0, 


F(aé, op) = | a | F(E, 2). (5) 


2 Note that w depends not only on the hyperplane, but also on the equation by which 
this hyperplane is given. If, in particular, (£,x) = p is replaced by (aé, x) = ap for 
a ~ 0, then w will be replaced by a—!w. 

3See Volume 1, pp. 220ff., where integration over an arbitrary smooth surface 
P(x) = 0 is discussed and where 8(P) is defined. 

4 We call f(x) rapidly decreasing if for every k > 0 we have 


Jim| Ifa) = 0, where |x| = (pb + x2), 
a|>00 a 


Henceforth unless otherwise stated a rapidly decreasing function will be one whose 
derivatives also are rapidly decreasing. 
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Consequently f(é, p) is known so long as it is known for some fixed 9, 
say for p = I, and for all €, and it therefore depends on the same 
number of variables as does f(x). 

An easily visualized interpretation of /(£, p) is the following. Let f(x) 
be the density with which some finite mass is distributed throughout 
space. Let M(é, p) be the total mass in the region (&, x) < p. Then 


MEP) = J Fle) de = | Fe — (6, 9) dx, (6) 


where, as usual, 0(p) = 1 for p > O and 6(p) = 0 for p < 0. Now we 
know that 6’(p) = 6(p). Thus the derivative of (6) with respect to p gives 


ems aM(E, p) ~f f(x) 8(p — (é, x)) dx = f(é, p). 


Consequently if f(x) is the density with which a finite mass is distributed 
throughout space, its Radon transform is 


Fé p) = 


where M(é, p) is the mass in the half-space (£, x) < p. 

Let us consider a particularly interesting example of the Radon 
transform. Specifically, let us find the geometric meaning of the Radon 
transform of the characteristic function of some bounded region. Let V 
be a bounded region and let f(x) be its characteristic function; i.e., 
f(x) = | for xe V, and f(x) = 0 for x € V. Then the Radon transform 


f(E, p) of f(x) is given by 


aV(é, p) 
op 


where V(£, p) is the volume of that part of V which lies in (£, x) < p. 

We shall treat our space as Euclidean with metric given by 
ds? — dx® + +++ + dx®, and we shall give the hyperplanes by normalized 
equations [i.e., such than | €| = (£7 +--+ + &%)! = 1 in the equation 
(é, x) = p]. Then /(é, p) is simply the area of the intersection of V and 
(é, x) = p. It is thus evident that the Radon transform of the charac- 
teristic function of a bounded region V can be found from geometrical 
considerations, namely by calculating appropriate areas. In particular, 
the Radon transform of the characteristic function of the ball 


Fé) = 


x bag to ta SR 
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is given by 


K&D = 


ah (nl) ee Bit P eo 
T(gn + $) | €| | € 


H(ép) =0, for a > Re 


P 
for —-~ < R’, 
"eR 


In Section 2.4 of this chapter we shall also define the Radon transform 
of the characteristic function of an unbounded region. 


1.2. Relation between Radon and Fourier Transforms 


Let us find the relation between the Radon transform of f(x) and its 
Fourier transform 


FO = | Fae” de. (1) 


This Fourier transform can be written directly in terms of integrals of 
f(x) over hyperplanes. Specifically, in order to calculate (1) we first 
integrate over the (€, x) = p hyperplane and then integrate the expression 
so obtained over p for fixed €. In other words, 


© = [HG poe? ap. Q) 


This is the desired relation between the Fourier and Radon transforms 
of f(x). 

Equation (2) can be written somewhat differently. We replace € by | 
a€, where « 40, and then change variables in the integrand, writing 
p = op, . Using the homogeneity of f(é, p), we obtain 


Fob) = "FE pe ap. 3) 


This shows that the Fourier transform in n dimensions reduces to 
the Radon transform followed by a one-dimensional Fourier transform. 
By taking the inverse Fourier transform of (3) we obtain 


HEP) = 35 [_ Flatyerio da. (4) 


Thus we see that in a real affine space the Radon transform of f(x) is 
closely related to its Fourier transform; specifically, one is obtained from 
the other by a one-dimensional Fourier transform. The Radon transform 
has some advantage over the Fourier transform in that it is geometrically 
more meaningful. 
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Remark. We shall see later (Chapter II, Section 3, and Chapter V) 
that the analog of the Radon transform can be defined not only on a real 
affine space, but also on other homogeneous spaces. Now we have seen 
that the ordinary Fourier transform can be obtained by two successive 
transformations, namely the Radon transform followed by a one- 
dimensional Fourier transform. In turns out, however, that although 
the analog of the Radon transform exists in many homogeneous spaces, 
the second of these transform is peculiar only to Euclidean spaces. 
Strictly speaking, the analog of this second transform does exist in other 
homogeneous spaces, but is related to representations of groups and 
is constructed differently in different spaces. (The analog of the one- 
dimensional Fourier transform for real and imaginary Lobachevskian 
spaces is developed in Chapter VI.) The advantage of the Radon 
transformation over the Fourier transformation is perhaps best illustrated 
by this more general view. There is therefore good reason for trying to 
construct an operational calculus based on the Radon transform. In 
part this will be done in the present chapter. # 


1.3. Elementary Properties of the Radon Transform 


Let us study the behavior of the Radon transform of a function 
under transformations of the function. Further, let us also calculate the 
Radon transform of the convolution of two functions. 

Note first the obvious fact that the Radon transform is linear, that is, 
that 


(af, + af =a f, + Os fr 


for all functions f, and f, and for all numbers a, and a,. Almost as 
obviously, we have the following properties. 


(a) Let A be a nonsingular linear transformation of the x, ; we write 


Ax = (ys 5 In)s 
where yy, = LiL, AyiX,, det| a,,| 4 0. Then the Radon transform of 


. fal) = f(A>x) 
is 

Falé, p) = | det A | (A'S, p), (1) 
where f(£, p) is the Radon transform of f(x), and A’ is the transpose of A.® 


5 The transpose is defined by (€, Ax) = (A’é, x). 
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Proof. The Radon transform of f(x) is givev by 


Fé D) = [ f(A) 8(p — (& 2) de. 


We now write x = Ay. This yields 
Fa& Pp) = | det A| [ f(y) 8(p — & Ay) dy 


=| det A| { f(y) 8(p — (4’E,9)) dy = | det A | f(4’E, ). 
(b) The Radon transforms of f,(x) = f(x + a) = f(x + a, -5 Xp + Gp) 
is 
Falé, D) =f(&p + (&,4)), (2) 
where f(, p) is the Radon transform of f(x). 


Proof. The Radon transform of f,(x) is 
Falé ») = [fe + a) 8(p — (6, »)) de. 
The change of variables x = y — a yields 


falés ») = [ F) 8(9 + (64) — (9) & =H? + (4)- 


From (b) we arrive immediately at the following. 


(c) The Radon transform of 


(4, ox mf = Dae Ox, 
(where the a; are arbitrary numbers) is 


(a, #) LE?) We FE p) _ = (34 z,) Ler) HG0) P) 3) 


A consequence of (c) is that if P is a homogeneous polynomial of 
degree k with constant coefficients, the Radon transform of P(0/dx)f(x) is 


pe PAD) 
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(d) The Radon transform },(£, p) of 
Al) = (a, a)f(%) = (Darr) £(@) 
k=1 
is related to that of f(x) by 


Proof. By differentiating 
FE) = [f() 8 — (62) de 


with respect to the €,, we obtain 
F af (é, 
(2, sa) /E.9) = — f (@2Fe)9 — Ga) de = — WED) 
(e) The Radon transform of the convolution 


Fe) = [ AO) fle — y) dy 
is given by 
Hé)= | AE )AG —1) ae, (5) 


where f,(&, t) and f,(&, t) are the Radon transforms of f,(x) and f,(x). 
Proof. By definition, the Radon transform of f(x) is 


FE) = [ A) Al* — 9) 8(— — (6 2)) dy de. 


We interchange the order of integration and transform from x to the 
new variable x — y. This yields 


FE») = [ Alo) fol) 8(0 — (€, *) — (8,9) dx dy 
= [AOA » — 9) ay. 


The integral over y can be reduced to an integral over the (€, y) = t 
hyperplane followed by an integral over ¢ for fixed é, which is just the 
result stated in Eq. (5). 
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1.4. The Inverse Radon Transform 


Consider the Radon transform 


FE 0) = [ F@) 8p — (6 »)) ax (1) 


of f(x). We wish to obtain a formula expressing f(x) in terms of its 
integrals over hyperplanes, or in other words to invert Eq. (1). This 
formula will be found to depend on whether the space has even or odd 
dimension, so we start with the simpler case of odd dimension. 

Let n (an odd integer) be the dimension of the space. Let us differen- 
tiate /(£, p) m — 1 times with respect to p,’ and let us write 


WE, p) =f" (6p). (2) 


We now average ¥(€, p) over the set of hyperplanes passing through 
some fixed point x. It will be shown that this average is equal to a constant 
factor times the value of f at x. 

We have not yet defined what is meant by averaging % over the 
hyperplanes passing through x. Before doing so, however, we note that 
a hyperplane passing through x, is defined by an equation of the form 
(, x) = (§ xo). Thus what we must average over & are functions of the 
form (£, (€, x)). We shall define these averages by the integrals 


[ HE Eo) 3) 


over any closed surface I’ enclosing the point € = 0 in € space, where® 
w(£) = Dy (— 1) 4b dey + dbp dbaaa Ube. (4) 
k=1 


It is easily shown that (3) is independent of the choice of I’. Indeed, 
both the function 


HE, (fx) =f MS (& »)) 


6 The solution of this problem was first obtained by Radon [38]. We obtained a solution 
also in Volume | (Chapter I, Section 3.10) in studying f),,)-, {(w, x){* dw where A is a 
complex number. Here we shall treat this problem somewhat differently. 

7 It is natural to call @/@p the infinitesimal parallel displacement operator of the plane, 
since variation of p causes the (¢,x«) = p hyperplane to move so that it remains parallel 
to itself. 

8 The differential form w(£) has a simple geometric meaning, namely w(€)/n is the 
volume of the cone whose vertex is at £ = 0 and whose base is an element of area on I" 
(see Volume 1, p. 298). 
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in the integrand and the differential form w(&) are homogeneous in €, 
the former of degree —n, and the latter of degree n. Therefore, 
w(é, (€, x))@(€) is homogeneous of degree zero, or invariant under 
replacement of € by af, where a > 0. In other words, this expression 
remains constant along any ray passing through the origin in & space, 
or the integral of Eq. (3) is invariant under deformations of I.® 

We now wish to prove the following result. 

Let f(é, p) be the Radon transform of f(x) in a space of odd dimension.® 
Then the inverse Radon transform formula is 


[ Fo°E Eo = Fl), (5) 


where the integral is taken over any hypersurface I enclosing the origin in 
& space, and w(£) is given by Eq. (4). We shall show later that 
e = (—1)#™-)2(27)". 


Proof. We first prove the validity of (5) for x = 0, or 


[ JOE el) = (0). (6) 


This integral defines a continuous functional on the space of infinitely 
differentiable rapidly decreasing functions which we may write in the 
form 


FA = JF PE Ou(6). (7) 


What we wish to prove is that F(x) = c8(x). We first show that F satisfies 
the condition 


(F, f(A) = (Ff (x), (8) 


where A may be any nonsingular linear transformation. This follows 
from the fact established in Section 1.3 that the Radon transform of 
f(A x) is | det A | f(A’E, p), where A’ is the transpose of A. Thus 


(F, f(A) = fl det 4 Lf MA'E, Oo é). 


® Since #(&, (&, x))w(€) is constant on each ray passing through the origin in é space, 
it can be considered a differential form defined in the ray space. Thus (3) can be considered 
an integral over the set of rays diverging from the origin. 

10 Recall that f(x) is an infinitely differentiable and rapidly decreasing function. This 
inverse Radon transform formula is, however, valid also for much weaker conditions 
on f(x), but we shall not go into them here. 
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Now obviously by replacing € by A’—1€, we arrive at the original equation 
(7). This then proves condition (8). 

Let us average the left-hand side of (8) over the set of orthogonal 
transformations A, i.e., over all transformations which leave invariant 
|x |2 = x? + +++ + x2. This gives 


(FL A(z) = (A F@)), (9) 


where f,(x) is the average of f(x) over the sphere | x |? = r*. Thus in 
calculating (F, f) we may replace f by its averages over such spheres. 
In other words, F can be treated as a functional on functions on the 
half-line 0 <r < 00. 

Note that according to Eq. (8) (F, f(ax)) = (F, f(x)), so that on the 
half-line F is homogeneous of degree —1. It is easily shown that up to a 
constant factor the only homogeneous generalized function of degree 
—1 is the 6 function (cf. Volume 1, Chapter I, Section 3.11). This 
proves Eq. (6), namely F = c 8(x). 

The expression for f(x) at any other point x) can now be obtained 
from (6). For this we need only apply (6) to f,(x) = f(x + x9). Recall 
that the Radon transform of f,(x) is f(€, p + (&, %)) (see Section 1.3). 
On so doing, we obtain the result 


[ Jo 7E E Ho))oX€) =  )- (10) 


Remark. In deriving (10) we have not actually used the fact that we 
are working in a space of odd dimension. But in a space of even dimension 
(10) is a trivial result, since the integral simply vanishes. This is because 
for n even p(é) = fi" (E, (€, x)) is an odd function of & [that is, 
W— £) = —#(2)]-7 

Let us now calculate the constant c in (6) for odd by applying (6) 
to the test function 


F(x) = exp{—ax? — +++ — x2} = exp{— |x ?}. 


The Radon transform of this function is 


ié,p) = | exp{— | x } 8(p — (&, x)) dx. 


An orthogonal transformation on the x; in this integral leads to 
FE) = | exp{— | * P}8(p — | € |) dx. 


11 This is because fora, ap) = a" sgn ofim-0(E, Pp). 
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Then we easily obtain 
qt(n-l) 


HG») =" z-e (— Fa): 


Expanding the exponential in a power series, we have 
ya —Il ake 
(gn — 3)! | é |" 


Now we insert the particular f(x) and the expression for /{"-(é, 0) 
into (6), from which we obtain 


fom, 0) = (—1)* 


c = (—n)ie—p (n — 1)! w(é) (—n)tn) (m~—I)l Gg 


(gu — a) irl ele Ca 
where (2, is the surface area of the unit sphere. Since 


Qt” 2(2m)2n-D Zt (dy — 4)! 
Q, = SS ae 
" £Gn) (»— 1)! 


BJ 


we arrive finally at 
c= (—1)?"-Y)2(277)"1" 


Our final result is therefore the following. In a space of odd dimension 
n, the inverse Radon transform formula is 


(—1)2*—-) 


fe) = “sonar | FPG E Mo, (11) 


where w(€) is given by (4) and the integral is over any hypersurface which 
encloses the origin in & space. 
It can be shown that if n is even the inverse Radon transform formula ts 


fe) = P| Ee pe—Gorra] ol, 2) 


where the integral over p is understood in terms of its regularization. 


12 Specifically, 
00 2D 
| pep) dp = | p* | oto) + 9o(— p) 
-2 0 


pP pr? 
pe 0 piled ore —_s No“ {t—2), d 
290) + FeO + + Ae co {ap 
(see Volume 1, p. 335). 
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There is a fundamental difference between these inversion formulas 
for odd and even dimension. In the case of odd dimension, the inversion 
formula is local in that the value of f at some point x depends only on the 
integrals of f over hyperplanes passing through x and over hyperplanes 
infinitesimally close to these. In the case of even dimension, as is seen 
from (12), the value of f at x depends on its integrals over all possible 
hyperplanes. 

The derivation of (12) is quite similar to that of (11). Specifically, 
by using the same considerations as were used to derive the analogous 
result for odd dimension, it can be shown that 


[ [76a @] o® = 40. (13) 


It is easily verified that this is a trivial result for odd dimension, for 
which the integral vanishes. For even dimension, however, c 4 0}; 
again by using the test function f(x) = exp(—| x |"), we may deduce that 


me | as 
~ (n—1)! 


(2m)". 


1.5. Analog of Plancherel’s Theorem for the Radon Transform 


Let f(*) and g(x) be two infinitely differentiable rapidly decreasing 
functions in an n-dimensional affine space, and let /(£, p) and g(£, p) be 
their Radon transforms. We shall prove that f 7 ts odd, then 


(a1ke2 —1) 


F(2)B(x) dx = Sa mG per Y& p) dp| o(€), (1) 
Con ) 
where, as before, 


(2) = > (—1)¥-1é;, dé, +** d&,_1 dbniy -. dE, 
k=l 


and I is any hypersurface enclosing the origin in & space. This is the 
analog of Plancherel’s theorem for the Radon transform. This result 
can also be written (by integrating by parts with respect to p) in the form 


Fela) de =f [ff DEMME) a] oO, 1) 
Hany J A 


where m = 3(n — 1). 
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If 2 is even, Eq. (1) becomes?® 
[ Fez) ax 
(=)@ — 1! 5 2 
= Sap LPG enEE pad(s — 20)" drs dpa] 2) ) 


We shall prove this result for odd ; the proof for even 7 is analogous. 
Consider the convolution of f(x) and g*(x) = (—x), namely 


F(x) = [f(a — =) ay. 
According to Section 1.3, the Radon transform of F(x) is 
FE») = [FG ONG t — p) at. 


We now use the inversion formula to write F(x) in terms of its Radon 
transform. We have 


—])t(n-1 
FO) = Fair [EMG Opals) 
_ (opie 


~"F@ny i ? [fs EE, ) at] w(2). 
But 
F) = | fav) dy. 


When we insert this expression for F(O0) in the preceding equation and 
replace t by p, we arrive at (1). 

Let us rewrite the right-hand side of (1) by integrating by parts 
3(n — 1) times with respect to p. Since the derivatives of f and g are 
rapidly decreasing functions, /(é, p) and g(&, p) and their derivatives 
with respect to p converge to zero as p—> +00, or as the (f,x) =p 
hyperplanes move off to infinity. Equation (1’) follows immediately 
from these considerations. 


13 The integral over p, and p, in the square brackets is to be understood in the sense 
of its regularization. Specifically, by a change of variables, we write it in the form 
OO OO - 
[Uf Fee + pode, ry dps] a. 
which reduces the problem to regularizing an integral over p. This regularization was 
described in footnote 12. 
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Note that (1’) has been obtained for rapidly decreasing f and g. But 
such functions form an everywhere dense set in the space of square 
integrable functions, i.e., those for which 


[if@P ae < 0. 


Thus Eq. (1’) is valid also for this larger set. 

An interesting consequence of Plancherel’s theorem is obtained when 
g(x) is the characteristic function of some bounded region V in a space 
of odd dimension [i.e., g(x) = 1 for xe V and g(x) = 0 for x¢ V]. 
Let us assume the space to be Euclidean. Then as we have shown, 
&(€, p) for | € | = 1 is the area of the intersection of V and the (£, x) = 
hyperplane. Plancherel’s theorem is an expression for the integral of 
f(x) over V in terms of its integrals f(£, p) over the (£, x) = p hyper- 
planes, namely 


f foyae = GOES | [769 SE? alow. 


Here S(é, p) is the area of the intersection of V with the appropriate 
hyperplane, and I is the unit sphere. 
In Section 2.4 this formula will be generalized to unbounded V. 
Now let both f(x) and g(x) be the characteristic function of V. This 
leads to an expression for the volume v of V in a space of odd dimension 
in terms of the intersection S(€, p) of V with all possible hyperplanes. 
From (1’) we then have 


= soaps [| a wet a] dp| «(£), (4) 


where m = 3(n — 1). 
We shall not discuss the somewhat trickier case of even n. 


Remark. Plancherel’s formula cn be used to extend the (odd z) 
mapping f(x) > fy'(& p), with m = 3(n — 1) to an isometric mapping 
of square integrable functions into the space of functions (€, p) that 
satisfy the homogeneity condition 


Uae, op) = am sgn aE, p) (5) 
and such that 
, [. [ i ia | o(é, p)P dp] w(é) < 00. 6) 
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It can be shown that this extended mapping is onto, but we shall not 
go into the proof here. We may add that both Plancherel’s theorem and 
the extended mapping can be obtained by writting the Radon transform 
in terms of the Fourier transform and using the known properties of the 
latter. This is suggested as an exercise for the reader. # 


1.6. Analog of the Paley-Wiener Theorem for the Radon Transform14 


In this section we shall find the necessary and sufficient conditions 
for a function f(g, p) to be the Radon transform of some infinitely 
differentiable rapidly decreasing function. These conditions may be 
formulated uniformly for spaces of all dimensions, although the proofs 
differ somewhat for even and odd dimension. As before, we shall restrict 
our considerations for simplicity to spaces of odd dimension. It is 
particularly interesting that in addition to expected requirements 
involving its differentiability and its rate of decrease, it is found that 
f(E, p) must satisfy additional algebraic relations (see Condition 4). 

To proceed, let f(x) be an infinitely differentiable rapidly decreasing 
function on a space of odd dimension. We wish to find the necessary 
conditions satisfied by its Radon transform 


féa) = | conf? = [7038p — &)) dx. (1) 


The first condition has already been established. 
Condition I. The function f(€, p) has the homogeneity property 


F (ok, op) = | al FE p) (2) 

for any «a # 0. 
In addition, from the definition of the Radon transform and the con- 
ditions imposed on f(x), the following two results are easily established. 


Condition 2, The function f(é,p) is infinitely differentiable with 
respect to € and with respect to p for € £0. 


14 The classical Paley-Wiener theorem concerns the Fourier transforms of functions 
with compact support on the line. In this book we shall mean by analogs of this theorem 
those theorems which describe functions obtained from ‘‘sufficiently good’’ functions 
by any of the transforms of integral geometry. 

16 These algebraic relations are associated with the occurrence of finite-dimensional 
representations of the group of affine transformations (including parallel transfer). 
Similar relations in the case of the motions of Lobachevskian space are related to the 
occurrence of finite-dimensional representations of this group also (see the Paley— 
Wiener theorem for the Lorentz group in Chapter IV, Section 5). 
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Condition 3. Asymptotically as | ? |— oo and for any k > 0, we 
have 


| #(& p)| = (1 p I-*) (3) 


uniformly in € for € running through a bounded closed region not 
containing the origin. This equation holds also for each derivative of 
f(g, p) to any order with respect to € or p. 

Finally, it is easily shown that /(£,p) has the following additional 
property. 

Condition 4. For any nonnegative integer k, the integral 


[Fe Pye ap (4 


is a polynomial in €, homogeneous of degree k. 
Indeed replace /(é, p) in (4) by its expression in terms of f(x), 
obtaining 


[FG pro ap = [FONE =) ae 


The assertion then follows immediately. 

These then are necessary conditions that must be satisfied by the 
Radon transform of an infinitely differentiable rapidly decreasing 
function. We shall now show that they are also sufficient. Specifically, 
we shall show that every function f(é, p) satisfying Conditions 1-4 is 
the Radon transform of some infinitely differentiable rapidly decreasing 
function f(x). 

We start by writing f(x) in terms of f(£, p) by means of the inversion 
formula’® 


—])i(r—-) 
fe) = So [F876 Gol. (5) 


We must show that f(x) is an infinitely differentiable rapidly decreasing 
function and that its Radon transform is f(é, p). 

That f(x) is infinitely differentiable follows from Condition 2. We 
assert that it is also rapidly decreasing, i.e., that for any x» 4 0 the 
function f(tx,) decreases rapidly as a function of ¢ as t — oo. For the 
proof we may, without loss of generality, make the choice 


% = (1, 0, ...,0). 


16 Tt follows from Condition | that this integral is independent of the choice of I. 
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Further, we choose the surface of integration in Eq. (5) to be the pair of 
hyperplanes €, = +1. Since the function inside the integral sign in (5) 
is not altered when & is replaced by —é we may replace the integral 
by twice the integral over the €, = 1 hyperplane. Then /f(éx,) will be 
given by 


f(t) = WE yy omy Eng» 15 t&) dey + dE yg 
Ht f APE, bay ony Suns 15 p) dp dbg o> Eas (6) 
where we have written 
M6, ») = 6 D. (7) 


Now the integrand in this expression is an infinitely differentiable 
function of #1 in the neighborhood of t-? = 0. It can therefore be 
expanded in an asymptotic Taylor’s series in powers of ¢~1, to yield 


©. t-kpk 
VRE, bays Eva bP) ~ Dad? besa be) — @) 


=0 


toe 


We now integrate this series term by term?’ over &,..., €,_, and p to 
obtain an asymptotic series for f(tx,) as t > oo, namely 


OO 4—-k-1 
Flto) ~ SY f PHL 0, fay os Enai p) dp doy de. 9) 


k=0 
Now all the terms of this asymptotic series vanish, as will now be shown, 


so that f(tx)) decreases more rapidly than any negative power of ¢ as 
t —» oo. Indeed, recall that according to Condition 4 


| . (é, p)p™ dp 


is a polynomial in € of degree m. Integration by parts then shows that 


cans ik = (=1ee) (n—1) kk 
[HG pet dp =a [iE lp dp 


17 That (8) may indeed be integrated term by term may be verified by calculating the 
remainder. This is a tedious, but standard task which we shall omit. 
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is a polynomial in ¢ of degree k — n+ 1 (for k < nm — | the integral 
vavishes). Hence 


FO k OR pie k 
[ve G po" dp = see | WE pe dp = 0. 


Thus all the terms of (9) vanish. This shows that f(x) is a rapidly 
decreasing function. Similar considerations can be used to obtain the 
same result for any derivative of f(x). 

We have thus shown that according to the definition in terms of /(, p), 
that is, according to Eq. (5), f(x) is an infinitely differentiable rapidly 
decreasing function. What remains is to shown that the Radon transform 
of f(x) is f(é, p). Thus let g(€, p) be the Radon transform of f(x). Then 
the inversion formula gives 


—])t(n 
fe) = FD JPG Eo. (10) 


It follows then that 


has the property that 
[ FE G ol = 0. (11) 


What we must show is that F(é, p) = 0. To do this we introduce the 
new function @(£) = Feng, 1) and show that 6(£) = 0. 
Let us choose Fin (11) to be the two hyperplanes 


(é, x) = 


in € space. Now the function under the integral sign in (11) does not 
change sign when € is replaced by —é, so that the integral may be 
written 


® w= U. 
2 J on (é) : 


This means that the Radon transform of (é) vanishes identically, and 
therefore so does &,*8 


18 Note that ®(€) is infinitely differentiable for & 4 0. It is easily shown that if we 
define (0) = 0, it will be infinitely differentiable also at € = 0. Further, for this function 
and any of its derivatives D®(é) we may write 


| D®&(£)| = O(l € [-*). 


It follows that the Radon transform of ®(£) exists, and that ®(£) itself is uniquely defined 
by the inversion formula in terms of its Radon transform. 
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We have thus shown that F("-1(é, 1) = 0. But then Fi"-(é, p) = 0 
and therefore also F(é, p) = 0. This completes the proof: any function 
f(é p) satisfying Conditions 1-4 is the Radon transform of an infinitely 
differentiable rapidly decreasing function f(x). 


1.7. Asymptotic Behavior of Fourier Transforms of 
Characteristic Functions of Regions 


Let us turn aside briefly to consider a certain interesting problem of 
analysis. We wish to find the asymptotic behavior as | € | — 00 of the 
integral 


o(é) = fee” dx, (1) 


over some bounded region V in m dimensions. Assume that V is bounded 
by a convex surface which is $(m + 3) times differentiable and centrally 
symmetric about the origin. Assume also that at each point on the 
surface the product of the principal radii of curvature is nonzero. Note 
that Eq. (1) is the Fourier transform of the characteristic function of V. 

We shall solve this problem, namely obtain the asymptotic behavior of 
(1), from simple geometric considerations by going over from the 
Fourier to the Radon transform of the characteristic function. 

Let S(,p) be the Radon transform of the characteristic function 
of V. For | €| = 1, S(&, p) is the area of the intersection of V and the 
(€, x) = p hyperplane. We may express 9(€) in terms of S(£, p) by the 
equation 


alg) ; 
(re) = J SUE ple ap, (2) 


where 2a(&) is the diameter of V along the € vector (Fig. 1). What we 


(E,xl=-o(€) (E,xdep 


Fic. 1. 
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must do is analyze the behavior of S(£,p) in the neighborhood of 
p = +a(€). Let the hyperplane (€, x) = a(é) be tangent to the boundary 
of V at some point A. We choose a new coordinate system to describe 
the surface, in which the coordinate axes are the normal to the surface 
and to the principal curvature vectors at A. Then in the neighborhood 
of A the equation of the surface is 


H+, a=a(é), 


where the p, are the principal curvature vectors at A (we have omitted 


terms of higher order in the x,). 
Now as p —> a(&), the shape of the intersection of V and the (€, x) = p 
hyperplane approaches the ellipsoid 


to second order in the x, . The volume of this ellipsoid is 


Qr)i(n-D 
eC Pi’? Pna)i(a — pi. 
gn +3 
Thus 
Qnjh—n . 
S(é, p) = Tani” * Pna)*(a — p)*"— + (a — p)*"S,(E, 7); 


where S,(é, p) has 3(m + 3) continuous derivatives with respect to 
p for |p| < a(é). Our assumption that V is symmetric implies that 
S(é, p) is an even function of p, so that we may write 


+(n— ee 
ml) (p, Pn-1)* (a pyre) + (a — pn S4(é, p), 
Tin +9) ake 


S(é, p) = 


where S,(é, p) also has 3(m + 3) continuous derivatives with respect 


to p for |p| < a(é). 
Let us now go over from the Radon transform S(é, p) to the Fourier 


transform » by using Eq. (2). This yields 


ders qt +» (2e)in a : 
9(ré) = ee Jynfar) +4 | - (a® — pin SE pei?" dp, (3) 


2. The Radon Transform of Generalized Functions 21 


where J,,(ar) is the Bessel function of order $n.19 Now as r —> 00 we 
have the asymptotic expression” 


Jyp(ar) = (2/nar)* costar — (gn + 4)n][1 + O(1/r)] 


for the Bessel function, with the condition |cos[ar — (4n+4)z]| > 6 > 0. 
On the other hand, the second term in Eq. (3) can be integrated by 
parts, and it is then easily seen that for large ry it behaves according to 


[= pyPesus, poem dp = O(r*e™), 


We now insert both of these expressions into (3). Then for 
e() = J, e”) dx, we obtain the asymptotic expression 


cos[ar — 4(n + 1)z] f 5.56) (—)] 


p(ré) = 2(2m)#"-Y(p, ++ py_a)? yi(nt) 


re 


under the condition | cos[ar — 4(n + 1)z]| > 8 > 0 (recall that 2a is 
the diameter of V along the vector €). 


2. The Radon Transform of Generalized Functions 


We have been considering Radon transforms of rapidly decreasing 
functions, and have defined them in terms of integrals over hyperplanes. 
It is clear that this definition can be extended to all summable functions, 
in particular to characteristic functions of bounded regions, In this 
section we shall go on to define the Radon transforms of generalized 
functions. In addition, the Radon transforms of some nonsummable 
functions (e.g., characteristic functions of unbounded regions) will be 
defined. This will then generalize to nonsummable functions the concept 
of the integral over a hyperplane. 

The Radon transform of the characteristic function of an unbounded 
region is of particular interest. Let us try to explain its meaning in some 
detail, at least for the case of a space of odd dimension. Let S(€, p) be 
the Radon transform of the characteristic function of some bounded 
region V (e.g., of an ellipsoid, of a bounded convex region, or of something 
similar). We have seen that S(é, p) is then the area of the intersection 


18 We have made use of Poisson’s integral representation of the Bessel function. See 
formula 8.411(10) in Gradshteyn, I. S., and Ryzhik, I. M., “Table of Integrals, Series, 
and Products,’’ Academic Press, New York, 1966, p. 953. 

20 Ibid., Formula 8.451 (1), p. 961. 
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of this region with the (€, x) = p hyperplane, and have obtained the 
following formula. Let F be the characteristic function of V. Then 


[ Feyf(e) de OS ff se rserGn ao, 


where f(é, p) is the Radon transform of f(x). Since the integral on the 
left-hand side is J, f(x) dx, Eq. (1) is a solution of the following problem: 
to calculate the integral of f(x) over the bounded region V if what is 
known is the integral of f(x) over every hyperplane. We could, on the 
other hand, have formulated the same problem for an unbounded 
region V. We shall see in Section 2.4 that its solution will again be given 
by Eq. (1), where S(é, p) is the Radon transform of the characteristic 
function of V. Thus when we calculate the Radon transform for such V, 
we will have solved the following problem: to calculate the integral of 
f(x) over the unbounded region V if what is known is the integral of f(x) 
over every hyperplane. It is natural then to consider S(€, p) the generaliz- 
ation, to unbounded regions, of the concept of area of an intersection. 

The next few sections will be devoted mainly to calculating Radon 
transforms of some generalized functions. In particular, in Sections 2.2 
and 2.3 we do this for generalized functions concentrated at a point, on 
an interval, on a ray, and on a line. In Sections 2.5, 2.6, and 2.8 we shall 
calculate the Radon transforms of the characteristic functions of some 
unbounded regions, specifically the interior of one sheet of a circular cone, 
the interior of one sheet of a hyperboloid, and of an octant. In all the 
examples it is not only the final formulas which are of importance, but 
also the methods by which they are obtained. 


2.1. Definition of the Radon Transform for Generalized Functions 


We shall define the Radon transform for generalized functions so that 
on test functions it coincides with our previous definition. The definition 
will be based on Plancherel’s theorem for the Radon transform, which 
we obtained in Section 1.5. Since the form of the theorem depends on 
whether the space is of even or odd dimension, we shall have to treat 
these two cases separately. Actually we shall consider only the simpler 
case of odd dimension.”* 

Plancherel’s theorem for the case of odd dimension nm can be written 


[F@f(@) &x = Gaye [IF Fens a] oO, 


21 All the definitions and the reasoning of Sections 2.1 and 2.2 for odd dimension are 
easily extended to the case of even dimension. 
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where F and fare the Radon transforms of test functions F and f. Recall 
that the integral on the right-hand side is over any surface which 
encloses the origin in & space, and that 


w(2) =D) (— 12S, dey dba dba 01 dé, « 


k=1 


Let the (m — 1)st derivative of f(é, p) with respect to p be written 


v(é, p) = fp” (6 P)- (2) 
Then the integral on the right-hand side of (1) is 
[ [PG ee, 2) ap] 0 =», 3) 


which means that F defines a functional on the space of the functions. 
Then Plancherel’s theorem itself can be written 


= GES ew. (4) 


Thus this formula defines the Radon transform F of F as a functional on 
the space of % functions. 

We are now able to define the Radon transform of a generalized function 
F. Let F be a generalized function defined on the test functions f(x). 
Consider the space of ¥(£, p) functions given by Eq. (2), where /(, p) 
is the Radon transform of a test function. We shall call the Radon 
transform of the generalized function F the functional F defined by 
Eq. (4) on the space of test functions y. 

The test function space we choose will be S, namely the space of 
infinitely differentiable rapidly decreasing functions. We have already 
discussed in Section 1.6 the Radon transforms /(£, p) of these functions, 
and therefore also their derivatives p(é, p) = f{"-(é, p). Specifically, 
the % functions are characterized by the following conditions. 


Condition 1. Every (&, p) is an even function of € and p, homo- 
geneous of degree —n; in other words, 


P(ag, ap) = | a |-"o(E, p) 
for any a 4 0. 


Condition 2. Every (&, p) is infinitely differentiable with respect to 
é and p for € £0. 


Condition 3. For every k > 0, as | p | — 0 we have 


| WE, p)| = o(] p I-*) 
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uniformly in é for € in any bounded closed region which does not 
contain the origin. The same is true of the derivatives of yp. 


Condition 4. For any integer k > 0, the integral 


[ve po ap 


is a homogeneous polynomial in ¢ of degree k — n+ 1 (fork <n—1 
the integral vanishes). 

Conditions 1, 2, and 3 are direct consequences of the analogous 
conditions for f which we derived in Section 1.6. Condition 4 for 
k > n— 1 is obtained by integrating by parts in the similar condition 
for f; fork < n — 1, the result follows by taking the (mz — 1)st derivative. 

Thus the Radon transform of a generalized function F is a functional 
on the test functions ¥(é, p) satisfying Conditions 1-4. We may now 
extend this functional F in one of various ways to the space of all functions 
¥(€, p) satisfying only Conditions 1-3, namely homogeneity, infinite 
differentiability, and rapid decrease in p. This space is topologized in 
a natural way. In this way the Radon transform of a generalized function 
is found to be a generalized function in the usual sense; nevertheless it 
is not uniquely defined. 

Then the question arises as to which are the ‘‘unessential” functions 
F(£, p) to which corresponds the functional equal to zero on the subspace 
of test functions fulfilling Condition 4. In other words, for which 
generalized functions F(é, p) is it true that 


Fd) = f [f FE pH. p) ap] o(€) =0 


for (é, p) fulfilling Condition 4 ? It is found that the subspace of unessential 
functions is generated by functions of the form 


p*a_x-4(8), (5) 


where fork <n — | the function a_,_,(&) ts arbitrary except that it must 
have the homogenetty property 


A_y4(0€) = o* | o |ta_p_s(8) (6) 


for any « #0, while for k > n— \ it must satisfy in addition to (6) 
the condition 


[_a-xsOPr-nin(o(é) = 0 ”) 


for every homogeneous polynomial P_,,n+4:(§) of degreek —n + 1. 
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Remark. This assertion is easily proven. In fact note that Condition 4 
can be written in the form 


(Prana v = f [fH pip dp] a1 el) = 0, 


where a_,_,(€) is arbitrary except that it fulfills Eqs. (6) and (7). In view 
of the duality of the test function space and the space conjugate to it, 
the space of all unessential functions is generated by functions of the 
form given by (5). # 

Henceforth in calculating the Radon transform of a generalized 
function we must always bear in mind that it is defined only up to an 
unessential function. 


2.2. Radon Transform of Generalized Functions Concentrated on 
Points and Line Segments 


Let us calculate the Radon transform of 8(x) = 6(x,,..., x,). We 
may think of (x) as the distribution function for a unit mass concentrated 
at x = 0. As we saw in Section 1.1, in order to calculate the Radon 
transform we must calculate the mass M(é, p) in the region (£, x) < p. 
The Radon transform is then given by F(é,p) = @M/ap. For our 
particular case, obviously, M(é,p) = 1 for p > 0, and M(é, p) = 0 
for p <0. For this function we have @M(é, p)/ép = 8(p), so that the 
Radon transform of 8(x) is 5(p). 

Let us now calculate the Radon transform of a generalized function 
concentrated on a line. Let some finite mass be distributed with density 
a(x,) on the x, axis so that £. | a(x,)| dx < o. Then the distribution 
function may be written 


F(x) = a(x) S(xq , ..-5 Xp). 


We wish now to find the mass M(é, p) in the region (&, x) < p. Now 
the (&, x) = p hyperplane crosses the x, axis at x, = p/&,, so that 


Dp] by 
M(é, p) = a(x)dx for & >0, 
Mé, p) — [. a(x) dx for £ <0. 
DI ey 


Taking the derivative, we have @M(&, p)/@p = | &, |2a(p/ £1). Thus the 
Radon transform of a(x,) 8(x,, ...,%,), With ae | a(x)| dx <0, is 
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| €, |-4a(p/€,). This expression has a rather simple meaning, for a(p/€,) 
is the mass density at the point where the hyperplane crosses the x, axis. 

We find in particular that the Radon transform of the characteristic 
function of an interval on the x, axis [that is, of a(x,) 5(x,, ..., %,), 
where a(x,) = | or 0 depending on whether or not x, is or not on the 
interval] is | €, |! if the (€, x) = p hyperplane intersects the interval, 
and zero otherwise. This result makes it possible to write the integral of 
some f(x) over an interval [a, 8] of the x, axis in terms of its integrals 
f(E, p) over hyperplanes. Specifically, from Plancherel’s theorem we have 


i alee) f(a 5 0, vey 0) de, 


~ aa I. Uf. | & [a (ZF > EP) dp] w(E). (1) 


Now let a(x,) be the characteristic function of the interval [a, 8], and 
choose I" to be the two hyperplanes £, = +1. Then (1) becomes 


fF 6110, 0) ds, = OE ff" 6, py dp] dl ~ dn, 


where é => ai, é, perry £,). 


2.3. Radon Transform of (x;)4. 5(xp 5.5 Xp) 


We have found the Radon transform when ee | a(x,)| dx, <0. 
Let us now turn to the new case a(x,) = (x,)' (defined for A ~ —1, 
—2, ...), so that we are dealing with a generalized function concentrated 
on the half-line, or ray.22 Note that the integral [” «* dx fails to converge 
in the ordinary sense for any value of A, so that the previous result will 
not apply. The desired result can be obtained by a method we shall use 
often in the future, the partitioning method for generalized functions, 
which is useful in several different contexts in generalized function 
theory. 


2 Recall that the generalized function t4 is defined for —oo <t < © by 


(of) = fone ae 


where the integral converges for Re A > —1 and is defined by analytic continuation in 
A for ReA < —1. This generalized function is analytic in A everywhere except at 
A= —1, —2,..., where it has simple poles (see Volume 1, Chapter I, Section 3.2). 
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This method is the following. Write the generalized function (x,)* 
as the sum of two terms”? in the form 


(1), = (m1)4 O(1 — a) + (%)} O(%, — 1), 
where 6 has its usual meaning. The integrals 


20 1 
[Gated — a) dy = fat ay, 


and 


Co] 00 

[ @. 6 — I dx, = f 8 de, 

converge, each in a certain region of the A plane. The first converges 
for Re A > —1, and the second for ReA < —1. Therefore the Radon 
transforms of (x), 0(1 — x,) 8(x2, ..., X,) and (x1) A(x, — 1) 8(x,, ..., X) 
can each be calculated from the results of Section 2.2. In itself this may 
seem on first view not to be very helpful, since the two integrals converge 
for different values of A, but the desired result can then be obtained 
by analytic continuation. In particular, the Radon transform of 
(x1), 91 — %,) 8(x2, «4, Xp) is 


er (ZY 01-2) = trey + okey o(t — 2) 


and that of (x,)/0(x, — 1) 8(x2, ..., %,) is 


1&1 (2) (2 — 1) = teen + ey] (2 — 1). 


These equations remain meaningful for any noninteger A. We may 
thus add them to obtain the Radon transform of (x,)' d(x, ..., X,), 
where A is not an integer, namely 


| EI o/& 4 = wig * + eh (G ot. (1) 


2.3a. Radon Transform of (x1)% 5(x, , .... X,) for Nonnegative Integer k 


The result we have just obtained applies for noninteger A. The 
limit of integer A illustrates an instructive point, and we will therefore 
go into it in some detail. The generalized function p*(€,)7)? + p°(&)2” 


23 We used this method of partition in Volume 1, Chapter I, Section 3.8 to calculate 


Se x dx, 
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has poles at A = 0,1, ..., where (€,);"? and (&,)-*~ also have poles. 
At first this might seem contradictory, since (x,)4 8(x,,...,%,) is not 
itself singular at these values of A. It will be seen that there is, however, 
no contradiction when it is recalled that the Radon transform of a 
generalized function is defined only to within an unessential function. 
Although p*(é,)77 + p*(é,)c*" has poles at A = k for nonnegative 
integers k, the leading term of its Laurent series about such a point is 
an unessential function, which we may therefore drop. 

Let us therefore calculate the Radon transform of (x,)* 8(x,, ..., %,) for 
nonnegative integer k. For this purpose we expand p*(é);)"+p2(é,)0" 
in a Laurent series in powers of A — k about A = k. We recall the 
Laurent series 


pr = pe +(A— Appt in| p| + 
ph = pt +(A— Apt in| p| ++ 


5(*) 1 
(é)3° = —(—1) e) : 4 (é)* ove 


6) 
(é)2— 6) 5 a ; + (Eo to, 


(1) 


where (£,);""* and (£,)z1-* are associated homogeneous generalized 
functions.** This yields 


PME + Pu) = — SM pe seme) 


+ phe) + PME) 


— CM smeyrinipl te, 


where we have omitted terms involving positive powers of A — k. The 
first term in this expansion is an unessential function % and we shall 


24 These Laurent expansions and the definitions of the associated generalized functions 
will be found in Volume 1, pp. 338-339. 

28 Tt is easily verified by direct calculation that p*5"(é,) is unessential, i.e., that the 
functional corresponding to this generalized function vanishes. Indeed, from the definition 
we have 


(pr™(E), Wo [ acy ({ : WE») P* dp) w( 8). 


Now recall that our test functions have the property that PP. o(é, D)p* dp is a polynomial 
of degree k — n+ 1 in €. It then follows immediately that (p*d")(&,), p) = 0. 
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therefore drop it. Then by going to the limit as A — k, we find that the 
Radon transform of the generalized function (x,)* 8(x,,..., *,) with 
k= 0,1,... is 


PR(E)ar* + pe(&ye — SO" seme, ype tn | | @) 


Summarizing, we have thus established that the Radon transform of 
the generalized function (x,)’ 8(x,, ..., %,), with A # —1, —2, ..., which 
is concentrated on the ray x, > 0,x, = ++ = x, = 0, is 


pr(é,)0" +. pré)a for A 40,1,..., (4) 
and 


PE(E)g* + pe(éy* GY SC(é,)p¥In|p| for A=k=O,1,... (4) 


We find in particular that the Radon transform of the characteristic 
function of the ray, namely of 


9(x4) 3(%p pete Xn)s 


AP)(E,);* + (PE) — 8(&) In | p |. 


It is interesting to compare the Radon transforms of the characteristic 
functions of a ray and of an interval. On the set of hyperplanes not 
parallel to the ray, the Radon transform is of the same form for both 
the ray and the interval. That is, it is | €, |~1 if the (€, x) = p hyperplane 
intersects the ray or line segment, and is zero otherwise. But the Radon 
transform of the characteristic function of the ray contains the added 
term —6(é,)In |p|, which is concentrated on the set of hyperplanes 
parallel to the ray. 


Remark. The results we have obtained are easily generalized to the 
case of any ray passing through the origin. Consider the ray with 
direction vector x), and let a, (x; A) be a generalized function con- 
centrated on it and defined by 


(ans 2),F(8)) = J PF (a) a. (3) 


(This integral converges for Re A > —1, and is obtained by analytic 
continuation in A for Re A < —1.) For x, = (1, 0, ..., 0) this generalized 
function coincides with (x,)/ S(x, ,..., %,). It is easily shown that the 
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Radon transform of a, (x; A) is then obtained by replacing é, in our 
previous formulas by the inner product (é, x,). Thus the Radon transform 
of the generalized function defined by (5) is 


PRE, x)" + P(E, mJ)" for -A 40,1,..., (6) 
and 
PEE, xa)® + BEE, mp)2* — FO" 5 1(6, aa)lp* In |p| 
for A=k=O,1,.... # (6) 


In conclusion, we give the expressions for the Radon transforms of 
the generalized functions 


| x, |* B(x, , +, %,) = (%,)4 B(%Q, 2%) + (4)? O(a, «, %,) 
and 
|, [8 9g, 8(y yoy By) = (Hq) BCy yoy) — (DA Bley 5 oes ys 
both concentrated on the entire x, axis. The Radon transform of 
[: Hey |" Oly. y «025 %,,) 18 
|pl4|& [, for A ~ 2k (k = 0,1, ...), (7) 
and 


P| & Pe 


2k)! 


(here | é, |~1~?* is an associated homogeneous generalized function). 
It may be noted that p?*| é, |-1~?* is unessential if 2k < n — 1, and 
may therefore be dropped from Eq. (7’) for these . 
The Radon transform of the generalized function 


api on ea™ In |p l, for A = 2k (Rk = 0, 1, w+) (7) 


| x, |A sgn x, d(xg, ..., Xp) 


|p l*senp|é,|7*sené, for AA2k—1 
(k =1,2,...), (8) 
and 
pte sgn é + oR S2k-D( Ey prea In lp |, a t= —) eae 
(kR=1,...) (8’) 
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(é7* sgn é, is an associated homogeneous generalized function). For 
2k <n, the first term in (8’) can be dropped, as it is then unessential. 
[We find in particular that the Radon transform of 8(x,, ..., x,) is 
—28(€,) In | p |.] 


Remark. The Radon transform of the (# — 1)-dimensional 6 function, 
and therefore also the expression for the integral of an arbitrary f(x) along 
the x, axis in terms of its integrals along hyperplanes, can also be obtained 
somewhat more directly by a reduction method. The procedure is the 
following. Consider all lines parallel to the x, axis and the integrals of 
f(x) along these lines. These integrals define a function f,(x) in the 
(n — 1)-dimensional space R,_, . Then the integrals of f(x) over hyper- 
planes in R,, parallel to the x, axis are the same as the integrals of f,(x) 
over all possible hyperplanes in R,.,. This reduces the problem of 
calculating a function along the x, axis in R, to solving the following 
problem: To determine /,(x) in R,_, when its integrals over all possible 
hyperplanes in this space are known. This problem is solved by the 
Radon transform inversion formula (Section 1.4). This same method 
can also be iterated to obtain an expression for the integral of a function 
over a k-dimensional subspace in terms of integrals over hyperplanes. 
We leave this as an exercise for the reader. # 


2.4. Integral of a Function over a Given Region in Terms of 
Integrals over Hyperplanes 


Consider the following problem. Let 9(£, p) be the integrals of some 
j(x) over all possible hyperplaaes. We wish to calculate the integral of 
f(x) over a given region V. 

To solve this problem we introduce the characteristic function (x) 
of V. We may then write 


[ f@) 4x = | xed) de. 


Let S(€, p) be the Radon transform of x(x). Then from the definition of 
the Radon transform of a generalized function we have 


(— 1)? @-) 


fx) f0) dx — So [Uf sé pret) ap] o@). 


This equation is the solution of our problem. In other words, in order 
to express the integral of f(x) over V in terms of integrals over hyper- 
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planes, we need only calculate the Radon transform of the characteristic 
function of V. 

Now if V is bounded and our space is Euclidian, as we have seen, 
S(é, p) is the area of the intersection of V with the hyperplane whose 
normalized equation is (£, x) = p (that is, for | | = 1). In an affine 
space, however, the concept of area does not in general exist, although 
that of volume does. In such an affine space S(é, p) dp is the volume of 
that part of V which lies between the hyperplanes whose equations are 
(é, x) = p and (é, x) = p+ dp. For simplicity let us agree by con- 
vention to call S(é, p) the area of the intersection with the plane for a 
bounded region V in affine spaces also. 

Thus the integral of f(x) over a bounded region V may be written 
in terms of its integrals p(é, p) over hyperplanes in the form 


f, fee ae = GOS f [LP Se pel 6.2) ap] 


Since this formula for the integral does not depend on whether V is 
bounded or unbounded, it is natural to call S(é, p) the generalized area 
of the intersection also if V is unbounded, and we shall therefore some- 
times speak of the area of the intersection of a plane and an unbounded 
region. This definition for an unbounded region is obviously additive; 
that is, let V be divided into subregions V, (with common points only 
on their boundaries). Then up to an unessential term, the area of the 
intersection S(é, p) of V with the (é, x) = p hyperplane is the sum of 
the areas S,(é, p) of the V,. 

The problem is now to calculate these generalized areas for unbounded 
regions. To do this, we consider an unbounded region V as the limit of 
a sequence of bounded regions V, , writing lim, ,.. V, = V. Then the 
areas S,(é, p) for the V;, can be calculated from geometrical considera- 
tions. Then as A —> oo, the function S,(é, p) converges in the sense of 
functionals to the Radon transform S(é, p) of the characteristic function 
of V. Let us study this convergence. 

Assume that for S,(é, p) there exists an asymptotic series in h as 
h — oo, of the form 


Si(é,p) ~ > af AEP) 2) 


26 In other words, 
aVv(é, Pp) 
S(E, p) = a ’ 


where V’(£, p) is the volume of that part of V contained in the half-space (, x) < p. 


2.4 The Radon Transform of Generalized Functions 33 


where lim, ,..[@,(2)/4;,,(2)] = 00 and one of the a,(h) is equal to one.”” 
Assume for instance, that a,(h) = 1. Then lim,.,..a@,(h) = 00 fori < k, 
and lim)... a,(4) = 0 for 1 > k. Now we know that as h-> oo, the 
function S,(é, p) converges in the sense of functionals of the Radon 
transform of the characteristic function of V. This means that all of 
the divergent terms in (2) are unessential, and therefore that the Radon 
transform of the characteristic function of V is 


Note that this process does not define S(é, p) uniquely. Specifically, 
it may depend upon the particular sequence of bounded regions con- 
verging to V. Nevertheless all the S(é, p) obtained in this way give the 
same functional, i.e., differ only by an unessential function of é and p. 
Because of this lack of uniqueness, on the other hand, the area of a given 
infinite section of an unbounded region is not a well-defined concept. 
In fact this “area” can be thought of only as a function of the intersecting 
plane. 

As an example, let us calculate the “‘area’’ S(é, p) of the plane sections 
through the upper sheet of the two-sheeted hyperboloid™ 


2 2 2 
x x x 
1-2 _ 3 s 1, x, > 0, (3) 
2 a g 

a & 4 


in three dimensions. The plane sections of a hyperboloid are ellipses 
whose areas are easily calculated, hyperbolas, and parabolas (a limiting 
case). What we shall do is calculate the area of a hyperbola. 

Consider the region bounded by the hyperboloid and the plane whose 
equation is x, = h, and let S,(é, p) be the area of the intersection of this 
region with the (é, x) = p plane. Then we expand S,(é, p) in an asymp- 
totic series in h, and proceed as above to obtain S(é, p). Unfortunately 
this geometrical approach involves steps which, although simple in 
principle, tend to become quite cumbersome. We shall omit them and 
present only the final result. 

In order to write out this result in affine invariant form, we proceed 
as follows. Consider the quadratic curve whose equation is 


ay} + 2ayyXyX_ + Ay9X5 + 2ayg%1 + 2agg%y + agg = 0. (4) 


27 The question of when such an asymptotic series exists is itself of interest. We shall 
not, however, go into it here. 

28 Henceforth in speaking of hyperboloids and cones we shall usually mean not the 
surfaces themselves but the regions they enclose. Similarly, in speaking of ellipses and 
hyperbolas we shall mean not the curves themselves but the two-dimensional regions 
of which they are the boundary. 
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As is well known, the determinants 


4 4 4, Ae Az 
eo ca and A=|dy dy @ 
guy oe a1 Aan Aes 
21 ep 
G3, As, agg 


(where we write a,; = a,,; for allz, j)are invariant under affine transforma- 
tions (i.e., under parallel displacements and centroaffine transformations 
with determinant 1). It is not true, however, that 6 and 4 are invariants 
of the curve, since when the a,; are replaced by Aa,; (with A 4 0), the 
curve remains invariant although 6 and 4 are multiplied by A? and A’, 
respectively. But it is clear that 4/| 8 |? will be an affine invariant of the 
curve. 

Now assume that the (¢, x) = p plane intersects the hyperboloid given 
by (3) in a hyperbola. Let us choose some coordinate system, for instance 
x, and x,, on the plane. Then the a,, of (4) for the hyperbola on this plane 
will be functions of é and p, and therefore so will 6 and 4. It turns out 
that the area of this hyperbola may be written in terms of 6 and 4 in 
the form 


S(E, p) = 3 | 4S#| - In| 14 8-4). (5) 


The factor £31 appears here in the following way. Recall that the element 
of area w on the (é, x) = p plane is defined by d(é, x)w = dx, dx, dx3, so 
that if x, and x, are chosen as the coordinates on the plane, w = £31 dx,dx,. 
It may be noted that if we choose yy = 043%, + a4 2%_ + a43%, and 
Yo = M%yzXy + ogeXg + agg%3 , aS the coordinates on the plane, we arrive 
at 

—1 


dy, dy., 


&& & 
Oy. yy §=%yg 
%, yg yg 


w = a(f) dy, dy, = 


and then (5) may be rewritten 
S(E, p) = 3 | a(€) 4d-# | - In | a(€) A5-# |. 
It is interesting to compare (5) with the equation 
SE, p) = 7 | S51 Ad | 


tor the area of an ellipse. 

The formula we have obtained for the area of a hyperbola is inter- 
esting for the following reason. A given hyperbola may be obtained from 
sections through different hyperboloids. Its area obtained in this way will 
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always be a function of é and p. It is remarkable, however, that this area 
can be expressed directly in terms of the coefficients appearing in the 
equation for the hyperbola and that this expression as given by (5) is 
independent of the hyperboloid through which the hyperbola is obtained. 
This property is true also for the area of a bounded figure (for instance, 
of an ellipse), and this is why it is reasonable to speak of the area of a 
hyperbola. 

A detailed discussion of the Radon transform of the characteristic 
function of the upper sheet of a hyperboloid will be given in Section 2.6, 
where we shall obtain a final expression for this transform. 


2.5. Radon Transform of the Characteristic Function of One Sheet of a Cone 


In this section we shall find the Radon transform of the characteristic 
function of the upper sheet of the cone 


Qo gogo” x, > 0. 


It will be shown that this Radon transform is 


P(E, p) = 74,4qa5[ p75 9(E,) + p?0(—é,)]10;' + a,4,a5p,In|p|Q=*, (1) 
where 
QO = O(£) = af? — ab} — abts 
and we have written, for instance, 


Qa = a for Q > 0, 
+ 10 for O <0. 


In order to give some geometric insight into Eq. (1) we make the 
following remarks. The presence of two terms in the square brackets 
reflects the fact that the same plane may be expressed either by (¢, x) = p 
or (—é, x) = —p. We need therefore explain only the first term 


174 4,4gp',9(£,)(aiet — axes — asés);'. 


This is the area of an ellipse, since for p > 0, é, > 0, and 
a2é? — a3é2 — afé} > 0, the the plane intersects with the cone in an 
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ellipse. The second term in the square brackets, as mentioned, has a 
similar origin. The remaining term 

ayaqagp" In | p |(ayé} — ages — ages)—* 
is the area of a hyperbola, since for 


age 2¢2 
are — a3és — a3é2 <0, 


the intersection is a hyperbola. 

It is, of course, possible to derive Eq. (1) by the limiting process 
described in the previous section. We shall use a different approach here, 
however, in which we first write down the Radon transform of the 
generalized function 


for complex A, and then obtain the limit as A > 0. For simplicity we 
shall treat the circular cone 
xi—axf—28 >0, x, > 0; 


the result can then be generalized by affine transformation. We proceed 
from the following fact. The Radon transform of the generalized function 


O(2)P2 (x) = O(e)(at — 9 — 99); 


is 


Ts [pe?a(€,) + p+96(—€,)]O7*- (6) 


HE, p) = A+ 


1 a 
+5 Qf ljsnm | p 20-72), (2) 


where Q(€) = é] — €} — &}. (A nonrigorous derivation of this result 
will be given in the appendix to this section.) Now by going to the limit 
as X > 0, we obtain the Radon transform of the characteristic function 
of the cone. But note that we cannot simply go to the limit in Eq. (2), 
since the coefficient of the second term diverges at A = 0. We know, 
however, that as a generalized function 9(€, p) will have no singularity at 
A = 0 [since 6(x,)P'(x) has no singularity at this value of A]. Therefore 
the residue of o(é, p) at A = 0, namely 


PUG — & — 8-8, 


must be an unessential function. 
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Thus in order to obtain the Radon transform of 6(x,)P{(x) from 
Eq. (2), we must expand 9(€, p) in a Laurent series about A = 0, drop 
the leading term as unessential, and then find the limit as A + 0. We 
will then find that the Radon transform of the characteristic function of 
our circular cone is 


e(é, p) = ml p2(E) + p26(—&)10; (2) 
+p? In | p | O-"é) — $9°O-*( InQ_(é). (3) 


The last term in (3) is an unessential function, and we shall therefore 
drop it. To see this, recall that a function of the form p’a(€) is unessential 
if f a(é)w(é) = 0, where the integral is taken over any surface I 
enclosing the origin in é space. This means that we must show that 


[ 2° Ing_Guié = 0. 


Now since 
o-tong 9-2), 
it is sufficient to show that i 
[ OG) = [ (@- 4- Bug =0 (4) 


for all A. To show this we choose Ito be the two planes given by 6; = +1. 
Then the integral in (4) becomes 2 f (1 — €} — 3)? dé, dé;. When we 
transform to polar coordinates, this becomes 


2 [(l— @— &) dé, de, = 4n [" (8 — ind = 2m [eat 0. 


(It was shown in Volume 1, p. 70, that f~ * dt = 0.) Thus it is shown 
that the last term in (3) is an unessential function. When it is dropped, 
we obtain Eq. (1) with a4, = a, = a, = 1. 

In conclusion, we present without proof the Radon transform of the 


generalized function 60(x,)(x? — x} — ++ — x?) in nm dimensions (for 
odd n): 
[O(a )(xq — xg — + — yh” 
ia 2a+n—1 2a+n—1 
(A + 1) fA + a(n 1)] lp’ (2) a) as —€,)] 
a(n — 
x (& = & —— a ig 
—])#("-) : 
—_— cea Nee |p Pree => & cece Je ae . 


2 sin 7A 
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We suggest that the reader use this formula to find the Radon transform 
of the characteristic function of the upper sheet of the cone whose 
equation is 

Se SS a 0, x, > 0, 
in a space of odd dimension. It may be noted that the case of even 
dimension is not particularly difficult either. 


Appendix to Section 2.5 


Although all of Section 3 will be devoted to calculating the Radon 
transforms of functions raised to the power A, it is perhaps useful to show 
a nonrigorous but convenient method for calculating the Radon transform 
of O(x,)P*(x) = O(x,)(x? — x} — x§)'. It will be seen that this Radon 
transform can be obtained to within a factor from rather general con- 
siderations. 

Let us first make use of the homogeneity of O(x,)P?: (x). Because it is 
homogeneous of degree 2A, its Radon transform ¢(é, p) is homogeneous 
in € of degree —2A — 3. Since, further, p(é, p) is homogeneous in é, p 
of degree —1, it is homogeneous in p of degree 2A + 2. Now it is 
known that every generalized function of a single variable p, homogeneous 
of degree 2A + 2, is a linear combination of p*+* and p**, Thus the 
Radon transform of 6(x,)P%(x) is of the form 


PE, P) = pip, (€) + p?™p_(&), 


where p,(€) and y_(€) are homogeneous of degree —2A — 3 in &. Since 
7(E, p) is even in €, p, it follows that p_(é) = y,(—@). 

We now use the fact that 6(x,)P’(«) is invariant under “hyperbolic 
rotations,” that is, under linear transformations which preserve the 
quadratic form xj — x3 — x§ and map each sheet of the cone x} — «3 — x3 = 0 
to itself. This means that p,(é) and p_(€) must be invariant under such 
hyperbolic rotations in ¢ space, a property which can be used to deter- 
mine their form. We shall make use of the following result, which we 
present here without proof. 

Every generalized function of £, homogeneous of degree (where A 
is not a negative integer) and invariant under hyperbolic potatons: is a 
linear combination of the three functions 


HEME —&— Hi, HK-EMG-E-H (-G—- FP 
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(The first two of these are concentrated inside the upper and lower 
sheets of the cone ¢? — £2 — £2 = 0, and the last is concentrated 
outside this cone.) From this we may conclude that 


(£) = e(—£) = aoe ei — & — &),*# 
+ BA) —E NE — & — PF + cA — & — & 4, 


where a(A), b(A), and c(A) are analytic functions of A still to be determined. 
Thus the Radon transform of the generalized function 0(x,)(xj — x} — x3)}. 
is of the form 


P(E, Dp) = a(ay[pe*o(g,) + p”O(—E (EE — & — Gy # 
+ BA) [pt O(— &,) + ph OE ME — & — &)y*# 
+ (A)| p PPE — & — Bort. (5) 


We must now calculate a(A), b(A), and c(A). 

Note first that the term whose coefficient is b(A) can not occur, so 
that b(A) = 0. This is because if p and £, have opposite signs, the 
(£, x) = p plane does not intersect the €} — £3 — £3 > 0 cone. Now to 
calculate a(A), consider a plane which intersects the cone in an ellipse, 
say the x, = 1 plane; in other words we set ¢ = & = (1, 0,0) and 
p = 1. Then Eq. (5) gives 


(fo, 1) = a(A). 


But we can calculate g(é, 1) directly by integrating 6(x,)P%(x) over 
the plane. This yields 


és I= ff d—a8— 28) de, dx, = 


otot< 


A+1 


(the integral converging for Re A > —1). Thus 


us 


a(A) => Ae . 


Finally, we turn to c(A). For this purpose consider a plane intersecting 
the cone in a hyperbola, say the x, = 1 plane; that is, we set 
= & = (0,0, 1) and p = 1. Then from (5) we find that 


(fo 1) = ¢(A). 
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But we can calculate ¢(é, , 1) directly by integrating 0(x,)P?(x) over the 
plane. This yields 


=e& = ff @—at— 1) dx, de, 


aja? >1,04>0 


Now this integral fails to converge for any A. We shall compute it in the 
following way. We write it as an infinite sum of integrals over intervals 
of the form n + 1 > x, > n, where n is a positive integer, and in each 
of the integrals we write x, = (xi — 1)#. Then our integral is 
represented as the sum of integrals of the form 


ra + re) 


ad — 1M d 
x2 — 1)A+3 dx 
ra+% : 


1 n+l 
| (1 — #2)dt i) (x2 — 1)44 dx, = 
—1 n 


Each of these integrals converges for Re A > —1, and each can be 
continued analytically in A to Re A < —1. By adding all the integrals and 
factoring out the fraction involving the three gamma functions, we obtain 


sea (2 — 


Tae) 


1)*+# dx, . 
Now 
1r(-A— Tat ® 


© ia WER ee ee 
J, Gt Dh ay = Fp 


(the integral converging in the ordinary sense for —$ < ReA < —1), 
so that we finally arrive at 


eA) = 487A + DE(-A— 1) = Se 


2.6. Radon Transform of the Characteristic Function of 
One Sheet of a Two-Sheeted Hyperboloid 


In this section we shall derive the expression for the Radon transform 


of the characteristic function of one sheet of the two-sheeted hyper- 
boloid, that is, of the region defined by 


S$- 4-2 > 1, x, > 0. (1) 
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There are two types of plane sections through this hyperboloid, namely 
ellipses and hyperbolas, and the Radon transform of its characteristic 
function should contain two terms, one of which is the area of an 
ellipse, and the other the area of a hyperbola. Our problem is to write 
the formulas for these areas as functions of ¢, p and of the parameters 
@,,4,,and a,. 

In section 2.4 we have already discussed the expressions for these 
areas in terms of the coefficients in the equation for the relevant curve. 
What we must now do is write the equation of the curve in some con- 
venient coordinate system (say x, and x,) and calculate the determinants 
6 and 4 of the coefficients. Then the area of the ellipse is 


Sel, P) = 7 | &? A4d-# |, (2) 
and that of the hyperbola is 
Snyp(&sP) = 3 | 1 48-4 | - In| £57 48-4 |. (3) 


Equation (3) can be obtained by a limiting procedure from the Radon 
transform of the characteristic function of a bounded region (as has been 
discussed in Section 2.4). The derivation is, however, quite complicated, 
and we shall omit it. Now we wish to express 6 and 4 in terms of the 
coefficients appearing in the equation of the intersecting plane: 


E1% + Eg%_ + Eyxg = p. (4) 


For this purpose we calculate the intersection of the plane with the 
surface whose equation is 


2 2 2 
af St nse Se | (5) 
a @ gq ~~ 

1 2 3 


In order to do this in terms of x, and x, , we merely eliminate x, from (4) 
and (5), which yields 


1 a Tog £& l 2 
2 xX, + . 
(a aa) agers (a aa) 
Ep Ep P 
+2 +2 5 2 gage =0 
393 3°3 393 


2° Tt can be shown that the parabolic sections, as in the case of the cone, fail to contribute 
to the Radon transform (although a prior! one may suppose that certain special cases 
might give a8 function contribution; cf. the line in Section 2.3 and the octant in Section 2.8) 
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From this we find that 


8 = (a,a,a5) *&5°O, A = (a,a,0;) °&;"(p" — Q), 
where 
O = O(4) = ait — ants — agés . 
Thus if the intersection is an ellipse, its area is 


Selé, p) = 7a,4a3 | p? —O||Q|-3, 


and if it is a hyperbola, its area is 


Snyp(€, P) = 3414943 | P? —O | |Q |-# ln | ayagag(p? — Q)O-# |. 


What remains is to find for which é and p the intersection is an 
ellipse or a hyperbola. We note easily that the ellipse is obtained when 
Q(é) > 0 and p? > Q(E) if p and é, are of the same sign. [If they are 
of opposite signs, the (¢, x) = p plane intersects the lower rather than 
the upper sheet of the hyperboloid.] A hyperbola is obtained when 
Q(é) < 0, for arbitrary p. 

Thus finally we may summarize our result as follows. The Radon 
transform of the characteristic function of the upper sheet of a two- 
sheeted hyperboloid, namely of the region defined by Eq. (1), is 


S(g, p) = 774,00 pe,)(p" = Q),0;% 
+ $4,4245(p” =. Q).9-! In | aa,a,(p" — Qo"! |, (6) 


where 


QO = O(2) = ape, — as — a585 - 


Note that this result can be obtained in two ways. The first is by going 
to the limit of the Radon transform of the characteristic function of a 
bounded region. The second is to find the Radon transform of 


(xy) | 3 5 1 
a a a 
1 2 3 + 


for complex A, and then to go to the limit as A > 0. (This method was 
illustrated in Section 2.5 for a cone rather than a hyperboloid.) 
It is easily shown that 


| £51 A87*| In(azazasé? | 8 |) = a,aga,(p? — Q)O=* In | Q | 
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is an unessential function (see the discussion following Eq. (3) of Section 
2.5), and that therefore the Q~? in the logarithm may be dropped in 
Eq. (6). 

Remark. ‘This function is unessential for a hyperbola but not for an 
ellipse. For an ellipse it must be replaced by zero when the intersection 
is an imaginary ellipse (i.e... when p? <Q), and it is therefore not a 
polynomial inp. # 


Problem. Use the expression for the area of a hyperbola to calculate 
the Radon transform of the characteristic function of the hyperbolic 
paraboloid x, — x,x, > 0. 


2.7. Radon Transform of Homogeneous Functions 


Let P(x) be an arbitrary nonnegative homogeneous function of 
degree 1. We define the homogeneous generalized function P(x) by 


(Pf) = | PAa)f(x) de. (1) 


This integral is known to converge for Re A > 0. We shall understand 
it in terms of its analytic continuation in A for Re A < 0. We wish to 
find the Radon transform of P(x). 

Let us first express P(x) in terms of the generalized function a,.(x; A) 
which we defined in Section 2.3a by 


(ae(x5),f) = [fee ye at (2) 
To do this we transform in Eq. (1) to polar coordinates,® obtaining 


(PA = f ‘ [/ 2 nag (ex') dt] PXx"\eo(2’) 
(3) 
7 { (aad +» — 1), f)PX x 02"). 


Here the integral is taken over any surface enclosing the origin (for 
instance, a sphere), and 


n 
w(x") = >) (—1)P ay, det ++ dy, det, oo dxl. 


k=1 


39 See Section 2.5. 
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Thus Px) may be written in terms of a,.(x; A) in the form 
Px) = | ay (x; +n — 1)PXx')en(x’). (4) 
T 


This can be simplified somewhat if the hypersurface P(x) = 1 is chosen 
for I’. In this case the expression becomes 


P(x) = | weneg A TH Ne’) (5) 


With this formula it is easy to find the Radon transform of P*(x). As we 
saw in Section 2.3, the Radon transform of a,(x; A + 2 — 1) is 


ping, xm + pMen(é, x’). 


(For simplicity we shall deal only with the case of nonintegral A.) Thus 
by using Eq. (5) we find that the Radon transform of the generalized 
function P* is 


pia f_abgrratay + ptint f (G a) mala) 


If the P(x) = 1 hypersurface is bounded, both integrals converge 
for Re A < --n. For ReA > n, they are defined by analytic continuation 
in A. 


2.8. Radon Transform of the Characteristic Function of an Octant 


Let us consider yet another interesting example of the Radon trans- 
form; namely, let us find the Radon transform of the characteristic 
function of the octant 


x, >0, »% >0, x, > 0. 


The intersection of a plane with an octant is either a triangle, an “exterior 
triangle,’’*! or an angle. Therefore the formula for the Radon transform 
of the characteristic function of an octant will contain terms corresponding 
to the generalized areas of these figures. Let us first find these areas. 
Let us first consider the case in which the (€, x) == p plane intersects 
the octant in a triangle. This will occur when the ¢, and p all have the 


31 An exterior triangle is a figure consisting of two half-lines and a line segment (the 
regions labeled o, in Fig. 2). 
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same sign. The plane intersects the coordinate axes at the points whose 
coordinates are p/£, , p/& , and p/é, . Thus the volume of the tetrahedron 
bounded by our plane and the three coordinate planes is §p3/£,£2é; . 
Therefore the area of the intersection is™ 


ae ae 2 
Op \6 E8285) 2 E8285 


Thus the Radon transform of the characteristic function of the octant 
contains the term 


2P (EE ae + eG EG) 


corresponding to the area of the triangle. 

We now calculate the generalized areas of the exterior triangles and 
of the angles, not for one octant, but simultaneously for all the octants 
intersected by the plane. If the plane neither passes through the origin 
nor is parallel to one of the coordinate axes, it intersects seven octants in 
one triangle, three external triangles, and three angles. Let s be the 
area of the triangle, s, be the generalized areas of the angles, and o,; be 
the generalized areas of the external triangles (i = 1, 2, 3; see Fig. 2). 
The problem is to express the o, and s, in terms of s. 


Fic. 2. 


First we shall show that the generalized area of the half-plane vanishes. 
The half-plane is the intersection of a plane with the half-space, and we 
may thus find its generalized area by calculating the Radon transform of 
the characteristic function of the half-space. Now to know this Radon 
transform is equivalent to being able to calculate the integral of any 
function f(x) over the half-space in terms of integrals over planes, and 


32 Tf | €| = 1, this expression is the ordinary one for the area of a triangle in Euclidean 
space. 
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it is clear that in order to calculate the integrals over the half-space we 
need only know the integrals over planes parallel to the boundary, which 
means that the Radon transform of the characteristic function of the 
half-space is concentrated on the set of planes of fixed normal (that is, 
with normal perpendicular to the bounding plane of the half-space). 
This in turn implies that the generalized area of the half-plane vanishes. 

We now make use of additivity, and write the equations that state 
that the areas of all the half-planes in Fig. 2 vanish. These equations are 
six in number, namely 


Sg + 54 + 0, = 0, Op + o3 +5, = —S, 

53 + 5, + 0, = 0, 03 + a, +5, = —5, 

51 + Sg + 6, = 0, 0, +o, + 53 = —s. 

Of these six only four are independent, and they lead to 
O =(—F+%)s, 2 =(—F4%)s, 93 = (—F + a49)s, 


(1) 
5 = (¥ + %)s, 5, = (F + %)s, 53 = (3 + 95)s, 


where the «, are related by the single equation 
Oy + oy + ag = 0. 


Thus there still remains some arbitrariness in the generalized areas of 
the external triangles and angles. It will be seen later that this arbitrari- 
ness associated with the «, cannot be removed and that their variation 
introduces only unessential functions. 

These a; are constants, or rather are independent of the intersecting 
plane. To see this, let p,(£, p) be the Radon transform of the charac- 
teristic function of one of the octants. Now let us perform a dilation in 
one of the coordinate directions, say the x, direction: 


x =AxA>0), xm=xm, % = %- 


This changes 9(£; , £2, £5 3 P) into A“*p,(A~*é, , &2 , 55 p) [see Eq. (1) 
of Section 1.3]. Since, however, the octant is invariant under this trans- 
formation, the generalized areas of the intersections must remain 
invariant. Thus 


Ap, (AE, , &, €33 2) = o1(E1, &2, &53 P)- 


But then it follows from (1) that the a, are invariant under replacement 
of €, by A~4é, and are therefore independent of ¢, . Similarly, they are 
independent of é, and é,. 
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Having thus calculated the generalized areas of the exterior triangles 
and the angles, let us find their contributions to the Radon transform of 
the characteristic function of the octant. 

The (é, x) = p plane intersects our octant in an exterior triangle 
when only one of the é; has a sign different from p. If, however, two of 
the é, have signs different from p, the intersection is an angle. Then from 
Eq. (1) we may conclude that the Radon transform of the characteristic 
function of the octant contains the terms (we now write a, instead of $a,) 


P2(—3 + yWG7 GPE} + 2-3 + WEF EASIA 


corresponding to the areas of the exterior triangles. Here we use the 
braces to denote the sum of three terms obtained from each other by 
cyclic permutation of the indices; that is, 


{aybocg} = aybocg + agbyc, + agbyCo - 
Similarly, we find that the angles contribute the terms 
PAS + WEVA + L2G + MEE) TES) Z- 


Thus the total contribution from intersections not parallel to any of 
the coordinate axes is given by 


o(6 0) = HPA )2 + P2GAG2G)21 

+ P(—5 + yA) ME) + E+ a EZEIAEIZ} 

+ PP —F + y (GP G)74)2 + & + WQ2G7e)Z} (2) 
where, as we have mentioned, 


a + a + a = 0. 


This equation thus has a degree of arbitrariness related to the a;. 
It turns out, further, that this is unavoidable and that the sum of terms 
containing the a, is an unessential function. 

This may be proved as follows. The sum of such terms is 


PO (EE) Eady? + (Ee (EE) }- (3) 
We must show that the residue of the homogeneous function 


a(£) = {u,(E,) ME) Eade? + 4 (EEE) 
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that is, the integral 
[ao 


vanishes. Here w(f)= ¢, d&, dé, + €, dés dé, + &, dé, dé,, and the inte- 
gration is over any surface enclosing the origin. Having proven this, we 
will have shown that (3) is an unessential function (see Section 2.1). 
The proof is simple: Note that the integral 


i= i  LEDEEa)eEad? + (Eade Ca) =E5)" D8) 


is invariant under permutation of the indices. Therefore 


[ a2) = +02 + oJ = 0, 


where we have used the fact that a, + a, + a, = VU. 

The geometric considerations we have gone through above are not 
sufficient to determine the Radon transform of the characteristic function 
of the octant. This is because the desired Radon transform also contains 
terms concentrated on the set of planes parallel to the coordinate axes 
and to obtain these terms from geometrical considerations would be 
somewhat more difficult. Thus we have actually been able to guess only 
the “‘principal part”’ of the desired Radon transform, 

The entire Radon transform can be calculated by considering the 
generalized function 


(%1)} (2)? (5) » 


where A is a complex number. For A == 0 this becomes the characteristic 
function of the octant, and thus by calculating its Radon transform and 
going to the limit as A —> 0, we will find the desired Radon transform. 
The Radon transform of (x,)*(x)*(x3)2. will be found in the next section. 
Here we present without proof the result for the octant. 

The Radon transform of the characteristic function of the octant 


x >0, %>0, %>0 
1S 
P(E, P) = 307 (ES) Es) - SPE) Ea) (Sa) 3 + GPE) ES) (E5) 3 
+ port {[—(&)77 + 2(G)27] 8(&) 8(85)} 
—$p? In p,{8(E, E287} + (4) 
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We have here written out only the terms containing p?.. The terms 
containing p” are obtained by replacing (£,), everywhere by (é,)_ and 
vice versa. Here the (€,);’ and (€,)" are associated homogeneous 
generalized functions. 

Let us analyze this equation. It contains terms of three different types. 
Those of the first type are of the forms 


$P(EN Ab) Ge and — $30? (§)- (8) Es rig’ 


etc. We already know that they represent the generalized areas of 
intersections with planes not parallel to the edges of the octant. 
Now consider the set of terms including 


pa Py l-(&).* + 2(& 7] 8x) 8(E5) + gee?) + 2(8,)77] 8(4) 8(€5) (5) 


and the two others obtained from this by cyclic permutation of the 

indices. These terms are concentrated on the set of planes whose equa- 

tions are of the form €,x, = p, planes parallel to one of the coordinate 

planes. Thus they form the contribution from one of the boundary 

planes of the octant to the transform of its characteristic function. 
Finally, consider the set of terms including 


—$p? In p, 8(€,)& 1451 — Hp? In p_ 8(E,)& 165 


= —$p" In | p | 8(€)& 2&1 (6) 


and two other terms obtained from this by cyclic permutation of the 
indices. These terms are concentrated on the set of planes whose equa- 
tions are of the form £,x, + &,x,; = p, planes parallel to one of the 
coordinate axes. Thus they form the contribution from one of the edges 
of the octant to the Radon transform of its characteristic function. 
Thus we see how, in Eq. (4), each boundary plane and edge contributes 
to the Radon transform of the characteristic function of the octant. 
Equation (4) is easily generalized to the case of any corner bounded 
by three planes. Consider such a corner whose vertex is at the origin and 


33 Recall that the associated generalized function t;' on the line is defined by (Volume 1, 
p. 86) 


(GA) = [ LAD ~ sfonde + f Ko tt dt. 


If f(t) is defined on an interval [a, b] rather than on the entire line, 7 is defined in the 
same way except that f(#) is set equal to zero outside of [a, b]. The generalized function 
t— is defined similarly. 
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whose edges are given by three vectors e™, e), and e). We shall 
assume that the parallelopiped of which the e are the edges has volume 
one. The Radon transform of the characteristic function of such a 
corner is obtained by replacing the é, in Eq. (4) by the (e, é). 

We leave to the reader the problem of calculating the Radon transform 
of the characteristic function of half of a circular cone (see Fig. 3), though 


Qo 


Fic. 3. 


we shall describe some considerations that may prove useful. One may 
first find the contribution to the Radon transform from intersections 
with planes parallel to neither OA nor OB. If the intersection is bounded, 
its area is easily calculated directly. Thus one must analyze the case in 
which the intersection is unbounded, which occurs when the plane inter- 
sects the entire circular cone in a hyperbola.4 Now if the AOB surface 
does not intersect this hyperbola or if it cuts off only a finite part, the 
generalized area is easily calculated. This is because we already know 
the area of the whole hyperbola, and what is left may be calculated by 
using additivity. One must thus find the contribution from intersections 
with planes whose normals point in certain special directions. Now 
these special directions are related to the boundary plane AOB and the 
two edges OA and OB. The contribution from AOB can be obtained by 
replacing the half-cone by a plane-bounded corner as discussed above, 
one of whose boundary planes is AOB. This contribution will be the 
same for the half-cone and for the plane-bounded corner. One may thus 
take the desired term from Eq. (4). Next, consider the contribution from 
OA. For this purpose, construct a plane-bounded corner as above with 
vertex at O, and let its boundary planes be the following. First, AOB; 
second, the plane passing through OA tangent to the cone; third, an 


34 One may expect, as in the case of the entire circular cone, that the parabolic inter- 
sections do not contribute to the Radon transform. 
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arbitrarily chosen plane to complete the corner. The contribution from 
OA is then the same for the plane-bounded corner so constructed and 
the half-cone, and its contribution can again be obtained from Eq. (4). 


2.9. The Generalized Hypergeometric Function 


In this section we define the generalized hypergeometric function and 
make some observations concerning it. 

Consider the & linear forms (€%, x), ..., (€, x) on an n-dimensional 
space and the generalized function 


(€, xr? eee (€, x), (1) 


where the A; are complex numbers. We shall define the generalized 
hypergeometric function 


F(Ay , 005 Ax | ED, ..., & | &, p) 
as the Radon transform of (1); in other words, 


FQ, ore r, | é4), sey £(4)| é, p) = [(g™, x)art aes (é™, ayer”, (2) 


A more gener) definition of the hypergeometric function is 
F= [4 Ae « Jy, were the 4, are determinants whose elements are 
the (€, x). It seems that all the. special functions arising in represen- 
tation theory can be expressed in terms of such hypergeometric functions. 

We can always assume that the number of linearly independent forms 
among the (é, x) of Eq. (2) is no less than the dimension 2, for if 
it were less, the Radon transform of (é™, x) (Ee, x) 7 would 
reduce to a ‘Radon transform in a space of lower dipcision 

In the special case in which the (é, x) are all uaeasly independent, 
we shall call the Radon transform of (€, x07 +++ (€@, x)*#” ™ the 
generalized beta function. The ordinary beta function is obtained in the 
two-dimensional case. Specifically, 


BA, 1 Ag) a FA, ’ rs | as all gy , 1), 


where £{) = (1,0), € = (0, 1), é = (1, 1). 

It may be shown further that the ordinary hypergeometric function is 
obtained from ours as the special case of two dimensions with three 
linear forms, two of which are independent. The proof is as follows. 

The ordinary Sees function may be given by 


F(a, B, v3 t) = BES zl PA — xP — wey de. 
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Obviously the integral can be thought of as the integral of the function 
(on a two-dimensional space) 


Gay Gay 1d — tay + x9)7 


over the plane whose equation is x, + x, = 1. Then 


F(B, y — B, 1 — «| &”, &”, | 51), (3) 


F(a, B, Y t) = B(B, . = B) 


where 
a = (1, 0), - = (0, 1), a = (1 — 4, 1), £ = (1, 1). 


A somewhat more natural definition of the generalized hypergeometric 
function is the following. It is the Radon transform of 


xa((E™, 2) + xe((E, ))s 


where the y; are characters of the multiplicative group of real numbers. 
Recall that a character is a function y defined on a group such that 
x(«B) = x(«)x(f) for any « and § in the group (or in our case for numbers 
a #0 and 8 ~ 0). It is known that every such function is either 
x(x) = | «|, or x(x) = | «|*sgna. This definition of the generalized 
hypergeometric function can be extended to the complex domain (see 
Chapter IT, Section 3.7). 

Consider the following example. Let three independent linear forms 
X,,%,,and x, be given in a three-dimensional space. We wish to 
calculate the generalized beta function 


P(E, P) = [Ce Mm) I”, (4) 
where A, # 0, —1, —2,.... Then (€, p) will be given by 


PA) As)LAs) 
8 P) = “Dar Q) sin mA 
x [et p — i0)-MA(E, + iO)-(Ey + 10)-*(& + 10) 
—e tmp + 10) 444 — 20)-1(£, — 20)-2(€, — 20)s], (5) 


where A = A, + A, + A3- 
If é, 4 0, we may write 


HEP) = 1&7 feel dey dry. (6) 
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Since (4) fails to vanish only in the octant x, > 0, the integral is in fact 
over only that part of the (, x) = p plane that lies in this octant. This 
part of the plane is either a triangle, an exterior triangle, or an angle. 
We shall deal with each of these cases separately. 

Consider first the case of the triangle. This occurs when the three 
p/é; are positive. Let us write x,¢,/p = «, (no sum is implied) in the 
integrand. This yields 


P(E, p) = i , | ( E ip ( é iy ( 3 \ , | aren: odilodeladet doy dary « 


To calculate this integral, we make the change of variables a, = (1 — a,)t, 
so that 


1 1 
odilode toast da, da, = ( ode2(1—a,)*it43-1 day | ts-1(]-t)s"1 dt 
0 0 


ie 


_ TO O)Tes) 
TO, yds) 


Thus if the p/é, are all positive, 


— FAIA) As) 
162) = TOT FM) 


|p |Artaatag—t | & \"Ay | & |? | é, |~43 ° 


Now consider the case of exterior triangle. This occurs if one of the 
ple; , say p/é,, is negative. This time we write 


14 /p = % , x2bo/p = a2, —%34/p = og 
in the integrand of (6), which yields 


P(E, p) = al aes ir 


To calculate this integral we write «, + a, = u and a, — a, = v. We 
then have 


P 
§5 


Asm 
Ay—Iyag—1 yay 
| adi taze tots da, day . 
2o,=1.0;>0 


ody Tadelarsl do doy 
yi %_? Oe 1 F% 
2a ;=1.0,>0 


= ; fe [., (- oe (- z \ (u — 1) du du 


nfo endef I 


1 
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(where we have made the additional change v = ut). Both integrals in 
the last line converge for 


Ay ,Ag,A3 > 0, Ay tAg +Ag <1 
and they can be written in terms of the beta function. The final expression 
obtained’ in this way is 


_ sin +4) TOITOITO) 
sin m(Ay + Ag +A3) F(A, + Ag +3) ” 


Ay-1,yAg—1yA,—1 — 
i ay! Oy? O33 da, dot, — 
2a 5=1.0;>0 


Thus if p/é, < 0, while the other two p/€; are positive, we arrive at 
eae sin mA, +A) — FAL OAs) As) 
, Sin 70, + Ap + Ag) FO 4+ Ay 4 As) 


x |p trated | & fo | Sy [42 | Sy 72. 


Now consider the final case of an angle, which occurs when two of 
the p/&, are negative and one is positive. By similar considerations we 
arrive at 

ee: sin mg Ty) FAs)PQs) 
sin m(Ay + Ay + Ag) PQ + Ay + Ag) 


x |p [Artrrtas 2 | & [oar | Se [42 | €3 [4s 


(we have assumed p/€, to be positive). Combining all the above we arrive 
at the following result. The Radon transform of the generalized function 


(mera) es) 


— FAIA OAs) arragtag 
7(E, P) Th, ae bi 


in 7(A. A 
x [GadeGz* + Tey eal 


in 7A. 
sin 7A Te (&)2?1(€,)="2(€5) 57 


sin m(Ay + Ag cs (7) 


+] 
The braces here, as before, denote the sum of three terms obtained by 
cyclic permutation of the indices. For conciseness we have again written 
out only the terms involving p,. Those involving p_ are obtained by 
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replacing (&;), by (&;)_ , and vice versa. Of course p’ , (€;)’. are under- 
stood in the sense of generalized functions. 

It is found that Eq. (7) becomes much simpler if it is written not 
in terms of the p’ , (€;)). but in terms of the (p - 20)’, (€ -- 20)". Recall 
that these generalized functions are defined on the line by 


(¢ + 10)" = 2 + eft? , 


(t — i0)* =, te = en tmaga . 


It is then found that 


— FAIL) OAs) 
6 P) = “ary sin mA 


x [ep — i0)-+°(E, + 20)-(E, + 10)-*2(E, + 10)~*s 
—e Xp + 10) E, — 20)1(E, — 10) (Eg — 10)], (8) 


where A= A, + A, + A,. (Verification of this expression is left to the 
reader.) 

Equation (8) is no longer meaningful when X is a positive integer, 
since in this case the denominator vanishes. This again is related to the 
lack of uniqueness in the definition of the Radon transform. In order to 
calculate o(€, p) for positive integer A from (7) one must first eliminate 
an unessential function from the expression as it stands and then go 
to the limit. In this way one can use (7) to obtain an expression for 


L(x)? Ts 


i.e., an expression for the Radon transform of the characteristic function 
of the octant x; > 0. This expression was given without proof in Sec- 
tion 2.8. 


3. Radon Transforms of Some Particular Generalized Functions 


We shall now turn to the Radon transforms of generalized functions 
associated with quadratic forms. The discussion will be purely analytic. 
We will find particularly useful here the method of analytic continuation 
in the coefficients of the quadratic form, a method developed in Volume | 
when the generalized functions themselves were studied. The results 
we obtain will not be used in the rest of the book, and if the reader so 
desires he may omit this section entirely. We suggest it as a supplement 
to the discussion in Volume | of P* and (P + c)*, where P is a quadratic 
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form. It is particularly instructive to compare our present results with 
the Fourier transforms of these generalized functions. It is found that 
their Fourier and Radon transforms can be written in terms of the same 
kind of functions but that, unlike the Fourier transforms, the Radon 
transforms do not require the introduction of generalized Bessel 
functions. 

We shall discuss only the case of odd dimension; it is suggested that 
the reader derive the analogous results for even dimension. 


3.1. Radon Transforms of the Generalized Functions 
(P + i0)*, (P — i0)*, and P’_, for Nondegenerate Quadratic Forms P 


In Volume | we defined the generalized functions (P + 70)’, (P — 20)’, 
P’, and P* , where P = P(x) is a nondegenerate quadratic form and A 
is a complex number. We shall start by restating these definitions. 
Consider the generalized function (P + iP,)*, where P, is a positive 
definite quadratic form, defined by 


((P +4P,).f) = | (P + iP YFG) dx. (1) 


The integral in this equation converges for Re A > 0 and is an analytic 
function of A. It is understood in terms of analytic continuation in A for 
Re A <0. Then (P +- 720)’ is defined as the limit of (P + iP,)* as all 
the coefficients of P, converge to zero. The generalized function (P — 10)’ 
is defined analogously. Finally, P, and P_ are given in terms of the 
generalized functions just defined by 


(P +10)* = PA 4 espa, = (P — 10) = PA 4 e*HApr (2) 


Let us calculate the Radon transforms of these functions on the 
assumption that A is neither an integer nor a half-integer. 

We shall start with P’ = (P + 10)’, where P is a positive definite 
quadratic form. Recall the following property of the Radon transform 
established in Section 1.3. If F(é, p) is the Radon transform of F(x), the 
Radon transform of F(A-1x), where A is a nonsingular linear transforma- 
tion, is 


F,(é, p) = | det A | F(4’E, p). 


Now let F(é, p) be the Radon transform of P*. Then if A is any linear 
transformation that leaves P invariant, it follows from the above that 


F(A’é, p) = FE, p), 
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where J’ is the transpose of A. Hence we may write 


F(é, p) = 9(Q,), (3) 


where QO = Q(é) is the quadratic form dual to P(x), i.e., such that its 
matrix is the inverse of that of P. On the other hand, it also follows from 
the above property of the Radon transform that for a > 0 the Radon 
transform of a”P\(x) = Pax) is ap(Q, p) = a-"p(a-*Q, p). Therefore 
~(Q, p) is a homogeneous function of Q of degree —A — $n so that it 
may be written in the form 


HQ, p) = 9(p)Q--*". (4) 


Finally, in order to find g(p) we use the fact that F(£, p) is an even 
homogeneous function of €, p of degree —1. It follows from this that 
y(p) in Eq. (4) is an even homogeneous function of p of degree 2A + n—-1. 
Hence (p) = ¢(A) | p |**+"-1 (see Volume 1, Chapter I, Section 3.11). 

It thus follows that the Radon transform of P*, where P = P(x) is 
a positive definite quadratic form, is 


FOE, p) = c(A)| p PQ an, (5) 


where OQ = Q(€) is the quadratic form dual to P. 
It is relatively simple to show that the c(A) in (5) is 
nite-OP(A— fa +B) 
T(—a)at 


c(A) = , (6) 


where J is the discriminant of P. Without loss of generality we may 
assume for P the canonical form P = Loajx?. ThenQ = Daz*é?. Now 
we choose € = £ = (0, ..., 0, a), P = 1 in (5). This yields 

Fé, , 1) = ¢(Q). 


On the other hand, by definition we have 


FW =f (Lake 


ied ne n=) 


mot f (bet tom bok et + 1 dey de, 


(as on [OR +o tha + I) dty dt, 


which leads immediately to the desired result. 
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Let us now use the method of analytic continuation in the coefficients 
of P (as described in the appendix to this section). On so doing, we 
arrive at the following result. 

Assume the nondegenerate quadratic form P(x) to have k positive 
and / negative cvefficients in the canonical form. Then the Radon 
transform of (P + 10)* is 


e trigtin-DT(—) — in + 3) 


r(-a 4/3 | pF" — i0)-9-4*, (7) 


whereQ == Q(€) is the quadratic form dual to P, and 4 is the discriminant 
of 
Similarly, the Radon transform of (P — 10)’ is 


etlmigh(n-T(_ — 4n + 4) 


Qa+n—1 0 —a-tn, 7 
Ter Ip PH" +10) (7’) 
Further, by using the relation 


1 
eee 
aT 21 sin 7A 


[e-“(P + 70)4 — en#(P — i0)*] 


we find the Radon transform of P} is 

aiin-DT(_) =s dn Bi 3) 
sin mA(—d)| A It 

x [e-drte4+2ani(E = i0)-4-3" _ efn(t4201(C + i0)-4-4”]. (8) 


| p [Patent 


This expression can be restated somewhat by writing it in terms of 
On and Q-*!". Elementary manipulations lead to the following 
expression for the Radon transform of P% : 


(—1)} Dahir) 
(A+ 1)° (A + dn — 4) 4 ft sin mA 


| ? [2aenat 


x [sin $n(1 + 2a) Q-'-4" — sin $ak O-*-4"], (9) 


where Q == Q(&) is the quadratic form dual to P, and k, / are the number 
of positive and negative terms, respectively, in the canonical form of P. 
The Radon transform of P* is obtained from this expression by inter- 
changing k with / and Q, withQ_. 
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An interesting special case is the one in which k is even and / is odd. 
Then the Radon transform of P’, becomes 


(—1)**r#"—-D cot mA 2a4+n—1Qj—a~-tn 
= i, 4) | P | 9; . 
(A+ 1) + (A + gn — 3) 


This implies that if P has an even number of positive terms and an odd 
number of negative terms in its canonical form, all one needs in order 
to calculate the integral 


| PA(x) f(x) dx 


are the integrals of f(x) only over those (€,*) = p hyperplanes for 
which Q(£) > 0 (recall that by assumption A is neither an integer nor 
a half-integer). 


Appendix to Section 3.1 


We wish to describe in some detail the method of analytic continuation 
in the coefficients of P.35 We wish to find the Radon transform of P? 
where P = P, + iP, is a quadratic form with complex coefficients such 
that Im P = P, is positive definite. The generalized function P’ is 
analytic not only in A but also in the coefficients of P. Therefore the 
Radon transform of P’ is also an analytic function of these coefficients in 
the “upper half-plane’? of quadratic forms, i.e., for Im P > 0. This 
means that the Radon transform of P* is determined uniquely by its 
values on the “positive imaginary axis” of quadratic forms, i.e., for 
P = iP, with P, positive definite. Therefore it is sufficient for our 
purposes to find the Radon transforms of generalized functions of the 
form (#P,)*. But we have already actually found the Radon transforms 
of such generalized functions. In fact from Eq. (5) we may deduce that 
the Radon transform of (iP,)* is 


ertenigtin-T(-) — 4n + 4) 


2atn—-1g~a—tn 
reer a 


where Q is the quadratic form dual to P = 7P, , and 4 is the discriminant 
of P. This expression must now be continued onto the upper half-plane 


See Volume 1, Chapter III, Section 2.2, where this method was used to find the 
residue of P, at singular points in the 4 plane. 
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of quadratic forms. But the analytic continuation of Q is known, since its 
coefficients depend analytically on those of P. Therefore the problem is 
solved when we are able to define [(—i)” 4]? as a single-value analytic 
function on the upper half-plane of quadratic forms. This definition was 
given in Volume 1, Chapter III, Section 2.3. For completeness we shall 
go through this again here. 

We write P in the form 


P=P,+iP,, 


where P, and P, are quadratic forms with real coefficients and P, is 
positive definite. There exists a nonsingular linear transformation 


n 
x = DET 
t=1 
with real coefficients which transforms P, and P, to the forms 


Py= ME + AI 
al oa ee 


The A, are real coefficients independent of the particular transformation, 
and are thus invariants of P itself. Then [(—z)” 4]! can be defined by 
the expression 


[(—ayr]* = |b [41 — dy)F (1 — A,)*, (11) 


where b is the determinant of the matrix || ,; ||, and the square roots are 


defined by 


2? — | 2 |* exp(4i arg 2), —a <argz <7. 


Thus the Radon transform of P’, where P = P(x) is any quadratic 
form with complex coefficients and positive definite imaginary part, is 
given by Eq. (10) with the square root in the denominator defined by 
Eq. (11). 

Now by definition (P + 10)’ is the limit of (P + 7P,)’ as the positive 
definite quadratic form P, approaches zero. Thus by going to the limit 
in (10), we easily arrive at the desired expression for the Radon transform 


of (P + i), 


3.2 Radon Transforms of Some Particular Generalized Functions 61 


3.2. Radon Transforms of (P+ c+ i0)*, (P+ c—i0)’, and (P+c);, 
for Nondegenerate Quadratic Forms 


Let us start by calculating the Radon transform of (xf + +--+ x24 c)’, 
c > 0. This is given by the integral, convergent for ReA < —4(n — 1), 


Fé, p) = ii eg sa i Se 
eee D 
élay=lp 


= | é |-t fe te +x, + p*| é [= + c)* dx, 28 dx 4: 


where | € |? = © €?. The last integral is easily calculated in spherical 
coordinates and leads to the result that the desired Radon transform is 


min-DT(_) — 3n +4) 1 ? ice 


7) jel Vent? () 


From this we easily find that the Radon transform of (P + c)’, where 
c > 0 and P = P(x) is any positive definite quadratic form, is 


min-T(_ — dn + 3) .(p a+} (n-1) 
T(-v4t (5 c) 
Here Q is the quadratic form dual to P, and 4 is the discriminant of P. 
We may now proceed by analytic continuation (see Section 1.2) from 
Eq. (3) to find the Radon transforms of (P + ¢ + 10) and (P + ¢ — 10)’, 
where P is any nondegenerate quadratic form and c is any real number. 
We present the final result without actually going through the derivation. 
Assume the nondegenerate quadratic form P = P(x) to have k positive 
and / negative coefficients in its canonical form (k + / = n). Then the 
Radon transform of (P + ¢ + 20)’ is 


(3) 


e~ i mligh (m-DT(_) — 3n + 4) 


0)-? p? 0 att(n—D 4 
eSUPAG =(Q io (+6 +70) (4) 

Similarly, the Radon transform of (P + c — 10)’ is 
ebtligh(m—vT(_ — dn + 4) a | PP (Vata) ; 
Fon aE (9 + iy (45 +6 —i0) (4’) 
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From these we may also derive the Radon transform of 


emp tet i0)* — ev™*(P +e— i0)*), 


1 
Aria 
ia a | sin wt 


which is found to be 


(—1)2 le Dh in—D 
Q +1) Q + 4n—F)sin mA | 


yee 


x (— 4c pm(l4-2ai(Q — i0)-+ (5 +e+i0 


—ein(t+2ni(O ae i0)- (= i oy"). (5) 


Q 


Remark. As before, it is convenient to rewrite this equation in terms 
of Q7? and [(p?/Q) + c]t#"-), We then find that the Radon transform 
of (P +. c)’ may be written 


(= aera I? AtH(n—1) 
Q+1)-Q+4n—d)sinwalapP [sin (A + 3) (o s ‘), 
—- sin eon (& a) + 
+ sin | =! ) Qu} (5 + ee 
— sin a) = Uy) Q;! (5 “te yer), (6) 


or, in another notation, 


(1) Hrd h(n) ; By seca a 
EE ee ee OS PST IT [sin (A + 5) O;*# (pe + <Q) 


ae sin = ea, FO jn (p* + SEQriieet 


sou (p? + cQ)yM iin -1) 


+ sina (A 


~ sin 7B =D orang 4 egyesera], (6’) 
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Note that for c > 0, the fourth term in the square brackets vanishes, 
while for c < 0, the third term vanishes. Similarly, the Radon transform 
of (P + c)* is 


(1) Hendin) ’ hp? adi (n—1) 
r+ Fon ( 
ren ee ee =a i fin +5) 0-4 or): 


A+B (m—1) 
- sin 51 ( o + +e) 
. k—1 F 2 A+} (n—1) 
+ sin ofA Ee “-) “a io re c) 
__ al — 1) & ?? ALE (n—1y 
sin 0- (5 | c) |: (7) 
or, in another notation, 
—1])i—-Dazn-1 
(—)) lathe” [sin - (A ae *) Quin (p? FeO) He) 


(A+ 1)-- (A + 4n-4$)sin aA | A |t 


-— sin = mh inp? + cQ) Hn 1) 
+ sing (a + aS) O-*-3"(p? + cQ)t aD 
2 |< 1 


- sin Do-m neg + egy). (7) 


3.3. Radon Transforms of the Characteristic Functions of 
Hyperboloids and Cones 


We shall now make use of the results of Sections 3.1 and 3.2 to 
calculate the Radon transforms of the characteristic functions of hyper- 
boloids and cones in odd-dimensional spaces. In this way we will define 
the generalized areas of sections through these regions. 


Let us start with x? — x3 — ---— x2 +1 > 0, the interior of a 
single-sheeted hyperboloid. The characteristic function is 
Ce ee 


According to Section 3.2, its Radon transform is 


(KL) Dahir 
T(4n ! 4) lim U, (1) 
gtr eg 


qi(n-D) 


Tn) i? inp? + Q)in-» 
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where 
U = [Q--I(pt + UYHtHOOD 4 (—1) HO cos mAQ-Hn(pt + OY 
< [sin wA]-} 
and QO = é{— é— --- — &. On going to the limit, we obtain the 
result 
7 07(pt +O) 
T(gn +3) * 


(—1) i" -Da tna) 
(gn + 3) 
for the interior of the single-sheeted hyperboloid. 
For the other regions of interest the results are the following. 


The Radon transform of (x? — x3 —---— «2+ 1)®, the charac- 
teristic function of the exterior of a single-sheeted pian is 


O-3"(p? + OQ)" In eo | (2) 


(<1) Hage btn—a) 
T'(gn +3) 


—-O- “In (p? + Q)in— -1) In (3) 


This expression shown that if one wants to calculate the integral of some 
f(x) over the region outside a single-sheeted hyperboloid, one need not 
know the integrals over those (€, x) = p hyperplanes for which Q > 0, 
that is, those hyperplanes whose intersection with the interior of the 
hyperboloid has finite area. 

The Radon transform of (x} — x}—-+*- — x2 — 1){, the charac- 
teristic function of the interior of a two-sheeted hyperboloid, is 


gin) 


Tan zm Tap pet Q)He-» 


_ (—1) Ht —D gq Hln-9) ey aT Sera p?-—Q 
ay eo 
This function vanishes for those hyperplanes for which Q > 0 and 
p? — Q < 0, a result which should cause no surprise since these are the 
hyperplanes which fail to intersect the region. 
The Radon transform of (x? — x2— ---— x2—1)2, the charac- 
teristic function of the exterior of a two-sheeted hyperboloid, is 


(1) Heda tn— 


Tae p ee oye 


(—1)2 Dain) 


I'(gn + 3) 


O-!"(p? — Q)#"—D In "5" F 
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This function vanishes for those hyperplanes for which Q > 0 and 

—Q > 0, those which intersect the hyperboloid with finite area. This 
means that if one wants to calculate the integral of some f(x) over the 
region outside a two-sheeted hyperboloid, one need not know its integral 
over hyperplanes whose intersection with the hyperboloid has finite area. 


Let us now turn to the cone given by xj — x2 — -+ — x? > O, that is, 
let us calculate the Radon transform of P?, where P = x}-—x}--+-+— x2. 


According to Et @) of Section 3.1, the Radon transform of 
Ph = (x5 x3 xn) 


ai(n—D 


A+ 1) A+ 3f#— 1) 


| p j2atn—1 lo — (—1) a gi, 


sin 7A 


where QO = €{ — €2— ++ — &. We now go to the limit as \ > 0 and 
find that the Radon transform of P® is 


atin-D pages (eta Fj sald 19—*— in (6) 
Tan +3) ** P@n+ 3) 9 sinm 


Remark. The expression whose limit is here being taken has a 
denominator which vanishes in the limit. Therefore the generalized 
function in the numerator must also vanish in the limit, or 


; 2A+n— —-A-in __ pn- i 
bp eee = og 


must be an unessential function, as is easily verified. In fact for this 
purpose it is sufficient to show that 


[ On @e(e) = 0, (7) 


where Tis any surface enclosing the origin in € space. The integral here 
must be understood in terms of its regularization, namely, 


Ef (QO +i0)-!*0(£) — [i (0 — i0)-#a(8)). 


[ O-"Oa@) = 
The integrals on the right-hand side converge, and it is easily shown that 


[(Q + 20)-#a() = [(O - oy mw(E), 


which completes the proof. # 
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We thus find that the Radon transform of the characteristic function 
of the cone is 


qi(n—1) p-19- re (—1)8-Dgttn—3) 
1 I + 
T(gn + 3) 
The results of this section can be used to express the integral of a 
p g 


function of x over any of the regions discussed in terms of its Radon 
transform. For instance, let g(é, p) be the Radon transform of f(x). Then 


n—1(j—tn | a 8 
Teeth Bo 


foc af = Gf [sé GE” wp] ow, © 


where S(é, p) is given by (8). 


3.4. Radon Transform of a Delta Function Concentrated on a 
Quadratic Surface 


Consider the following problem. We wish to express the integral of 
some f(x) over a quadratic surface in terms of its integrals over hyper- 
planes. As before, we shall assume the space to have odd dimension. 
By using Plancherel’s theorem, we can reduce this problem to calculating 
the Radon transform of the 6 function concentrated on this surface. 

Let us first find the Radon transform of 


S(ad + + + x8 — 1). 


which is concentrated on the surface of the unit sphere. Now it has been 
established that 


B(x? + +++ + x2 — 1) res (x2 + tat — 1), 


so that we may use the results of Section 3.2, from which it is found 
that the Radon transform is 


(1) hn— 


Gace Di (@ fever £2)-441( 97 — See: ga)ite): (1) 


We could have also attempted to calculate this Radon transform by using 
the fact that 


S(x? +--+ + x8 — 1) = res, (xj ee see ye, 
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We would then have obtained 
git (n-1 
(gn — 5 


Appearances to the contrary, these two results are not contradictory. 
Indeed, their difference is 


(2 4+ -4 &)- intl p? — = eee £2) ies). (1’) 


qi(n-D) 
oe mT (€2 Hoe $ E28) Bap? — - — £2) Ha), 
2 2 


a polynomial of degree » — 3 in p, which is therefore an unessential 
function. 

Thus if one wishes to calculate the integral of some f(x) over a sphere, 
it is sufficient to know its integrals either only over hyperplanes that 
intersect the sphere or only over hyperplanes that do not intersect the 


sphere. 
In a similar way, the results of Section 3.2 can be used to find that 
the Radon transform of 8(xj — x} — +++ — x2 +1), which is con- 


centrated on the surface of a one-sheeted hyperboloid, is 


(— 1)#"— VD gph (n—3) 
(gn — #)! 
where Q = & — & — + — €&. 


Thus if one wishes to express the integral of some f(x) over the surface 
of asingle-sheeted hyperboloid in terms of its integrals over hyperplanes, 
one need not know its integrals over those hyperplanes whose intersection 
with the hyperboloid has finite area. 

The Radon transform of 8(x{ — x} — -+- — x2 — 1), which is con- 
centrated on the surface of a two-sheeted hyperboloid, is given by either 
of the two equivalent expressions 


—Q=41(p2 + Q) in 3) In jar (2) 


iin ~1) 


— 4N+1/ 2 ¢(n—3) 
dae His (7 —Q)} 


oa p—O 
ares =| 3 


O-3*+1(p2 — Q)H"-9) In 


or 
(— = Dap} (n—1) 


intl 4(n—8) 
aaa =O hp = 0)* 


ee ~3) 
(n — 3)! 


+ Qe ntl p? — Q)in~s) In ae as Q |. @ 
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Thus if one wishes to calculate the integral of some f(x) over the 
surface of a two-sheeted hyperboloid, one need not know its integrals 
either over hyperplanes that do not intersect the hyperboloid or over 
hyperplanes whose intersection has finite area. 

We now turn to the Radon transform of 

8(x2 — x2 — +» — x2), 
which is concentrated on the surface of a cone. It satisfies the two 
relations®® 


St — af << a8) = pes (of a} — Dt 
= res, (x? — xf — ++ — xP). 
According to Section 3.1, the Radon transform of (xf ~ x} — «++ — x2)? 
is 
(—1) HD hn—v - a 
cot mm | ? j2a+n i _ & eee g2)-A yn, 
(A+ 1) A+ $a — 1) 7 . 

From this it follows that the Radon transform of 8(x? — x3 — ++: — x?) 
is?? 


( —_ 1) #"—-D 27 in) 


eI 


pr In | p | Quiet. (4) 


Equation (4) can then be used to write the integral of f(x) over the 
surface of a hypercone in terms of its Radon transform /(€, p): 


n+ 


—_ 2 tn Fine) ° n— 2 wee 2\—in 
Vo yo a = Ee IP emi bE Be 


x flr-D(E, p) dpw(£). 


We see that this does not require knowing the integrals of f(x) over 
hyperplanes tangent to the cone or over hyperplanes parallel to these. 


36 See Volume 1, p. 278. 
37 We have dropped the unessential term 


cp 8Qu tet In Q.. . 
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4. Summary of Radon Transform Formulas 


I. NoTATION 


f(x) is a function in n-dimensional affine space, where we write 
X= (x1, 0) %,), dx = dx, + dx,. f(é&p) = [f(x] is the Radon 


transform of f(x). 


E = (E15 «5 En), (€,~) = Ga + + Eta, 
o£) = DY (—1)P 8, dé dba dbs 7 deny 


for t> 0, 
WE ae Go 


P(x) is a nondegenerate quadratic form, and Q(x) is its dual, i.e. the 
quadratic from whose matrix is the inverse of that of P(x). 


II. DEFINITION oF RADON TRANSFORM 


HE») = [ F(#) 8p — (Ex) de. 
II]. FUNDAMENTAL PROPERTIES OF RADON TRANSFORMS 


1. f(aé, ap) = | a (Ep), for any a 40; 
2. {fe +a) =f p + 4) 
3. {f(A-4x)} © fas | det A | f(A’é, p); 


where A is a nonsingular linear transformation and A’ is its transpose. 


4. {(aZ)rof =@9 LEP. 


5. elaalfer = ~ (a 25, H(é,?). 
6. {hath =f AGODA ~ tat, 


IV. TNVERSE RADON TRANSFORM FORMULA 


For dimension 2 odd we have 


£0) = Goer | BMG Gao 
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For dimension 2 even we have 


f(a) = DEC RD F IL” Hes ooip — Esa ap a8) 


Here I is any surface enclosing the origin. 
V. ANALOG OF PLANCHEREL’S THEOREM 
For dimension n odd we have 
[ Foe ace) ae = Bm f [Force Pree, p) a (8), 
where m = 3(n — 1). For dimension m even we have 


{70)@(0) dx = DECK DT | P78, ORE padloa — Pa* doa doa a8) 


3. 
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VI. TaBLe of RADON TRANSFORMS OF SOME GENERALIZED FUNCTIONS 
FOR DIMENSION n Opp 


The Radon transform of a generalized function is defined in Section 2.1 
of this chapter. The asterisk denotes results not derived in the book. 


Entry 
no. Function Radon transform 
1 1* p™a(é), where a(€) is any even function, 
homogeneous of degree —n, such that 
face) o(e) = (— 1) 2ee1r-1(n) 
r 
2 8(x)* dn-iT(1 — $n) P-'4n + 4) 
x [PME + PPE] Ea oy Ee) 
3 S(xy , 0.05 Xn) a(p) 
4 Bly 5 ens 24)" wet (AFI) pa (7S) [pre 
2 2 
k odd (Rk < n) x 8( Enya yomeey én) 
- 1 
5 ia (— Dieting tars (ZI ; a ) 
Rk even i 
ee 
x PA (22) protest n | | BC Eagn ey 
6 (x1) B(2¢q 5 5 Xn), | é, |*a( P/ é1) 
foe] 
where i | a(x,)| dx, < 
-2o 
i (2)4 Bla 5 an tn) pi (Eyom* + ph (By) 
A noninteger 
8 (ae, )F 8(aeg 5 o> Hn), pe (Sy * + ph (fs) 
k = 0,1,... —1- 
- Lo prin | p 13%) 
Rk! 
9 | oy AB(xcg y eres Xn), ip (4 1& nase 


A# —-1, -2,.. 


AQ (kR=0,1,... 
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Continued 
Entry 
no. Function Radon transform 
10 2S 2k ~1~2k 2 2k 1 § (2k) ) 
XPFB(Hy , -+-5 Xn) p*| é: | = (mi? n|p| & 
k=0,1,... 
11 | x1 [4 sgn x,8(xe 5 ..-) Xn) p Asan p<} é, |-'-4 sgn &, 
A # —1, —2,... 
A#2k—1 (k= 1,2,...) 
12 x2 13 (ag y see) Xn) p*| é; [-** sgn , 
k= 1,2,... 5 
2k—1 1 §(2k-1) 
+ Qk —D! = pi? n|p| (&) 
13 Characteristic function of al pt O(€,) + p? — ENE — é — yt 
the positive cone in 
three dimensions. + pin|p|(& — & — £2)-4 
xt — x3 — x8 > 0, x; > 0 
14 Characteristic function of 7(E, pe — & — £2) 4 poe + e+ ra 
the upper sheet of a 
hyperboloid in three +e — @& —- &)-p?- 424+ 8+ &) 
dimensions. 
xi — xo — 2 > T, x, > 0 xInjp—-&+ B+ &| 
—])d-vgiin- 2Apn-1 
15 PA(s) (—1) 7 |p| 


(A+ IA + dn — $)1 4 |F sin aA 
x [sin aH + )O--(E) 
—sin }ak Q-*-"1()], 
where k and / are, respectively, the number of 


positive and negative terms in the canonical 
form of P(x), and A is its discriminant. 


Entry 
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Function 


Continued 


Radon transform 


20 


Wet ap = ape 


[P(x) +e} 


O(30,)(x? — x? — xe — ye 


Kal — a} — ad 


B(x? + +++ 4+ 2% — 1) 


(A + 1) + (A + $n — 4) 


x (fo — 


— 1) m- Fin-1) 2A+n—1 
(—]) 7 |p | 


~ 204 1 A+ Fn — Bin md 


x (= Ba — Bhs 


(—1) ted g hie 
(A+ 1) (A+ dn — $)/ 4 |F sin mA 


x [sin a( $l + A)O;*-i%(p? 4 cQ)ittin-y 
-- sin $k O74 3"(p? + 70 Na 
+ sin a($1- $4A)Q-*-I(p? +eQ)MtHn-1) 


— sin $a(k — Qi p? + cQ)tte-n 


wT 
yu Ope (e2 — E — evr # 


7 
2_ £2 2 2)A+1 nn Seeeere ee 
x (pP-&+ E+ er aA = tyain FA 


ol eet het iad © deat re rica 
(—1) ie 2rke-OT-1dn am d)p"* In | p | 
ee eit 


(—1)F Yate Pada Zs 4) 


x (Bb e+ By pt gt gays 
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Continued 
Entry 
no. Function Radon transform 
2) 3(x? = a ba tee as xt —1) atv hn =. ae = = iis et en 


x (p? = B + é seo on aaa 


£(—1) Fev gte on P-1 dn 3 4) 


x (é = a ae a a 
| x(p? = e+ et cf eyners 


a-g-—-8 


a 


x In 


CHAPTER II 


INTEGRAL TRANSFORMS IN THE 
COMPLEX DOMAIN 


This chapter will be concerned with an analysis of some problems of 
integral geometry in the complex domain. 

We first state the general problem of integral geometry. Consider 
some space X in which are given certain manifolds, assumed to be 
analytic and to depend analytically on certain parameters A, , ..., A, : 


M = MA) = MA, ..., Ax): 


With a function f(x) defined on X we associate its integrals over these 
manifolds: 


A) =f f(x) do. (1) 
MA) 


This gives a new function ¢(A) defined on the set of manifolds. Our 
problem shall be the following: Given g, find the original function f(x). 
More exactly, we shall be interested in the following questions. 


1. When is the mapping f —> ¢ defined by (1) for “arbitrary” f(x) ¢ X 
a one-to-one mapping ? When this mapping is one-to-one, what is the 
inversion formula that gives f(x) in terms of (A)? 


2. What functions of A can be represented by an integral such as 
(1) with f(x) an “arbitrary” function on X? 


Although speaking of ‘‘arbitrary’’ functions, we shall in fact deal with 
classes of functions defined either by some smoothness conditions or by 
asymptotic properties, but in any case classes containing locally all 
infinitely differentiable functions.1 Such a class may be, for instance, the 


! That is, every point has a neighborhood U such that for every infinitely differentiable 
function g on U the class contains a function of # that coincides with » on U. 
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class of all infinitely differentiable functions of bounded support or the 
class of rapidly decreasing infinitely differentiable functions. 

One would naturally expect that to specify uniquely a function of n 
variables requires a function of the same number of variables. In other 
words, in a reasonably stated problem of integral geometry, the manifolds 
MYA) over which we integrate in Eq. (1) should depend on n parameters, 
where n is the dimension of X. It is just these problems which form 
the basic content of integral geometry as we understand it in this work. 
Previously integral geometry was understood in a different sense, being 
involved primarily with calculating invariant measures in one or another 
homogeneous space (see, for instance, Blyashke [2]). 

Problems in integral geometry arise in a natural way in dealing with 
the representation theory of Lie groups and essentially form the basis 
of this theory. The reader will understand this connection when he has 
read Chapters IV and VI of this volume. 

Every problem of integral geometry has a local analog, in which the 
manifolds are replaced by tangent planes. The local problem of integral 
geometry has been solved in its entirety only for the simplest case of a 
family of (m — 1)-dimensional hyperplanes in an n-dimensional affine 
space. It would be very interesting if some one were to come forward 
with a solution of this local problem in the general case of a family of 
k-dimensional hyperplanes in an n-dimensional affine space. One should 
start, of course, with a family of lines. It would be most reasonable to 
start with the problem in a complex space, since the complex case is 
actually simpler than the real one. So far only the first step has been 
taken in this direction: the problem of integral geometry has been solved 
for several families of lines in three complex dimensions. The solution 
will be given in Section 1 of this chapter. 

Section 2 of this chapter gives the solution of the problem of integral 
geometry for a family of lines lying on a quadric in four complex dimen- 
sions. This problem has not been chosen randomly. Later, in Chapter V, 
the reader will see that it lies at the basis of the theory of the representa- 
tions of the Lorentz group. 

In Section 3 we study the Radon transform in the complex domain. 
That section could have been treated as an appendix to Chapter I, 
which deals with the Radon transform in the real domain. In the real 
case most of the formulas involving the Radon transform differ for spaces 
of even and odd dimension. It will be seen that the complex case is more 
closely related to odd dimension than to the more refined case of even 
dimension. 
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1, Line Complexes in a Space of Three Complex Dimensions 
and Related Integral Transforms 


In this section we shall consider the following problem of integral 
geometry. Given a certain family of lines in an affine space of 
three complex dimensions, we are asked to construct a function 
Ss) = fla, 2, %3) from a knowledge of its integrals over these lines. 
Since f depends on three complex variables, we shall deal with three- 
parameter families of lines, which we shall call line complexes. The 
solution will be given here for a certain special class of line complexes 
for which the solution is simpler and such that the formula giving f in 
terms of its integrals is a local one (see Section 1.4). 


1.1. Pliicker Coordinates of a Line 


We shall describe lines by means of their Plicker coordinates, which 
are defined in the following way. Let 


(Ry 55%) and (2 + 2 > 2) 


be any two points on a line. The Pliicker coordinates of the line are the 
six numbers 


— , a, 1 —- , =25 , 

Oy en Po = 258, — Fy s 
ht iggl | are , 

My = By Bq, PY = 2,2, — 2435, (1) 
a = : , og 

Og = 2, — By, p? = 212, — 2%, - 


The vectors a = (1 , x, %3) and p = (p', p*, p%) have the following 
geometrical meanings: « is a direction-vector of the line, and p = [a, 2] 
is the vector product of « with the “‘radius vector’ z of any point on the 
line. Obviously if «, p are the Pliicker coordinates of a line, any point z 
on the line satisfies the equation 


p = [o, 2]. (2) 


This implies that the line is uniquely determined by its Pliicker coor- 
dinates. Conversely, the Pliicker coordinates are determined uniquely 
by the line to within a constant factor. In other words, the Pliicker 
coordinates are homogeneous coordinates of the line. Indeed, let 
p = [a, 2] and p’ = [a’, 2’] be two equations for the same line. Since 
« and «’ are both direction vectors of the line, we have 


a’ = Aq, A #0. 
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But this means that p’ = A[a, z] = Ap. Thus if «, p and a’, p’ are both 
the Pliicker coordinates of a line, they are proportional. 
The coordinates «, p are related to each other according to 


(a, p) = yp! + agp? + agp? = 0, (3) 


as follows immediately from the fact that p = [a, z] is orthogonal to «. 
It is easily shown, conversely, that given any six numbers «, and p/ 
satisfying (3), they can be considered the Pliicker coordinates of some line. 
The equation of this line is then given by (2).? 

Under affine transformations, the Pliicker coordinates are transformed 
as follows: 


I. Under the translation 
2 =2z+ 2% 


the Pliicker coordinates transform according to 
a =a, p’ =p + [o, zo]. 
II. Under the centroaffine (homogeneous) transformation 
, 
z= az, 
the Pliicker coordinates transform according to 
a, = ala,, pt = bipi, 


where bi is the cofactor of a}. 
These formulas follow simply from the definitions of the Pliicker 
coordinates. 


1.2. Line Complexes 


The set of all lines in a three-dimensional complex space can be 
considered a manifold. Specifically, we shall treat the set of numbers 
(x1, %2, %3, p}, p®, p?) as homogeneous coordinates of points in a five- 
dimensional complex projective space. These will be the Pliicker coor- 
dinates of a line if and only if 


(a, p) = 0. (1) 


2 Strictly speaking we shall always be assuming also that « #4 0. This assumption 
need not, however, be made, for we may speak of lines in a projective, rather than in 
an affine space. Then « = 0 denotes the lines at infinity. 
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Thus the set of all lines in a three-dimensional complex space generates 
the quadratic surface given by (1) in five-dimensional complex pro- 
jective space. From this surface we omit the points corresponding to 
lines at infinity, i.e., points for which a = 0. 

In what follows we shall consider line complexes, i.e., families of lines 
depending on three complex parameters. Every line complex is given by 
a single equation of the form 


F(a, p) = 0. (2) 


relating its Pliicker coordinates, which must not be a consequence of (1) 
(F is a homogeneous function). The only complexes we shall deal with 
will be algebraic; in other words, we shall assume that F is a (homoge- 
neous) polynomial in irreducible form. The degree of F will be called 
the order of the complex. 

The lines tangent to an arbitrary (algebraic) surface are an example of 
a complex. Another example is the complex of lines intersecting a given 
algebraic curve (located, perhaps, at infinity). A third is formed by the 
lines on a one-parameter family of planes. Complexes of the second 
and third types can be treated as degenerate cases of those of the first 
type in which the surface “‘contracts’” to a line or when it is a developable 
surface. 

We list some properties of line complexes. 

The set of all lines of a complex passing through a given point 2, 
form a one-parameter set. This is because if a line «, p passes through 2, , 
then 


p = [a, 29]; (3) 


which imposes two additional conditions on the Pliicker coordinates. 

Consider the equation of the cone generated by the lines of a complex 
passing through some point 2,. Let Eq. (2) be the equation of the 
complex. If z is a point of the cone, the Pliicker coordinates of the 
generator passing through z will be 


X= F — 2%, p = [s, 20] = [, 20]. 


We now insert these into (2) and find that the cone generated by the lines 
of the F(a, p) = 0 complex that pass through 2z, is given by 


F(z — 2, [z, o]) = 0. (4) 


Obviously this conical surface is in general of the same order as the 
original complex. 
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It is easily shown also that the lines of a complex with a given direction 
vector a form a one-parameter set, unless the equation of the complex 
does not depend explicitly on p. In this exceptional case the complex 
consists of all lines parallel to the generators of a certain cone. Therefore 
either it contains no lines with a given direction vector, or else all lines 
with that direction vector belong to the complex. 

The equation of the cylindrical surface formed by all lines of a 
complex with a given direction « is obtained by replacing p by p = [a, 2] 
in Eq. (2). This yields 

F(a, [«, 2]) = 0. (5) 


Obviously the order of this surface is no greater than the degree of F 
with respect to the Pliicker coordinates p', p*, p°. 


1.3. A Special Class of Complexes 


Let us now subject our complexes to an additional requirement, 
which we first formulate geometrically. 

Consider any two points 2") and z' on one of the lines of a complex, 
together with all those lines of the complex which pass through 2") or 
z® or both. This will yield two cones with vertices at the two chosen 
points (except for the special case in which every line passing through 
one of these points lies in the complex). The original line, passing 
through both these points, is a common generator of the cones. We shall 
require that any two such cones constructed of lines of the complex and 
having a common generator must also have a common tangent plane along 
this generator. (We shall consider this requirement fulfilled formally in 
the special case in which at least one of the pairs of cones degenerates to 
the set of all lines passing through the given point.) 

Shortly we shall formulate this condition algebraically, but first note 
that if the vertex of a cone constructed of lines of the complex is allowed 
to move off to infinity, in the limit the cone is transformed to a cylinder. 
Thus for the special class of complexes we are now considering, a 
cylinder and cone, both composed of lines of the complex and having a 
common generator, will also be tangent along this common generator. 

Section 1.2 contained several examples of complexes. All these 
examples satisfy this requirement.? Let us verify that this is the case 
for the complex of lines tangent to a certain surface S. Consider two 
cones tangent to S and having a common generator J. Obviously the 


3 The converse can also be shown to be true; namely, it can be shown that the three 
examples given exhaust all irreducible complexes satisfying our additional requirement. 
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plane tangent to S at the point where / is tangent to S is simultaneously 
tangent to both cones of which / is the common generator. 

It is easily shown also that the complex of lines intersecting a given 
curve also satisfies our requirement. Note, however, that a special 
case occurs when one of the points chosen is on the curve; in this case 
every line passing through the point belongs to the complex. 

We now turn to the algebraic statement of this condition. Let 
F(a, p) = 0 be the equation of the complex, where F is an irreducible 
polynomial. In order that two arbitrary cones constructed of lines of the 
complex and having a common generator be tangent to each other, it is 
necessary and sufficient that the Pliicker coordinates of the complex satisfy 
the relation 


(Fy )F,) = y Fal p)F p(x, p) = 0. (1) 


In other words it is necessary and sufficient that Eq. (1) be a consequence 
of F(a, p) = 0 and of the orthogonality condition («, p) = 0. 

For the proof, consider two cones generated by lines of the complex, 
one with vertex at z° and the other with vertex at 2’. Their equations are 


F(z — 2°, [z, 29]) = 0 (2) 
and 
F(z — 2’, [z,2']) = 0. (2’) 


Now let the line passing through 2° and 2’, namely, the line whose 
Pliicker coordinates are 


a = 2’ — 2°, p = [s’, 2°], 


belong to the complex, so that F(z’ — z°, [z’, z°]) = 0, which implies 
that it is a common generator. The direction or orientation of the plane 
tangent along «, p to the cone whose equation is (2) is given by the partial 
derivatives of O(z) = F(z — 2°, [z, 2°]), or by the vector4 


F(a, p) + [2°, Fo(«, p)]- 


If (2) and (2’) are to be tangent along their common generator «, p, 
it is necessary and sufficient that F, + [z°, F,] and F, + [z’, F,,] be 
vectors that are collinear on this generator,> that is, that 


ACF. + [2°, Fo]) = w(Fa + [2's Fo). (3) 


4This is a covariant vector. By analogy with the case of a real Euclidean space, it 
may be called the normal vector. 

® If a, p is a general line in the complex and 2°, 2’ are general points on this line, these 
vectors will not vanish. This follows from the irreducibility of F. 
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Now it can be shown that this implies that (F, ,F,) = 0. Indeed, if 
A # p, we take the scalar product of both sides of (3) with F, , and the 
result follows immediately. Now let A = yp. Then it follows from (3) 
that [«, F,] = [2 — 2°, F,] = 0, which means that F, is collinear with a. 
On the other hand, by applying Euler’s theorem on homogeneous 
functions to the polynomial F(«) = F(a, [a, 2°]), we obtain 


(a, F. + [2°, Fp]) = RF (x) = 0 (4) 


[where we taken F(«) to be homogeneous of degree k in a]. Now we may 
replace « by the collinear vector F,, in this equation, which again yields 
(F,,F,) = 0. 

‘This proves that the condition that cones with a common generator 
be tangent implies Eq. (1). Conversely, Eq. (1) implies that cones with a 
common generator are tangent, or that the vectors 


F, + (2°, Fo] and F, + [2', Fo] 
are collinear. Indeed, it follows from (1) that 
(Fp Fa + [2°, Fpl) = 0. 


From this and Eq. (4) (obtained from Euler’s theorem on homogeneous 
functions) we may conclude that F, + [z°. F,,] is collinear with [«, F,,]. 
For the same reason F, + [2’, F,] is also collinear with [a, F,]. If, 
therefore, [a«, F,] 4 0, these vectors are collinear with each other. In 
the special case [a, F',] = [2', F,] — [z°, F,] = 0 these vectors simply 
coincide. 


1.4. The Problem of Integral Geometry for a Line Complex 


Consider a line complex 
F(a, p) = 0 (1) 


(where F is an irreducible polynomial) such that the Pliicker coordinates 
of each line in the complex satisfy the relation 


3 
(Fi, Fp) = >) Fa Fo = 0. (2) 
t=1 
The geometrical meaning of this requirement has been discussed in 
g g q 


Section 1.3.) We shall now solve the following problem of integral 
geometry for such a complex. 
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Let f(z) = f(2,, 22,23) be an infinitely differentiable rapidly 
decreasing function (recall that all of its derivatives are also rapidly 
decreasing). We take its integral over each of the lines of the complex, 
writing 


(a p) = 4 [ flat + 8) at di, (3) 


where a, p are the Pliicker courdinates of the line, and f is any point on 
the line, that is, p = [«, 8]. The problem is the following. We wish to 
be able to determine f(z) if we know (a, p) for all the lines of the complex. 
It will be seen that this problem has a unique solution and that this 
solution is a local one. By this we mean that in order to find the value of 
f(s) at some point 2° it is sufficient to know only its integrals over those 
lines of the complex that pass through z° and over lines (also in the 
complex) infinitesimally close to these. Moreover, we shall see that 
in order to find f(z) at some z° we need consider only those lines of the 
complex which are parallel to the ones passing through 2°. It will be 
shown in Section 1.5 that the complexes we are dealing with are in a 
certain sense the most general complexes for which the problem of 
integral geometry has a unique and local solution.’ 

We now proceed to solve the problem. Let us attempt to find the 
value of f(z) at some point z°, proceeding in the following way. We first 
consider all possible lines of the complex that pass through 2°, ie., lines 
whose Pliicker coordinates « and p = [a, 2°] satisfy the equation 
F(a, p) = 0. As we have seen, these lines form a cone whose equation is 


F(z — 2°, [z, 2°]) = 0. (4) 


We now subject each of these lines to an infinitesimal parallel displace- 
ment. This will not change a, and p will increase by dp = (dp', dp’, dp’). 
We now show that dp is collinear with the vector 


a =F, + [2°, Fy], (5) 


which gives the direction of the tangent plane of the cone. (An exception 
will be the case in which the direction of dp is not uniquely defined, but 
in this case it can always be chosen collinear with a anyway.) 


8 Note that the integral over the line as defined by Eq. (3) depends not only on the 
line itself, but also on the choice of its Plticker coordinates a, p, since for any A # 0 


we clearly have 
P(A, AP) = AA-1y(a, p). 


7 The simplest complex for which the problem does not have a unique solution is 
the general complex of order 1 (see Gel’fand and Graev (15)). 
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To proceed to the proof we remark that p satisfies two relations. 
The first of these is the identity relating the Pliicker coordinates, namely 


(a, p) = 0, (6) 
and the second is the requirement that a, p belong to the complex, 
namely 

F(a, p) = 0. (7) 
Differentiation of (6) and (7) leads to the following two relations for dp 
(a, dp) = 0, (8) 
(Fp » dp) = 0, (9) 


which uniquely determine its direction. An exception occurs when F, 
is collinear with «. We must now verify that a, the vector given by (5), 
satisfies the same relations as dp. It will then follow that dp and a are 
collinear. But that (a, a) = 0 follows immediately from Euler’s theorem 
on homogeneous functions as applied to the polynomial F(a, [«, z°]) 
[see Eq. (4) of Section 1.3]. Next, 


(Fy, a) = (Fy F.) + (Fp; [2°, Fyl) = 0 


is a direct consequence of Eq. (2). 

Thus we have shown that parallel displacement of a line of the complex 
passing through 2° gives rise to a vector dp collinear with the vector a of 
Eq. (5). 

ee introduce the operators which we shall call the ‘infinitesimal 
parallel displacement operators for lines of the complex passing through 
2°,” namely 


2) Q ra] ra] 
L = (2, a — q op) + a, op? + a3 ap (10) 
and 
BN |. at SOE’, Ua dO no oy, 
Em (6.35) = & api + oe pe + og a 


where a is given by (5). We shall show that the average of LL g(a, p) 
over the set of lines in the complex passing through 2° is, to within a 
factor, the desired value of f at z®. More explicitly, we formulate this 
statement in the following theorem. 


Theorem. Assume that all the lines of the complex F(a, p) = 0, 
where F is an trreducible polynomial, satisfy the condition 


(F.>F,) = 0 
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and that the cone generated by the lines of the complex passing through x° 
has no singular points other than 2°. Then the value of f(z) at z° is given 
in terms of the integrals o(«, p) of f(z) over lines of the complex by the 
inversion formula 


(2°) = cy ; [ EL, [2 2oa(a)5.0(2), (11) 


where L and L are the infinitesimal parallel displacement operators defined 
by (10) and (10'). The integral is taken along any contour I on the cone 
F(a, [«, 2°]) = 0 in « space which intersects each generator of this cone 
exactly once. The differential form w(x) is given by® 


w,0() = Oy Axy — a day _ % dag — ag dag _ % da, — % dag , (12) 


as a, a, 


where a = F, + [2°, F,,]. It will be shown later also that c,» is given by 


1 B(a, a) - 
2), A%(a, x) «,0(o1)é5,0(0), (13) 


cy = —nd 


where A(a,«) is a Hermitian positive definite quadratic form, and 
B(a, a) is its dual (that is, the matrix of B is the inverse of the matrix 
of A), and 4 is the discriminant of A. 

Strictly speaking, there exists no contour I" intersecting each of the 
generators of the cone exactly once, and the contour integral “along I” 
is understood in the following way. The space of the generators is 
divided into sufficiently small regions in each of which we choose a 
contour I"; crossing all the generators of this region exactly once. Then 
the integral of (11) is defined as the sum of the integrals over the I, . 
This definition is valid because it does not depend on the choice of the 
I, or on the way in which the space of generators is divided up. Indeed, 
it is easily verified that the integrand of (11) is homogeneous of degree 
(0,0) on the cone. It is therefore invariant under deformation of the 
contour (see also the similar discussion in the definition of the residue 
for the homogeneous function, Volume 1, p. 395). 


8 The differential form w,0(«) on the cone is defined by 
dF(a)w,o(a) = a, dog dag + aX dag da, + a3 day day, 


where F(«) = 0 is the equation of the cone. It is easily verified directly that each of the 
expressions given in (12) satisfies this relation. 
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1.5. The Inversion Formula. Proof of the Theorem of Section 1.4 


The inversion formula need be calculated only for some fixed point, 
say for z° = 0. In other words, it is sufficient to show that 


FO) = 5 J (Far ga)(Far gg) oles Oo(2)G(~), (1) 
where w(a) is given by 


0 dog — ado, ta, dug — 1g datg — tg. dy. — xy dang 


ee F F FE ; 


a3 oy ag 


and I is a contour on the surface of the F(a, 0) = 0 cone. But since 
y(a, p) is obtained by integrating f(z) over the lines of the complex, 
we may think of the integral 


@A=5) (F. ») (F., al (x, O)eo(a)5(a) (2) 


as a linear functional on the space of the f(z), and this functional is 
obviously concentrated on the surface of the F(z, 0) = 0 cone. What 
we must show, then, is that 


® = ¢ &(z). 


Note first that ® is a homogeneous generalized function of degree 
(—3, —3). To see this, replace f(z) by f(Az) with A ~ 0. Then 9(a, p) 


is transformed to 


Pils P) = gc, Xp) = A“M-1p(a, Ap), 
and then it is clear that 


Poi(a,0) _ Py(«, 0) 
ap? opi dp? ope 


Therefore the integrand of (2) does not change when 9(«, p) is replaced 
by 9,(a, p). This proves that (®, f(Az)) = (®, f(z)), or that ® is homo- 
geneous of degree (—3, —3) (recall that the test functions are functions 
of three variables). Now it is known that there exists only one kind of 
such homogeneous function concentrated at the origin, namely c 8(z) 
(see Volume 1, p. 392). In order, therefore, to prove that ® = c 8(z), 
it is sufficient to show that ® is concentrated at the vertex of the cone. 
In other words, we must prove the following assertion. 
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Lemma. [f f(z) = 0 in a neighborhood of z = 0, then (®,f) = 0. 


Proof. It is obviously sufficient to prove the lemma for some f(z) 
concentrated in an arbitrarily small neighborhood of some point z° + 0. 
Let, therefore, 2° 0 be any point on the F(z, 0) = 0 cone. By assump- 
tion, the three first partial derivatives of F with respect to the z,; are not 
all zero at 2°. It is therefore always possible to find a coordinate z, and 
a derivative F, with 7 ~ j, such that both are nonzero at 2°.® Assume, 
for example, that F,, 4 0 and z; 4 0 at 2°. Now pick an arbitrarily 
small neighborhood of 2° such that neither F,, nor z, vanishes anywhere 
in this neighborhood, and let f(z) be any function with support in this 
neighborhood. What we must show is that (6, f) = 0. This is easily 
done if we write (®, f ) explicitly in terms of f. 

The integrals over the lines may be written in the form 


pa, Pp) = 3 [Fat + Vy, At + VQ, Ogt) dt dt, 


where (v, , Y2 , 0) is the point of intersection of the particular line with 
the z, = 0 plane. The v, can be written directly in terms of the Pliicker 
coordinates of the line: in fact 


V1, = p/ag, Vz = —f*/as . 


Hence 


, 2 1 _ 
p(% p) = 5 [fr (oat a = » At — - ; at) dt dt. (3) 


Observe that in this notation ¢ is independent of p?, a result obtainable 
because the orthogonality relation 


ap! + agp + agp? = 0 


makes it possible always to eliminate one of the Pliicker coordinates. 
Now we insert this expression for g(a, p) into Eq. (2) for (®, f ). This 
yields the desired expression in terms of f, namely 


N= (z ee Terr beee “4 i + Fae) 


x (“Fe + Fe, %, Z) F(et) dt di] co(a)(0), (4) 


“1 0%, 


® This is obvious if none or one of the coordinates vanishes at 2, . If, on the other hand, 
for instance 2, = 2, = 0 and z, #4 0 at 2, then 2,F,, + 2,F,, + 23F,, = 0 implies 
that F,, = 0. Therefore either F,, # 0 or F,, 4 0. 
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where the outer integral is taken along a contour on the F(a, 0) = 0 cone 
and w(«) is the differential form defined below Eq. (1). We note that 
actually the integration in (4) is over the entire surface of the F(z,0) =0 
cone. Let us change the variables in the integrand, choosing the new 
variables to be the coordinates 2; = a,t of the points on the cone. By 
assumption F,, 4 0 on the support of f(z), so that we may choose the 
independent coordinates of the cone to be 2, and z,. We then have 


dz, dz, = —t dt (0 don — 0 dog). 


In the new variables Eq. (4) becomes 


2 @ F, 0,0 #F, @ 
ee (5) J a ? ( 6z, —F,,,-O2 I oa, OF, 


x f(z) dz, di, dz, di, 
1\? 1 7 - ' 
= (5) i) | Bq |? fia, dz, dz, dz, d3,, 


where f;,z, 1s the total derivative of f with respect to 2, and %, on the 
surface of the F(z, 0) = 0 cone. 

This integral vanishes by Stokes’ theorem, which completes the 
proof of the lemma. We have thus shown that the generalized function ® 
is concentrated on the vertex of the cone, which establishes Eq. (1) for 
the inversion formula. 

What remains is to calculate the constant cy in Eq. (1). To do this 
we apply our inversion formula to the test function 


f(z) = Ae), 


where 
A(z, z) = Dd guszeds 


is an arbitrary positive definite Hermitian form. We start by calculating 
the integrals of f(z) along straight lines. These are 


ola, [x Bl) = 5 [ flet + B) at df 


= ; [ expl—t24(, «) — tA(a, 8) — FA(B, «) — AUB, B)] at di 


ad A(B, B)A(a, x) — | A(a, BP 
A(a, «) = [= A(a, «) | 
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It is easily verified that 
A(B, B)A(a, x) — | A(a, B)? = AB([x, B], [~, B]); 
where 
Blz, 2) = Ysa, 


is the Hermitian form whose matrix is the inverse of that of A, and J is 
the discriminant of A. We thus arrive at 


Po, p) = a ) exp [- 75): 


When we apply the infinitesimal parallel translation operators L and L 
[see Section 1.4, Eqs. (10) and (10’)] to this function, we obtain 


Lrla,0) = — AEE 


On inserting this into the formula for /(0), we arrive at 


co) = —nA I. BE Ee) w(x)c(«). (5) 


By a similar procedure for an arbitrary point 2° we would have obtained 


cw = —nd sf. een w,0(c1 6 ,0(), (6) 


where a = F,, + [2°, F,]. 


1.6. Examples of Complexes 


In this section we shall consider two examples of line complexes. 


Example 1. Consider the complex of lines consisting of the genera- 
tors of the quadratic cone whose equation is 


2i + 222, = 0 
and of all lines parallel to them. Obviously the equation of this complex is 
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The inversion formula for this case becomes 


: dug da. 
Aa) = 65 J Palos oD gry 


where 


é é é 
L= oy apt L. og op? + dy apa : 
and the integral is along the contour af + agag = 0, ag = 1. Let us 
calculate ¢ by Eq.(5) of Section 1.5. We set A(z, z) = 22,2, + 22%, + 2525 
in that equation, arriving at 


EF 1 2dag day 
"3 | ala tiga 
a 
25 |a|(l}~| + 1)? 
= —2n", 
Thus since «? = —a, on I, we find that 


day dis 
Jug] 


fe) = — gag f Lol [x 2) 


Example 2. Now consider the complex of all lines intersecting the 
quadratic curve 


242, = 1, 23 = 0. (1) 


Each of the lines of the complex is determined by its direction vector « 
and the point (A, A~1, 0) at which it intersects the curve. It can therefore 
be specified by the parametric equations 


2, = at +A, Bq == at + AW}, Zz = agt. (2) 


We find from this equation that the Pliicker coordinates p* of the line 
specified by « and A are 


pl =—agrt, pp? =a, pp? = mA? — apd. (3) 


The equation of the complex is obtained by eliminating A from any 
two of Egs. (3). By eliminating it from the first two we obtain 


F(a, p) = 05 + pip? = 0. (4) 


It is thus seen that the complex is of order two. 
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Consider a point 2°, and let us find all lines passing through 2°. This 
can be done by eliminating t from Eqs. (2), which yields 


—— gy — oy z3 ; AQ = Ose = O29 . (5) 


Xg Xg 


Now A is easily eliminated by multiplying these two equations, and we 
find that the direction vectors « of all lines passing through zy are then 
given by 


B(x) = 08 + (ag29 — 0429)(a29 — 429) = 0. (6) 


Thus those lines of the complex that pass through 2° are all lines 
satisfying Eq. (2) whose direction vectors satisfy (6) and for which A is 
defined by (5). 

The integrals of f(z) along lines of the complex are given by 


(aj A) = 5 i Floqt +A, ogt + 2-4, ot) dt dt. (7) 


Now let us use the inversion formula of Section 1.5 to express f(z) in 
terms of g(a;A). This requires knowing the form of the infinitesimal 
parallel translation operator L for our complex. As we know, this operator 
is 

a a 


o 
Leas, 42 Ope 43 B63” 


where the a; are the coordinates of the vector a = F, + [z, F,]. For 
our complex we have 


a, = —p'23, a, = p's, ay = 2xg + play — pe . 


We now use Eqs. (2) and (3) to write the a, in terms of a, 2,, and A, 
namely 


A, == a2, Ay = 2A, As = —(aA} + apd) - 
Therefore 
L =)z, [a2 ar eee a — (o4A-? 4 09) 57: 
Now note that 


P= art, ph = ad, — p? = aA? — ad, 
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so that the expression in brackets is just the derivative with respect 
to A. Hence we may write 


a 
L= Bar Ov . 
Then with the inversion formula of Section 1.5 we arrive finally at 


Fla) = 605 J Las PL Boa (05 “2 8) a(a)@(a), 


where w(a) = (a, da, — a, daug)/a 2, and the integral is along a contour 
I on the surface of the cone whose equation is 


P(x) = as + (321 — %23)(%% — Og%_) = 0. 


Let us choose in particular I’ to be the intersection of the cone with the 
ag = | plane. Then the inversion formula becomes 


1 is 
F(Z =¢ 5{ Par » %, 1; 31 — 043g) doy day « 


(2401 32g) (Zq—ag%g)=1 


It is lert to the reader to calculate c, . 


1.7. Note on Translation Operators 


The inversion formula we have derived can be generalized somewhat. 
Instead of making a parallel translation of the generators of the cone 
with vertex at 2°, let us displace them in the complex in an arbitrary 
manner. Then instead of the infinitesimal parallel translation operators, 
the more general operators 


Le(«, [, 2°]) = > x - % , (1) 
Lolon la) = Din Ze + 8 (v’) 


will appear in the inversion formula, where the u, and v, are homogeneous 
analytic functions of « and define the displacement. Now form the func- 
tion 


Wo, 2) =[L + wa) [ZL + @(a)]p(a, (a, 2°]), (2) 
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where w(a) is some homogeneous function, and consider its average over 
a set of generators of the cone whose vertex is at 2°. The u;,v;, and w 
are functions of « that must be chosen so that the average is cf(z°), that 
is, so that the inversion formula is 


| AE wy(L + B)e(a, [x, 2°])e,0(a},(a) = of (2°), (3) 


where c #4 0. Necessary and sufficient conditions on the u; , v;, and w 
can be established for Eq. (3) to hold. We shall not, however, state these 
conditions, but shall restrict ourselves to the following remark: an 
inversion formula of the form of (3) can be obtained only for the special 
complexes to which we have restricted ourselves in Section 1.3 and 1.4. 
Let us sketch a proof of this assertion. For simplicity, set 2° = 0, and 
assume that the complex 


F(a, p) =0 


yields the inversion formula 


FO) = [ (L + wy + dex, OJo(a)G(a), «#0, (4) 


where L and £ are given by Eqs. (1) and (1’) and the integral is along a 
contour I" on the surface of the F(«, 0) = 0 cone. It is easily shown that 
Eq. (4) is possible only when the infinitesimal displacement da, dp of 
the generators of the cone lies in the tangent surface to the cone (that is, 
when LYu;F, = 0 and Lv,F, = 0). In addition, c will be different 
from zero only if dp # 0. This imposes Certain requirements on the 
complex. That da, dp lie in the tangent plane may be written in the form 


Fy, doy + Fy, doy + Fy, dog = 0, 


5 
dp'/F,, = dp*/F,, = dp*/F,, . o 


That the displacement lies within the complex, on the other hand, may 
be written in the form 


D Fa, 44 + DF dpt = 0. (6) 
Now since by assumption dp + 0, Eqs. (5) and (6) yield 
> FF = 0. 


But this is just the condition that we imposed on the complex in Sec- 
tions 1.3 and 1.4. 
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2. Integral Geometry on a Quadratic Surface in a Space of 
Four Complex Dimensions 


2.1. Statement of the Problem 
Consider the quadratic surface 


Gtatea taal (1) 


in a space of four complex variables. This is a ruled surface, which 
means that at every point of the surface there exist complex lines lying 
entirely within the surface (linear generators). In this respect this surface 
resembles not so much a sphere in a real space as a single-sheeted hyper- 
boloid. Since, however, in a complex space all nondegenerate quadratic 
forms are equivalent (that is, can be transformed into each other by 
linear transformations), we may with equal validity call the surface of 
Eq. (1) either a sphere or a hyperboloid. 

Let us calculate the number of parameters on which the set of all 
lines on this sphere depends. A line is given by a direction vector a, 
determined up to a factor, and the position vector f of a point on the line, 
determined up to an additive multiple of «. Thus the family of all lines 
in four dimensions depends on 8 — 2 = 6 complex parameters. What 
we must find, then, is the number of additional conditions placed on « 
and 8 by the requirement that the lines lie on the sphere given by (1). 
For this purpose we write the equation of a line in the parametric form 


z=ot+B8 


(where ¢ is a complex parameter) and insert this expression for z into the 
equation of the surface. The result yields three additional conditions on « 
and 8, namely, 


2 2 2 2 
Oy Oy Ag sy 0, 


mB, + a8, + 83 + 484 = 0, 
Bi + Be + Bs + Ba = 1. 
Thus the family of lines lying on the surface of the sphere depends on 
6 — 3 = 3 complex parameters, and is therefore of the same dimension 
as the surface itself. 
We now consider the following problem of integral geometry. With 


every function f(z) defined on the surface of the sphere we associate its 
integrals along the line generators of the sphere (these integrals will be 
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defined more accurately in Section 2.3). We wish to be able to find f(z) 
when only these integrals are known. This problem, whose solution will 
be stated in Section 2.4, is similar to the one we have been considering 
of line complexes in three dimensions, and we shall use the same 
methods to solve it. The only difference is that instead of the affine space 
of three complex dimensions, we are now dealing with a three-dimen- 
sional complex manifold. 

We shall see later, in Chapter IV, that this problem lies at the basis 
of the whole theory of the representations of the Lorentz group (that 
is, the group of unimodular complex two-by-two matrices, which define 
a hyperboloid in four dimensions). 


2.2. Line Generators of Quadratic Surfaces 


Let us first choose a canonical form for the equation of a quadratic 
surface. Since all nondegenerate quadratic forms in a complex space 
are equivalent, that is, are obtainable from each other by linear trans- 
formations, the equation of a ‘“‘sphere” can be expressed in terms of 
any nondegenerate quadratic form. We choose, therefore, to write the 
equation of a quadratic surface in the form 


2y%q — 2% = |. (1) 


It will be seen later that this equation is in many ways more convenient 
than Eq. (1) of Section 2.1. 

Proceeding, we wish to establish a convenient way to specify a particular 
line on the surface whose equation is (1). First consider the intersection 
of this surface with a two-dimensional hyperplane. This intersection is a 
quadratic curve which may sometimes degenerate to a pair of straight 
lines and sometimes to just a single straight line (when the second line of 
the pair lies at infinity). 

Let us find the conditions under which this intersection is a single 
line. For simplicity we shall temporarily write the equations of the 
hyperplane in a form in which they are solved for z, and z,, namely, 


2 = 4%, + Py2g3 +71, 2) 


Bq = AF + fo%3 + ye - 


Now we insert these expressions into (1), obtaining the equation 


(0422 + By23 + 71)(o2%2 + Bo + v2) — 2223 = 1 (3) 
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for the intersection. This intersection will be a straight line when Eq. (3) 
degenerates to a linear equation, i.e., when a,ag = 8,8. = 0 and 
oP, + a8, = 1. Thus either a, = By = Oanda 8, = 1, or a = B, == 0 
and «,8, = 1. In the first of these cases the equations of the hyperplane 
are 


% =Bi%s+%7, Bq = 32/8, + ve, (4) 
and in the second they are 
2 = %%+y1,5 Bq = 25/0 + Y2- (4’) 


Here y,; = y. = 0 is not allowed, since if this were so the hyperplane 
would simply not intersect the quadratic surface. 

We thus obtain two families of hyperplanes which intersect the surface 
in a straight line. Henceforth, we shall write the equations of these 
families in homogeneous form. The equations of the first family are 


uz, + Uz, =u’, 
(5) 


uz, + 0% =v’; 


and those of the second are 
u'z,— v'2, =U 
4 3 ’ (5’) 
—U2%, +02, =v. 
(We are excluding the case in which either u = v = Ooru’ = v’ = 0.) 
We arrived at these equations on the assumption that it is possible 
to solve the equations of the hyperplane for z, and z,. It is not difficult 
to show, however, that this involves no loss of generality and that every 
hyperplane that intersects our surface in a straight line is of the form (5) 
or (5’). It is also easily shown that all lines on the surface are obtained by 
its intersection with hyperplanes of the form of (5)or (5’)(for every line on 
the surface intersects two lines at infinity which also lie on the surface). 
In fact, moreover, all these lines can be obtained from intersections with 
the hyperplanes of just one of these two families. This is because a 
hyperplane whose equation is (5) and another whose equation is (5’) 
intersect the surface in the same line. This may be seen as follows. 
Multiply the first of Eqs. (5) by z,, the second by —2,, and add, 
obtaining 
u'Z, — U' Ry == U(Z,%q — %%q) = U. 
Similarly, 


—U'Z. + u'2y = V(—2_85 + 2184) = v. 
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Consequently Eqs. (5’) are implied by (5). The converse is also true. 
Thus on the 2,2, — 2,2, = 1 surface these sets of equations are equiva- 
lent and therefore intersect the surface in the same line. 

It is thus established that a line on the surface of Eq. (1) may be given 
by specifying a hyperplane by Eq. (5) [with (u,v) ~ (0,0) and 
(u’, v') # (0, 0)], the line being the intersection of the surface and the 
hyperplane. It is easily seen further that two different hyperplanes in 
this family will intersect the surface in two different lines. Thus the 
four numbers (u, v; u’, v’) in Eqs. (5) may be thought of as homogeneous 
coordinates for the lines lying on the 2,2, — %2%, = 1 surface. 

Note that (u,v; u’, v’) are not arbitrary, for we have excluded the 
case u = v = 0 and the case u’ = v’ = 0 [as in each of these cases 
the hyperplane whose equation is (5) fails to intersect the surface]. Thus 
the manifold of lines on a quadratic surface in a space of four complex 
dimensions forms a three-dimensional (complex) projective space from which 
are removed two nonintersecting one-dimensional hypersurfaces, namely 
u=v=0 and u'’ =v' =0, where (u,v; u',v') are homogeneous 
coordinates in the space. 

As an example, let us find the homogeneous coordinates of the lines 
passing through a given point. Every line on the surface passing through 
some point 2° with coordinates 29 is given by the set of equations 


uz, + UZ, = uz? + vzy ’ 
2=5 0 0 
UZ, + US = US, + US. 
The coordinates of this line are therefore 
(u, v; uz? + v2? , uz° + v2%). 

Let us now find the conditions under which two lines on our quadratic 
surface are parallel. If the homogeneous coordinates of a certain line are 
(u,v; u’, v’), the equation of the line is (5) or, equivalently, (5’). Its 
direction vector « = (a, , %, % 3, 4) will obviously satisfy the relations 

ua, + va, = 0, Uo - U'a, = 0, 


Ud, + Va, = 0, —U' ow + 0'% = 0, 


from which we obtain 
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Thus two lines on the 2,2, — 2,23 = 1 surface are parallel if and only if 
their homogeneous coordinates (u, , v, 3 U; , 01) and (ug, V2 } Uy, Vg) are 
related according to 


u,/v, == u,/v, and u/v, = u,/v, - 


Remark. It is interesting to write down the homogeneous coordinates 
of all the lines in the intersection of the 2,2, — 2,23 = 1 surface with 
an arbitrary hyperplane. We shall write (z, z) = 2,2, — 2923, so that the 
equation of our surface becomes (z, z) = 1; by (u, v) we shall denote 
the bilinear form corresponding to the quadratic form (z, z). Let the 
equation of the hyperplane be 


(z, 2°) = coshr, 


where 2° is a point on the surface and + is a complex number. For 7 = 0 
this hyperplane intersects the surface in a cone whose vertex is at 2°. 
We have already seen that the lines generating a cone have homogeneous 
coordinates 


(u, 0; uz? + 025 , uae + 025). 
If r £ 0, the intersection is a nondegenerate two-dimensional quadratic 
hypersurface. This hypersurface has two families of line generators. It 


is a simple matter to show that the homogeneous coordinates of these 
two families are, respectively, 


(u, 0; e"[uzy + vag], e"[w2e + v2§]), 


and 


(u, v; e"[uz? + v29], e [uz + v2%]). 


This is left as a problem for the reader. # 


2.3. Integrals of f(z) over Quadratic Surfaces and 
along Complex Lines 
Consider the quadratic surface 
224 — 225 = | (1) 
and some function f(z) defined on it. We wish to define the integral of 


f(z) over this surface. For this purpose we associate with the surface 
the differential form o(z) defined by 


dz, dz, dz, dz, = d(2z,2%4 — 223) - o(2). 
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It is easily seen that in suitable coordinate systems on our surface this 
differential form can be written in any of the following forms: 


dz, dz, dz, __ dz, dz, dz, 


o(z) = ma 2 
(2) 
__ dz, dz,dz,__——— dd, dz, dz, 
~ Zs Zp ° 
Then the integral I of f(z) over the surface of Eq. (1) ts defined by 
7,3 
= (5) | Ff (2)0(2)5(z). (3) 


2yZq—2g%@g=1 


We shall now associate a differential form with each line generator 
of the surface, thereby defining the integral of f(z) along such a line. 
Let (u, v; u’, v') be the homogeneous coordinates of this line, so that it 
is given by the equation of the surface and either 


uz, + v2, =U’, 
(4) 
uz, + 0%, =v’, 
or (equivalently) 
u'Z, — U2, = Uu, ; 
; (4) 
—u'z, + v'2, = v. 
These equations imply a relation between the dz, on the line, namely 
udz, +vdz, = 0, 
u dz, +vdz, =0, 
u' dz, — v' dz, = 0, 
u’ dz, — v' dz, = 0. 
On the line with coordinates (u, v; u’, v’) we therefore have 


dz, d&, dz, dz, me (5) 


Ou VU uu uv 


it 1s this differential form w that we shall associate with the line in 
question. 
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Then the integral of f(z) along the generator (u,v; u',v') of the 
21%, — 2%, — | surface, that is, along the line given by the equation of 
the surface and Egs. (4), is defined by 


g(4, v3; U’, v') = 5 | Fa)wa, (6) 
where the differential form w on the line is defined by (5). With this definition 


y(u, v; u’,v’) is a homogeneous function of u,v; u’,v' of degree 


(—2, —2), so that 


Plat, ov; att’, ow") = a2 *p(u, ¥; u', v') 


for any a + 0. 
Remark. It is helpful to note that w satisfies the relations 
ofa) = dua, + 0%) due, + 0%) > w (7) 
and 
o(2) = d(u'a, — v'25) d(—u'%_ + v'2,) + @, (7') 


where o(2) is the differential form on our surface, defined by (2). The 
validity of these relations is easily established simply by inserting into 
them the expression for w and o(z). Needless to say, (7) or (7’) could 
have been used as a definition of vw. # 


2.4. Expression for f(z) on a Quadratic Surface in Terms of Its integrals 
along Line Generators 


Let us state again the problem of integral geometry which we shall 
be solving here. Consider the quadratic surface given by 


3134 — 2% = | (1) 


in a space of four complex dimensions. Each line generator of this 
surface is specified by 


uz, + uz, = wu’, 


' (2) 
uz, + va, =v’, 
or by the equivalent equations 
u'Z, — U'&, == U, 
(2’) 


—u' Sy + v's, =v. 
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Either (2) or (2’) defines the homogeneous coordinates (u, v; u’, v’) of 
the generator. Let f(z) be some infinitely differentiable function of 
bounded support on our surface. Then we define the integral of f(z) 
over the line given by (2) as 


ou, 05 w',0') = 5 [f@ws, 3) 
where 
dz, dz, = dz,_—— dy 
a a and uv’ * 


Our problem is to find f(z) if g(u, v; u’, v’) is known. 


Remark. This problem has a simple local analog. Consider a point 
2° on the surface of Eq. (1) and construct the tangent hyperplane at 
this point. This tangent plane intersects the surface in a quadratic 
cone with vertex at 2°. Let us now “‘blow up” the surface holding 2° fixed, 
that is, we perform the similarity transformation z — Az + (1 — A)z°; 
and let | A | —> oo. In the limit the surface is transformed into the tangent 
plane, and its generators to the lines of the tangent plane that are parallel 
to the generators of the cone. We then have the following local analog of 
the problem formulated above: To find the value of f(z) at the vertex 
of a quadratic cone in three dimensions, knowing its integrals along the 
generators of the cone and along lines parallel to them. For instance, 
we may choose 2° = (1, 0, 0, 1) so that the tangent plane intersects the 
surface along the cone whose equation is 


t} + thts = 0, (4) 


where t, = 1 + 2,, t, := 2_,t, == 23. Then the local problem is to 
find the value of our function at the origin in three dimensions when we 
know its integrals along the generators and lines parallel to the generators 
of the cone whose equation is (4). This problem was already solved in 
Section 1.6, where we obtained 


oa oe, 


400) = ~ gaz J LTola, 0) (5) 


where g(a, p) is the integral of f(z) along the line whose Pliicker coor- 
dinates are a, p, and 


re) rs) a 
L=2 =} 
Oy Op, + 3p, + oO OP 
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the integral is taken along the contour whose equation is af + aga, = 0, 
a = I. # ‘ 

We now return to the nonlocal problem. We shall solve it first in the 
same way as we did the earlier problem of a line complex in three 
dimensions. Later, in Section 2.6, we will solve it also in a different way. 

First we introduce the infinitesimal parallel translation operators on 
the set of generators of the surface. Recall that the condition that two 
lines be parallel is that their homogeneous coordinates be related by 


U,/0, = U,/%, , u,v, = 4/0, 


(see Section 2.2). Let the coordinates of a line be (u, v; u’, v’). Then any 
parallel line has coordinates (Au, Av; pu’, wv’), and the homogeneity of 
the coordinates can be used to choose A and y» so that Au = 1, so that we 
may write A = e~* and » = e’. Thus every line parallel to (u, v; u’, v’) 
has coordinates of the form 


(e-7u, e-Tv; e7u’, ev’). (6) 


Under infinitesimal parallel translation the coordinates (u, v; u’, v’) of 
a line will then change by 


du = —u dr, dv = —vdr, du’ = u' dr, dy’ = v' dr 


and we may accordingly define the infinitesimal parallel translation 
operators on the set of line generators of our surface as 


: a i 
= are ou | ° ae? 
(7) 
| apres eo +a’ oo ghee 
ou oo on’ oo’ 
Let us write 
p(u, v; u', v’) = LL g(u, v; u’, v’). (8) 


We shall see that the average of ys over those generators that pass through 
some given point z will be, up to a constant factor, the desired f(z). 

We have as yet, however, to define the average of y over the set of 
generators passing through z. Recall that on the surface every line 
passing through a given point 2 has coordinates 


(u, VU; UZ, + U2, US + VS) 
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(see Section 2.2). Thus what we want is the average of 


Plu, v; Uz, + Y%s , UF, + YB) 


over u and v. Now the function we have here is homogeneous of degree 
(—2, —2) in u, v, and therefore it is natural to define its average as its 
residue with respect to u, v, that is, as the integral 


5 | p(u, v; uz, + vy, Uz, + va4)(udu — v du)(u do — ov du). 
r 


[The integral is over any contour I" in the (u, v) plane that crosses each 
complex line of the form au + Bv = 0 at one point.!°] Thus in analogy 
with the problem for a line complex in three dimensions, we may 
expect to obtain the following result. 


The function f(z) defined on the 2,2, — 2%, = 1 surface is given in 


terms of its integrals g(u, v; u’, v’') along the lines on the surface by the 
inversion formula 


li - 
12) =~ ganz] ELou, 05 ua, + 084, ua + 0%) 
x (u dv — v du)(ui dt — @ di), (9) 


where L is given by (7) and the integral is along any contour T° on the 
(u, v) plane that crosses each line of the form au + Bv = 0 at one point. 

In the following section we derive this result, and then in Section 2.6 
we derive it again in a different way. 


2.5. Derivation of the Inversion Formula 


It is sufficient to derive the inversion formula for any fixed point on 
the surface, and we shall choose this point to be 2° = (1, 0, 0, 1). Thus 
we wish to show that 


5 [ LLotw, 0; 4, o)(u de — v dua dé — oda) = cf(1,0,0,1), 


19See Volume 1, p. 395 or the last paragraph of Section 1.4 of the present chapter. 
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where 


ees: ip IOt fy OA en 
Ou Poa  M one ov’ 


The integral of Eq. (1) is a continuous functional defined on the 
infinitely differentiable functions f(z) of bounded support on the 
214 — %%3 = | surface. We shall thus write 


(F, f) = i _EL ou, 0; u, 0)(u do — 0 du)(a dé — 6 dil). (2) 


Obviously F is a functional concentrated on the surface of the cone 
generated by those line generators of the surface that pass through 2°. 
It can be shown that this functional is in fact concentrated on the 
vertex of this cone. More formally we make the following assertion. 


Lemma. [f f(z) = 01a neighborhood of (1, 0, 0, 1), then (F, f) = 0. 


Proof. Assume the support of f to lie within a sufficiently small 
neighborhood that does not contain 2° = (1,0,0,1). A coordinate 
system may be introduced in this neighborhood in the following way. 
Note first that z, and z,; may not vanish simultaneously at z 4 2° on 
the surface of the cone whose vertex is at 2°, This is because this cone 
is the intersection of the surface z,z, — 2,2, = 1 and the hyperplane 
2, + 2, = 2. If, therefore, someplace on this cone 2, = z, = 0, then 
2, = 2, = |, and the point in question is the vertex. Now assume that, 
for instance, z, fails to vanish on the support of f. Then by using the 
equation of the surface we can obtain 2, as a continuous function of 
2,, 23, and z, in this neighborhood, and therefore these three 
coordinates can be used as local coordinates on the support of f. Thus 
we may write f = f,(z,, 23, 24). Further, 2, and 2, can be eliminated 
by using the equations 


Uz U2, = Uu u'Z,— U2, = u, 
1 3 > 4 3 


UZ, + U%y =v, —u'z, 1 v'2,; =v, 


and then the integral along the line (u, v; u’, v’) can be written in terms 
of z, alone. We have 
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pu, v; wu’, v’) 


u 1 v uw v u Z 
<TaRwealh(-ga+ Pega t i)dade 
= 3 | fi(—ow's + 2) u's, wo's + Jy) de a. 


We now insert this expression for » into Eq. (2). A simple direct 
calculation yields 


Lo(u, v; u,v) 


fay eee eee (u,v; u,v’) 
= ( au oe oe Sor) ? eas 


WH=U.v'=¥ 
=25/(2- o) f 1 1, u2 +. 1) dz dz 
=25 es Day. 1(—uv 2 + 1, uz, uv 2 lz dz. 


Thus if we let w = 1 describe the contour of integration I, Eq. (2) 
becomes 


i=4G) (Ge aa) a 
x fi(—voz + 1, 2, vz + 1) dz dz dv do 
; (5) 
=4(5) J (a — sacl aer ~ ae) 
dz dz 


| =)? 


x fi —t,2,1 +t) dt dt 


It is now easy to show that this integral vanishes. Indeed, the integrand 
contains 


(2 = Z\t = ep) All 284,13), 


oz, O24 /\ 0%, 


which is the total derivative of f,(1 — t, z,1-+ t) with respect to 
t and #. Hence(F, f) vanishes by Stokes’ theorem, which proves the lemma. 


11 Note that we may assume w and wu’ to be nonzero, Indeed, let u = 0. Since we are 
dealing only with lines passing through (1, 0, 0, 1), it follows that u’ = u = 0. Then 
Eq. (3) implies that on this line z; = 0, and the line will therefore not pass through the 
support of f. 
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We have thus shown that the functional F defined by Eq. (2) is 
concentrated at z° = (1,0, 0, 1), and therefore that F is a linear com- 
bination of the 5 function and its derivatives. We shall now show further 
that (F, f) = Af(1, 0,0, 1), for which we need only show that F is 
homogeneous of degree (—3, —3). This may be seen as follows. Assume 
that f has support in an arbitrarily small neighborhood of z°. We choose 
local coordinates in this neighborhood on the 2,2, — 2.2; = 1 surface 
to be t, = 2, — 1, ty = 2,t3; = 2, and write f = f,(t,,t,,t3). In 
these coordinates the integral along (u, v; u’, v’) may be written 


a 4 1 
a aera 


t v v u u’ = 
xs fA(s Sia tl Ww? ral + 1] 4 “.) dt, de, 


=f (ow't, vo't + 2", —uu't +7 —*) dt di. 


In order to insert this into Eq. (2) for (F, f ), we first calculate 


Lo(u, v; 4, v) 


= ( — oe tw =, +0’ Ze) ou, 050’, v’) 


wWsUui,u=¥ 


25 5 a dt, na oa om v2, —u*t) dt dt. 


Again if u = 1 is chosen as the contour of integration I’, Eq. (2) becomes 


(FA) =4(5) J (c wi +; a) i | : =] 


x fi(vt, et, —t) dt dt dv do. 


(6) 


It is then immediately seen that F is homogeneous of degree (—3, —3), 
for the integral in (6) is invariant under the replacement of f,(t, , ty , ts) 
by f{(at, , at, , ats). In other words, 


(Fy Alot, , ote, ats) = (A(t, » ty , ts). 


which proves that (F, f ) = Rf,(0, 0, 0) and thereby proves Eq. (1). The 
value of c may be calculated by noting that it must be the same as in the 
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inversion formula for the corresponding local problem [see Eq. (5) of 
Section 2.4]. Consequently ¢ = —1/(87*).¥2 


2.6. Another Derivation of the Inversion Formula!® 


In this section we give another derivation of the inversion formula, 
based on the properties of the generalized function | 2 + 23 + 23 |". 
Recall that our problem is to write f(z), an infinitely differentiable 
function with bounded support defined on the (z, z) = 1 surface, in 
terms of its integrals along the linear generators of the surface. We shall 
do this by reducing it to another problem of integral geometry which 
we shall then proceed to solve. Let us start by stating this other problem. 

Let 2° be a point on the quadratic surface (z, z) = 1 and consider the 
intersection of this surface with the three-dimensional hyperplanes 
(which, as before, we shall call simply planes) 


(2, 2°) = cosh r. 


When cosh7z = 1, this intersection is a cone with vertex at 2°, for 
(z, 2°) = 1 intersects the surface at 2°. When cosh7 = —1, this 
intersection is a cone with vertex at —z°, When cosh7 ~ +], this 
intersection is a nondegenerate two-dimensional quadratic surface. 

Let the integral (7, 2°) of f(z) over the intersection between the 
surface and the plane be defined by 


wr, 2) = (5) [f@oudie, Ww) 


where w,» is a differential form defined by 


dz, dz, dz, dzy = d(z, z) d(z, 2)w, . (2) 
Our problem is to find the value of f(z) at 2° if we know (7, 2°).44 We 


12 This constant could also have been calculated less indirectly by applying the inversion 
formula to a conveniently chosen function, for instance to 


f(z) = exp{—| 21? — | 21 |? — | 23 |? — | a4 PB. 


13Tn order to follow the present development the reader should be familiar with the 
properties of the generalized functions P4(z)P«(z) of Volume 1, Appendix B, Section 2.7. 

if A local analog of this problem is to find the value of f(z) at the origin in a three- 
dimensional complex affine space when the integrals of f(z) over the 2? + 22 + 22 = 7 
surfaces are known. 
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shall see that the solution is 


fe) = ge | @) 


We shall first explain how this will lead to a solution of the original 
problem. Note that the intersection of the (z, 2) = 1 surface and the 
(z, 2°) = coshr plane (coshr # +1) can be stratified into noninter- 
secting straight lines. If, therefore, we know the integrals g(u, v; u’, v’) 
of f(z) along straight lines, we can calculate the integral of f(z) over the 
intersection of the surface and the plane. In fact it can be shown (we 
omit the proof) that 


Yr, 2) = 4(5) [_ gle-tru, e-0, ett[ua? + vat], ef*[ua? + vaf]) 
r 
x (u dv — v du)\(u dod — v di). (4) 
The integral here is along a contour Ion the (u, v) plane which intersects 
every line of the form au + Bu = 0 at a single point.» Now if we insert 


this expression into Eq. (3), we obtain 


li 
f(@) = — gaz] Lomo: uz + vag, uae + vag) 
x (udu — v du) do — o di). 


But this is exactly the inversion formula stated in Section 2.4 and derived 
in Section 2.5. 

Thus what we wish to do is to establish Eq. (3). To start, consider 
the integral 


Fa) = (5) [ _f@)@ 29 — 1 Po(e)60), (5) 
2 (z,2)=1 : 
where o(z) is a differential form on the (z, 2) = 1 surface defined by 
dz, dz, dz, dz, = d(z, 2)o(z). 


Now the factor multiplying f(z) in the integrand is constant on the 
(z, 3°) = cosh r plane, so that this integral can be expressed in terms of 


15 See the last paragraph of Section 1.4. 
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the integrals (7, 2°) over the intersections’ of these planes with the 
(z, 2) = 1 surface. In fact we have 


FQ) = (5) J smc ean 2°)| cosh? + — 1 |® d(cosh r) d(cosh 7) - 


= 36 i 2 e 
- 33) Var ex! 2") sinh T [aa dr aF 


This integral converges for Re A > —1, for which it is analytic in A. For 
Re A < —1 we define F(A) by analyte conanuation in A. It will be shown 
that F(A) has a simple pole at A = — 38; we shall calculate this residue 
first by Eq. (6) and then by Eq. (5). Comparison of these two expressions 
for the residue will yield the desired expression for (2°). 

Assume temporarily that f(z) is nonzero only for sufficiently small 
values of (z, 2°) — 1 (it will be seen later that this implies no loss of 
generality), and let us proceed to calculate the residue using Eq. (6). 
For this purpose we rewrite (6) in the form 


Fay Soe Wr, 2) |= sate aude om: 
5 {Im7| <7 
By the assumption concerning f(z), 
4A42 
U(r, 2°) | saz sinh + 
is continuous and infinitely differentiable in + for A = —# in the strip 


—a <Imr < zw. On the other hand, at this value of A the generalized 
function | 7 |***? has a simple pole whose residue is 


$31.0(r, 7) 


(see Volume 1, Appendix B, Section 1.3). Therefore 


res, FO) = Fae ae ae [om 2) |= sake | % 
(7) 
_7 Ob(7, 2°) 
4 Ore [9° 


1@The infinite differentiability of (7, 2°) follows directly from Eq. (4). As for 
\(sinh z)/7 |44*2, it has singularities at 7 = +-iz; but at these values of 7, the other factor 
(7, 2°) vanishes, 
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This result has been obtained by using Eq. (6). Let us now find the 
same residue by using Eq. (5). Note first that this residue depends only 
on the values of f in an arbitrarily small neighborhood of 2°. To prove 
this we make use of the fact that |(z, 2°)? — 1 |**is of the form G(z)G(z), 
a type of generalized function whose properties have been studied (see 
Volume 1, Appendix B, Section 2.2). It is known that if the G = 0 
surface has no singular points, G*G* is a generalized function whose 
singularities in A occur at A = —1, —2,.... This means that its residue 
at A = — #is a generalized function concentrated on the set of singular 
points of the G = 0 surface. We now apply this result to our case, in 
which G = (z, 2°)? — 1, so that the G = 0 surface is composed of the 
intersection of the (z, z) = 1 surface with the two planes (z, 2%) = 1 
and (z, 2°) = —1. These intersections are cones with vertices at 2° 
and —2z°, respectively, and therefore the only singular points of the 
G = 0 surface are 2° and —2z°. This shows that the generalized function 
on the hyperboloid 

res, I(2 ca aes he 


is concentrated at the two points 2° and — 2°. But we have assumed that 
f(z) vanishes in a neighborhood of — 2°, so that 
FQ) = tes (4) [ Fae, 2 — 1 Poles 
res, F(X) = res, (5) [ f(2)|(2, 2°)" — 1 Poe)a(e) 

is uniquely determined by the values of f in an arbitrarily small neighbor- 
hood of 2°. Thus in calculating the residue of F(A) at \ = —#3, we may 
assume f(z) to have support in an arbitrarily small neighborhood of 2°. 

Let us now perform a linear transformation in the integrand of (5) 
to change the equation (z, z) = 1 of the surface to the canonical form 
ay + 23+ 23 + 23 = 1so that 2° takes on the coordinates (0, 0, 0, 1). 
Then we have 


FQ) 


| 


16(5). [ A@)1 3 — 1 1%0,(2)3,(2) 
a (8) 
16(5) [ fAz)| 22 + 23 + 23 Po,(z)6,(2), 


where f,(z) is the function f(z) expressed in the new variables, and 
o,(z) is defined by dz, dz, dz, dz, = d(zi + 234+ 23+ z%)o,(z). We 
choose 2, , 22, and z, to be the local coordinates of the surface in the 
neighborhood of 2°. In these coordinates 


o,(2)6,(z) = 4 dz, dz, dz, d2, d&, d%,|1 — 23 — 22 — 23 |7. 
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At A = —#the generalized function | 2? + 23 + 23 |* has a pole whose 
residue is 
— $n 3(2) 


(see Volume 1, Appendix B, Section 2.7). Then from Eq. (8) we have 
tes, FQ) = —2n8f,(0, 0, 0, 1) = —2n¥f (29). 


We now compare this result with Eq. (7). Equation (3), namely 


1 a%b(r, 2°) 
I) = — 3G OF Lag? 


follows immediately. Thus we have expressed f(z°) in terms of integrals 
of f(z) over the plane intersections of the (z, z) = 1 surface with the 
(2, 2°) = cosh 7 planes. 

Recall that in deriving this expression we required that f(z) be nonzero 
only for sufficiently small values of (z, 2®)— 1. From the inversion 
formula we have obtained, it is seen that this requirement represents 
no restriction, since the final result involves only integrals of f(z) over 
those intersections on which (z, 2°) is arbitrarily close to 1. 


2.7. Rapidly Decreasing Functions on Quadratic Surfaces. 
The Paley-Wiener Theorem 


We shall start by introducing the concept of a rapidly decreasing function 
(with rapidly decreasing derivatives) on the (z, 2) = 21%, — 2223 = 1 
surface. This will define the analog for this surface of the test function 
space we have elsewhere called S. 

We shall say that f(z) decreases rapidly on the (z, 2) = 1 surface if 
for every polynomial P(z) in the variables z, and 2,, the function P(2)f(z) 
is bounded on the (z, z) = 1 surface. 

We shall use the term rapidly decreasing, however, for a some- 
what narrower class of functions, which may be said to be rapidly 
decreasing together with all their derivatives. This class may be defined 
as follows. With each infinitely differentiable function f(z) on the 
(2, 2) = 1 surface we associate the generalized function 


F(z) = f(z) 8((z, 2) — 1), (1) 
which is concentrated on this surface. Let 


P(z, 8/2) 
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be an operator which is a polynomial in the z, , %,, and the differential 
operators 0/82, , 0/0%,. We shall call P(z, @/8z) an internal operator with 
respect to the (z,z) = 1 surface if, when applied to any generalized 
function of the form of (1) it transforms it to another one of the same 
form, i.e., if 


P(2, 6/62)[F(2) 3((2, 2) — 1)] = g(2) 8((2, 2) — 1), 


where g(z) is a function defined on the same surface. In this way an 
internal operator P associates with every f(z) on the surface another 
function g(z) on the same surface, and we may therefore consider it an 
operator on the functions defined on the (z, z) = 1 surface. 

Then we shall call f(z) defined on the (z, z) = 1 surface rapidly decreasing 
(together with all its derivatives) if for every internal operator P(z, 0/0z) 
the function 


P(2, 0/62)f (2) 


ts bounded on the (2, 2) = | surface. 

The (infinitely differentiable) rapidly decreasing functions on the 
(z, zs) = 1 surface form a linear space which we shall denote by S. 
A topology may be introduced on this space by the set of norms 


If llp = sup | P(2, 6/62) f(2)|, (2) 


where P runs through the set of internal operators on the (z, z) = 1 
surface. 


Remark. It would be interesting to define for the (z, z) = 1 surface 
the analogs of the spaces we have called S® in Volume 2. These can 
undoubtedly be defined similarly to S in terms of sets of norms related 
to certain elements of the ring of internal operators. # 

Let us now turn to the following problem. In Section 2.7 we associated 
with each f(z) on the (z, z) = 1 surface its integrals g(u, v; u’, v’) along 
the lines on this surface. We may now ask for the set of o(u, v; u’, v’) 
functions obtained from infinitely differentiable rapidly decreasing 
functions. 

Recall first that each » obtained in this way is always homogeneous: 


g(a, av; att’, av’) == aay (u, v; 4’, v’) 


for any « # 0. This follows immediately from the definition. In addition, 
differentiability and rapid decrease of f imply certain smoothness and 
asymptotic properties of y. We state these properties here without proof 
(proof will be given in Chapter IV). 
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Differentiability condition. g(u, v; u’, v’) is infinitely differentiable with 
respect to u,v, u’,v’ and their complex conjugates everywhere except 
where u = v=Oorw =v’ =0. 

Asymptotic condition. For every real number k the function 

| u’ 2 +] 0’ |\* 2 2)() 4" 12 rye ea! of 
(ero) (P+ le PMie P+ le Pete, 95», o') 
is bounded in u, v, u’, v’. The same is true of the pp, which correspond 
to Pf(z) where P is any internal operator. 

It is found that these conditions on the g(u, v; u’, v’) functions are not 
sufficient. If pg is to be obtainable by integration of some infinitely 
differentiable rapidly decreasing function f(z) along a straight line, 
it must satisfy some subsidiary conditions. These conditions and the 
above two then form a set of necessary and sufficient conditions on 9. 
They will be obtained from group-theoretical considerations in Section 5 
of Chapter IV. We shall nevertheless state them here without derivation. 


Remark. It is interesting to recall that the same situation arises also 
in connection with the Radon transform in an n-dimensional affine space 
(Chapter I, Section 1.6). Specifically, the Radon transform of an infinitely 
differentiable rapidly decreasing function in m dimensions satisfies, in 
addition to the natural smoothness and asymptotic conditions, additional 
subsidiary conditions. # 

The subsidiary conditions on (u,v; u’, v’) are more easily stated 
in terms of its Mellin transform rather than 9 itself. Introducing the 
inhomogeneous coordinate system 


2, = ulv, Z = u'/v’, =v /v 


on the set of lines, we write 
91(%1 » 225A) = Mo? » 1; Az , A). (3) 


The coordinates z, and z, determine the direction of the line. For 
z, and 2, fixed, therefore, gy, is a function on the set of all lines parallel 
to a certain line. We now integrate y, with the weight factor A”:—1)™2—1 
over such a set of parallel lines, writing 


K(% 5 295 ™ 5) = 5 [ err» 2 ADM da dd, (4) 


which is naturally called the Mellin transform of ¢,(2,, 22, A). Here 
(nm, , m2) is any pair of complex numbers such that m, — ng is an integer. 
(This is a necessary requirement for A%:—1\"2—1 to be a single-valued 
function of A.) 
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Subsidiary conditions. The subsidiary conditions on ¢({u, v; u’, v’) may 
be stated in terms of its Mellin transform in the following way. 


Condition I]. If n,, ng ate not integers of the same sign, then 
af K(2, 223 My, M)(2 — 4) — 2) 1 dz dz 
a Sf Kea, , 85 My, —My)(%_ — 2) M1, — 8) daz dé. (5) 
Both integrals here must be understood in terms of their regularizations. 


Condition 2. If n, = 1, 2,..., then 


an" an 
bam K(®1 293% , My) = (—1)% bam K(2, , 243 —My , Me). (6) 


Condition 3. If n, = 1, 2,..., then 


on. 


gna KG » 225 my » ma) = (—1)™ 
1 


OK (ay 5 245 6" 
age (1 » B25 My Ny). ( ) 

The group-theoretical content of these conditions will be discussed 
in ChapterIV. We shall sketch here, however, how these subsidiary 
conditions could have been obtained from geometrical considerations. 

Condition 1 is related to the following geometrical fact. Consider 
the intersection of the (z,z) = 1 surface with an arbitrary three- 
dimensional hyperplane. This intersection is a two-dimensional quadratic 
surface with two families of linear generators. Therefore whether we 
integrate y over the first or second family of generators, we obtain the 
same result, namely the integral of f(z) over the two-dimensional 
hypersurface. This implies a certain condition on y. Other conditions 
can be obtained by treating Pf instead of f, where P is an internal 
operator. It can be shown that the conditions obtained in this way are 
equivalent to Eq. (5). 

Let us now turn to Conditions 2 and 3. We have seen that f(z) may be 
expressed in terms of @ by the inversion formula [Eq. (9) of Section 2.4] 


lj 
f(a) = ~ gaa] oes U3; UZ, + UZ, US + V%,) 


x (u dv — v du) dv — o di), (7) 


where 
Pu, v; u’,v') = LI g(u, v; u’,v'), 
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Now the integral in (7) is taken over the set of all lines on the (z, 2) = 1 
surface that pass through the given z. As z is allowed to move off to 
infinity, this set of lines goes over into a set of parallel lines on the 
surface. Thus the condition that f(z) — 0 as | z | — oo implies that the 
integral of % over a set of parallel lines on the (2, z) = | surface must 
vanish. It can be shown that each of the conditions | z |*f(z) > 0 as 
| z|—> oo (for positive integer k) implies that if a certain differential 
operator is applied to y% and the result is integrated over a set of parallel 
lines, the integral must vanish. It can be shown that the resulting con- 
ditions on % are equivalent to Eqs. (6) and (6’). 


3. The Radon Transform in the Complex Domain 
3.1. Definition of the Radon Transform 


We wish now to study the relation between functions f(z) on a complex 
affine space and the integrals of these functions over all possible hyper- 
planes. In a sense this section is an appendix to Chapter I, where we 
discussed similar questions in a real space. 

Let us start by defining the integral over a hyperplane in a complex 
affine space. Consider an n-dimensional complex affine space consisting 
of points z = (2,,..., 2). The hyperplanes are given by equations of 
the form 


(¢, 2) = 5, 


where we now write (¢,2) = (2, +++ ¢,2,. With each such 
hyperplane we associate a differential form w defined by 
dz, ++ dz, = d(C, z)w. (1) 


An expression for this differential form is easily obtained in any coordinate 
system on the hyperplane. For instance, if we choose the coordinates on 
the (¢, 2) = s hyperplane to be all the 2; except 2,, it takes the form 


w = (1) 9G dz, +++ day, d&qiy °° dep - (2) 


Let f(z) be an infinitely differentiable rapidly decreasing (together 
with all of its derivatives) function. Then the integral of f(2) over the 
(, ) = s hyperplane shall be defined by” 


ey=() J few. ) 


1" The power of 1/2 is related to the differential form in the integrand and is here chosen 
so as to make the differential form real (see Volume 1, Appendix B, Section 2.1). 
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where w is the differential form defined by Eq.(1) and & is its complex 
conjugate 

@ = (—1)* 1G) dd, ++ d&y_ d8y41 °° dq. 
We shall call /(f,s), defined on the set of hyperplanes, the Radon 


transform of f(z). It is also convenient to express f(¢, s) as an integral 
over all space by using the 6 function. We then have 


169 =() [£@ 36 — G2) dea, (4) 


where dz = dz, -*: dz, . It is seen from this expression, among other 
things, that /({,s) is homogeneous in £,5 of degree (—1, —1). This 
means that for any complex number « 4 0 we have 


Fal, as) = «taf (6, 5). (5) 


Thus f(%,s) actually depends upon the same number of complex 
variables as does f(z). 

Remark. The hyperplanes we are dealing with in the complex 
n-dimensional space have (2m — 2) real dimensions. Thus the Radon 
transform in m complex dimensions, when stated in terms of 27 real 
dimensions, involves integrating f over certain (2m — 2)-dimensional 
hyperplanes forming a 2n-parameter family. # 

We state without proof some of the elementary properties of the 
Radon transform. The assertions can be verified essentially exactly as 
in the real case (see Chapter I, Section 1.3), and we shall therefore omit 
the proofs. 

(a) Let A be a nonsingular linear transformation of the z;. Then the 
Radon transform of 

fa{2) = f(A%2) 
is 
Fab, 8) = | det A Pf (A'S, 8), (6) 
where {(£, s) is the Radon transform of f(z), and A’ is the transpose of A 
lie, (¢, Az) = (A'G 2). 
(b) The Radon transform of f(z +- a) is 


f&s+64)), 
(c) The Radon transform of 


[(2, 2) ie (6, a) f(z) = > (a, = + b, af (2) 
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(a, FED | 6, 9 FE, () 


A consequence of (c) is that if P(é, 7) is a polynomial homogeneous of 
degree kin € and homogeneous of degree / in y, the Radon transform of 


a @ 
P (5533) f@) 
is 
ory, 8) 
P(E, £) taste 
(d) The Radon transform of the convolution 


Ha) = (5)" [ Ale — 2°) fale’) de! a! 
is given by 
IG) =5 fAGs—)flet) dtd, 8) 


where f, and f, are the Radon transforms of f, and fy . 


3.2. Representation of f(z) in Terms of Its Radon Transform 


Let f(z) be a function in an n-dimensional complex space, and let 
FG s) be its Radon transform 


Hs) = (5) [fea — G2) ae ae. ) 


We wish to obtain the inverse Radon transform formula, that is, to 
invert Eq. (1). 


Remark. A similar problem was solved in Chapter I for the real case. 
It was found there that the inversion formula is different for even and 
odd dimensions. We shall see that in the complex case no such difference 
will arise, and that the inversion formula is analogous to the odd- 
dimensional real case. # 

In order to obtain the inversion formula we shall repeat essentially 
the considerations of Chapter I for the odd-dimensional real case. We 
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first differentiate /(Z, s), m — 1 times with respect to s and n — | times 
with respect to §.18 The function so obtained will be denoted by 


WL, 8) = firm-DE, 3), (2) 


Next we average u(, s) over the set of hyperplanes passing through a 
given point 2. It will be shown that up to a constant factor this gives 
the desired value of f at 2. 

The average of (f, s) over the hyperplanes passing through z means 
the following. Note first that every hyperplane passing through some 
point 2° is given by an equation of the form (¢, z) = (¢, 2°). Thus what 
we are dealing with is the average of 4(@, (¢, z)) over ¢. But this function 
is homogeneous of degree (—n, —n) in ¢ [since f, whose derivative 
was taken in order to obtain y, is homogeneous of degree (—1, —1)]. 
Because of this homogeneity, it is natural to define the average of 
W(C, (¢, 2)) as its residue, 1.e., as the integral 


[He Garesw ce) 


over any surface [in ¢ space which crosses each complex line passing 
through the origin once.’ Here the differential form w({) is defined by 


w(L) = D(H), ly oo dog Megs 0 dg (4) 
k=1 


(see Volume 1, Appendix B, Section 2.5). Note that since the integrand 
is homogeneous of degree (0,0) this integral may be treated as an 
integral in the projective space of complex lines passing through ¢ = 0. 
What we wish to show, therefore, is the following. 
Let f(&, s) be the Radon transform of f(z). Then f(z) can be given in terms 
of tts Radon transform by 
i 


6)" | Fern’ & a)o(Qa) = F(2), (5) 
where 


w(t) = D(H 11 dy + aa nas En 
k=1 


1@Tt is natural to call 0/@s and 0/05 the infinitesimal parallel translation operators for 
the hyperplane, since as s varies the (¢,s) = s hyperplane moves parallel to itself, 

19 The meaning of this integral, requiring construction of [ out of pieces of analytic 
manifolds, is discussed, for instance, at the end of Section 1.4, or in Volume 1, p, 395, 
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and the integral is over any surface I in € space which intersects once 
every complex line passing through the origin. The constant c will be. 
determined later. 

We prove Eq. (5) first for z = 0; that is, we prove that 


(6) i) Jit Ou) = ef(0). (6) 


Equation (6) defines a continuous functional F on the space of infinitely 
differentiable rapidly decreasing functions: 


(Ff) - gr [ Foteng, 0)w(Z)c0(Z). (7) 


What we must show is that F = c 6(z). Now it is easily established 
that F satisfies the condition 


(F, f(Az)) = (Ff); (8) 


where A is any nonsingular linear transformation.?° The left side of (8) 
can be averaged over the set of transformations A which leave invariant 
the quadratic form 


la P to +1 aqF 


(that is, over the set of unitary transformations), which yields 


(FA) = Ff) (9) 


where f,(z) is the average of f(z) over spheres of the form 


Ja P+ + lank =e. 


This means that in calculating (F, f ) we may replace f by its average over 
such spheres. In other words F may be considered a functional in the 
space of functions on the half-line 0 <r < oo. But on this half-line F is 
homogeneous of degree —1, for (F, f(az)) = (F, f(2)) for « #0. Now 
it is easily shown that up to a factor any homogeneous generalized 
function of degree —1 on the half-line is the 6 function (cf. Volume 1, 
Chapter I, Section 3.11). This proves that F = c 8(z), or Eq. (6). 

The expression for f(z) at any other point 2° in terms of its Radon 
transform can now be obtained from Eq. (6). All we need do is apply 


20 See the similar discussion for the real case in Chapter I, Section 1.4. 
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Eq. (6) to fi(z) = f(z + 2°). Since the Radon transform of f,(z) is 
KG s + (¢, 29)) (see Section 3.1), we arrive at 


(i Ea: (6, 9) )w(C)a(6) = ef (25). (10) 


We have yet to calculate the value of c in this inversion formula. To 
do this, we apply it to the function 


F(@) = exp(—| 41 ? — - —| 2 ?)- 
The Radon transform of this f(z) is 
F,) = (5) f exp(—l an P-L an P36 — Saty — > — Lae) 
x dz, d3, ++ dz, dz, . 


By applying a unitary transformation to the z,, this integral can be 
written in the form 


HG) = (Sf exp(—i ay B12 8) 85 — 1 LL) 
x dz, dz, ++ dz, d%,, 


where | Z|? = | 2, |? + --- + | &, |%. Integrating, we obtain 


ant SS 
169 = Tepe (— rep) 
We may take a series expansion of the exponential to arrive at 
flr--(G, 0) = (—1rNn — Ila | £ . 


Now we put /(0) and f{"-1-"-(G 0) into Eq. (6), from which we find 
that 
tr w(f)ea(¢) 


pe Lore 


¢= (1 — Iter (SY 


The integral here is easily calculated. For instance, choose I to be 
Gy — 1. Then 


| a i w(S)a(L) _ ae . dl, db dby dl, 
2 [ore 2 (l+ 142 +0 +1, PP 
= Gs 2n—3 ar ql 


oad+r" (@—T)! 
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(where 2,,_, is the area of the unit sphere in a space of 2n — 2 real 
dimensions). Consequently 


c= (—1)h-lntn2, 
We thus arrive at the following final result. Let f(z) be an infinitely 


differentiable rapidly decreasing function of n complex variables, and let 
FG s) be its Radon transform. Then 


fe) = BF GY] fee G Grea, ay 
where 


a = > Mi ah dts ua ate, 
k=1 


and the integral is taken over any surface I'in € space which intersects each 
complex line passing through the origin just once. 


3.3. Analog of Plancherel’s Theorem for the Radon Transform 


Let f(z) and g(z) be two infinitely differentiable rapidly decreasing 
functions in an n-dimensional complex affine space, and let f(£, s) and 
&(¢, s) be their Radon transforms. We shall prove that these functions and 
their Radon transforms satisfy the analog of Plancherel’s theorem 


(2) | reece) ae as 
=I (EYL [feo 9 avs] oO, — 
oF tis equivalent 
(Z)° [reece ae az 
= as (SY f [f PEG AE) a as] GW, 


where w(l) 1s the differential form previously defined and I, as usual, 
is any surface in € space which intersects every complex line passing through 
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the origin just once.*1 [Equation (2) can be obtained from (1) by integration 
by parts.] 


Proof. Let us apply the inversion formula for the Radon transform 
of Section 3.2 to the convolution 


F(a) = (%)" [faeee ~ 2) du da 3) 


of f(z) and g*(z) = g(—2). It is seen from the elementary properties of 
the Radon transform listed at the end of Section 3.1 that the Radon 
transform of F(z) is 


FGs) = [FG 0kGt — 9) aed. 


Then from the inversion formula we obtain 


n—1 


F(0) = Se em og, O)o(2)a(£) 


= DE (SY) [ [f 7G 08 9 9 ara] ae. 
On the other hand, 
F(0) = (Bi | f@)E(u) du aa, 


which leads immediately to the stated result. 

We have obtained this result for rapidly decreasing f(z) and g(z). 
By going to the limit in the usual way, however, we may extend it to any 
f(z) and g(z) with integrable square modulus. 


Remark. Plancherel’s theorem implies that the correspondence 
F(a) > foa“0G, 9) 


is an isometric mapping of the square integrable functions of z, i-e., 
those that satisfy 
i 


isi? = (5) [lf @)P de az <co, (4) 


21 Recall that in a real space the form of Plancherel’s theorem differs depending on 
whether the dimension of the space is odd or even, The simpler, odd dimensional case 
is the analog of the result for the complex space. 
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into the space of homogeneous functions (¢, s) of degree (—n, —n) 
that satisfy 


ivi = rer (5) J [fioG or a ai] oa <ce. (5) 


It can be shown that this mapping is onto the latter space, but we shall 
not go into the proof here. # 


3.4. Analog of the Paley-Wiener Theorem for the Radon Transform 


If /(Z, s) is to be the Radon transform of some infinitely differentiable 
‘rapidly decreasing function f(z) of 2 complex variables, it must satisfy 
the following necessary and sufficient conditions. 


Condition 1. }(£, s) is homogeneous in ¢, s of degree (—1, —1);i.e., 


F (eb, a8) = otf (6, 5) 
for any « 4 0. 


Condition 2. (£,s) is infinitely differentiable with respect to ,s 
and {,s for £ #0. 


Condition 3. Asymptotically as|s|—> oo and for any k > 0, we have 


|F(Es)| = o(| s |-*) 


uniformly in ¢ for ¢ in any bounded closed region not containing the 
origin. This equation holds also for each derivative of f(£, s) to any order 
with respect to ¢, s or their complex conjugates. 


Condition 4. For nonnegative integers k, /, the integral 
5 i FG s)st8" ds ds 


is a polynomial in ¢, £, homogeneous of degree (k, /). 

We saw in Chapter I, Section 1.6 that similar conditions hold in the 
real case. 

We shall not prove these necessary and sufficient conditions, since 
the proof is exactly the same as in the real case. 
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3.5. Radon Transform of Generalized Functions 


The Radon transform of a generalized function will be defined so as 
to coincide with the usual definition for test functions. Let us rewrite 
Plancherel’s theorem 


(éy [ Fey) de as 


2 cy (4) i [f RG, sfinan-ay, s) ds di w(f)a(6), (1) 


discussed in Section 3.3 (written here, unlike the form in Section 3.3, 
without taking the complex conjugate of the second factor in the inte- 
grand) in the form 


an-Qreo Q) 


where 


¥(f, 8) = fen 5). (3) 


This can now be used to define the Radon transform of a function 
F as a functional on the space of the ¥(¢, s) functions, and this definition 
is easily extended to generalized functions F. Thus let F be a generalized 
function on the space of test functions f(z). We shall call the Radon 
transform of F the functional F on the #(Z, s) of Eq. (3), where f is the 
Radon transform of a test function f. The functional F is defined by an 
equation formally the same as (2), namely 


en= Deo. (4) 


Let our test function space be S (the infinitely differentiable rapidly 
decreasing functions). In Section 3.4 we learned which f(¢, s) can be 
Radon transforms of functions in S, and we may thus calculate the 
properties of their derivatives (¢, s). Specifically, these derivatives 
may be characterized in the following way. 


Condition 1. (f, s) is homogeneous in €, s of degree (—n, —n); i.e., 


Plat, as) = a ra ™p(Z, 5) 
for all « 4 0. 


Condition 2. (C,s) is infinitely differentiable with respect to ¢,s 
and their complex conjugates for € 4 0. 
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Condition 3. Asymptotically as |s|—> oo and for any k > 0, we 
have 


| #(E, s)| = o(| 5 |) 


uniformly in Z for Cin any bounded closed region not containing the origin. 
This equation holds also for each derivative of to any order with respect 
to C, s or their complex conjugates. 


Condition 4. For nonnegative integers k, / the integral 


| WL, s)s*st ds di 


is a polynomial in ¢, £, homogeneous of degree (k — n + 1,1 —n + 1). 
(If either k or / is less than n — 1, the integral vanishes.) 

Thusthe Radon transform of a generalized function F isa functional 
on the space of functions 4(¢,s) satisfying Conditions 1-4. By the 
theorem on extending functionals, F can be extended in several different 
ways to the space of all infinitely differentiable homogeneous functions 
of degree (—n, —n) satisfying only Condition 3 (rapid decrease in s); 
a natural topology can be introduced in this function space. In this 
way the Radon transform of a generalized function becomes a generalized 
function in the usual sense, except that it is not uniquely defined. It 
is natural then to ask which functions are unessential, that is, which 
generalized functions correspond to functionals which vanish on the 
subspace satisfying Condition 4. As is easily shown, the subspace of 
unessential functions is generated by functions of the form 


s*3ta_y_y 1-46), 


for nonnegative integers k, l, where a_;_ 14(¢) 1s a homogeneous function 
of degree (~k—1, —I—1). For k,l >n — 1, this function must satisfy 
the additional condition 


[ata OPrnintnia(Qo(Q}a(0) = 0 (5) 


for any homogeneous polynomial P).ni1.1-n+i(S) of degree (k—n + 1, 
I—n-+ 1). 

The proof of this assertion is exactly the same as in the real case 
(see Chapter J, Section 2.1), and we shall therefore omit it. 


3.6. Examples 


We now give some examples of the Radon transforms of generalized 
functions. 
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Example 1. The Radon transform of F(z) = 1 is 


— ])?-17722-2 
Fé, 5) = oe srlgn-lq(Z), 


where a(¢) is any homogeneous function of degree (—n, —n) with 
residue 1, that is, such that 


(5) f, «@e@aw = 1. 


Example 2. The Radon transform of F(z) = 8(z) is F(¢,s) = &(s). 
This is easily shown simply by testing it in the definition 


(Ff) = (— 1)" (F, firey) 


qpen—2 


of the Radon transform of a generalized function. 
Example 3. The Radon transform of F(z) = P’, where P = P(z) 
is a positive definite Hermitian form, is 


FG, 8) = eQ)dtsten-arin3Q-r-n(0), (6) 


where Q(¢) is the dual Hermitian form [i-e., whose matrix is the inverse 
of that P(z)], 4 is the discriminant of P, and 


mAl(—’\—n +1) 


c(A) = nesy 


To prove this, we use the fact if F(f,s) is the Radon trans- 
form of F(z), then the Radon transform of F,(z) = F(Aq1z) is 
F (Gs) = | det A |? F(A’, s), for A a nonsingular linear transformation. 
This means that if A has determinant | and leaves P invariant, then 


F(A’, s) = F(C,s). 
Therefore F is of the form 
Fs) = 90,5), 


where Q = Q(£) is the dual Hermitian form. On the other hand, if 
Pz) is replaced by | « |?*P(z) = P*(az), its Radon transform ¢(Q, s) 
goes over into | a |9(Q, s) = | a |-?"q(| « |-?Q, s). Therefore, ¢(Q, s) is 
homogeneous in Q of degree —A—n, which means that we may write 


PQ, 5) = 9(s)O-*". 
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Finally, when we remember that this must be homogeneous in ¢, 5 of 
degree (—1, —1) we arrive at the desired equation (6). 

We have now to calculate c(A). Without loss of generality we may 
assume that P = Lojz,2, so that OQ = La;z*l,f,. Now let us set 
C= f, = (0,..., 0, «,), s = 1 in Eq. (6). It then reads 

F(G, 1) = ca. 


By definition, however, 


, nl 


Fo D=(5) f | (Yebeets) oe 
>= (Ey 4 | (021%) ope tte ite aea le 1) 


x dz, dB, +++ d&__, d3n_4 


1 A 
a ere fe tb ss+ + tag + 1) dt ++ dtan os 
1 n 


or 
mT(—’ —n +1) 1 
T(-A) A’ 


F(f, 1) = 


Our expression for c(A) follows immediately. 

It is suggested that the reader calculate also the Radon transforms 
of (P + 10)’, (P — 0), P’., and P?., for P = P(z) any nondegenerate 
Hermitian form. [Hint: make use of Eq. (6) and the method of analytic 
continuation in the coefficients of the quadratic form.] 


Example 4. The Radon transform of F(z) = P*P«, where P == P(z) 
is a nondegenerate quadratic form and A — yp is an integer, is 


P(E, 8) = (A, p)| 4 [iste atetntQ-a tne in, (7) 


where Q = Q(£) is the dual quadratic form, 4 is the discriminant of P, 
and 

sin[m(r + dn) + IP +1) 
cos mA P(A + dn + Aun + $n +3) 


(8) 


eA, w) = (aot? 


Equation (7) is obtained by the same sort of considerations as were 
used in Example 3. To calculate c(A, ~) is, however, somewhat less 
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trivial. We may assume without loss of generality that P= Lf, 2} 
and therefore Q == Dk! (2. Let us apply Plancherel’s theorem to the 
pair of functions P’*P’ and exp(—| z |?), where | z |? = D| 2; |% It is 
easily shown that the Radon transform of exp(—| z |?) is 


al ¢ [-? exp(—| s/€ |?). 
Therefore Plancherel’s theorem states that 
(5) [|P Pexp(—| « (2) de da 


= (a, GF a) +9 4 if [fox Lear 


x exp (— 155) ds di] oH. (9) 


The integral on the left-hand side has been calculated in Volume 1, 
pp. 401-402. There we found that 


iv aM PATA + 1A + 4n) 
(5) [| PPexp(—iz 2) dz di = aoeaae ea (10) 


The integration over s and § on the right-hand side of (9) is easily carried 
through. Then (9) becomes 


a2°T(X + 1)P(A + 3n) oA, %) (—1)"-2F2(2A + 1) 
T(4n) "wt20(24 + 1) 


x) f OOP" 1 FiMeOa®). (11) 


Now to calculate the integral on the right-hand side here, we shall 
proceed in the following way. In general, 


(5) [cy exp(—| « |) de de 
= (5) J [fio@airerexp(—i¢ persis at a] oa) (12) 
(a transition to generalized polar coordinates). The integral on the left- 


hand side can be calculated by (10), while on the right-hand side the 
integration over ¢, fis relatively simple. 


3.6 The Radon Transform in the Complex Domain 129 
As a result we find that 


6)" LOI" | E Paha) 


am tz-eaT(—A — on + II(-2) 
7 P(gn)P(—2a) 


When this is inserted into (11), we arrive at 
(—1)r e124" 4 P(A + Bn) P(2A 4 1) P(—22) 
T(2A + n)I(—A — 4n + DT(—A) 
sin [m(A + 3n)|T%(A + 1) 
cos 7A (A + $n + $) 


e(A, A) = 
(13) 
— (—1)? 712-7 +1 7"—2 
We can now calculate c(A, u) by writing?? 1 = A+ k and using the 
recursion relation 
(> 2/082) P Pett = A(u + Iu + $n)PPe, 


On taking the Radon transform of both sides and canceling some terms, 
we obtain a recursion relation for c(A, «), namely 


+1 
cAjwe +l = #1 , . 
A, +1) yore rarer aa 9) 


Thus 


TA+k+1) TA+}n+3) 
TA+1) TrA+Rk+4n+3) 


c(A, w) = c(A,A +R) -¢(A, A). 


We now use (13), arriving immediately at Eq. (8). 


Example 5. Let f(z) = f(2,,..., %,) be an entire analytic function. 
Such a function can be treated as a generalized function on the space of 
all infinitely differentiable functions with bounded support (in n complex 
variables).2? Then the Radon transform f(£, s) of f(z) is defined. We may 
now ask for the properties of such a Radon transform. 

It is found that the Radon transform of an entire analytic function is 
necessarily of the form 


IG s) = sn—lgn-le (C, s), (14) 


22 Recall that ~ — A must be an integer. 
23 This example differs from the previous ones in that the test function space is no 


longer S, 
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where q(t, s) is an entire analytic function of the complex variable s and 
satisfies the homogeneity condition 


Gal, as) = a "a" (C, 5) 


for any « £0. 
We shall give a simple but nonrigorous proof of this assertion. The 


analyticity of f(z) may be stated in the form 


oF 


n. 
02; 


7=1],... 


, 


Now let us take the Radon transforms of these equations. We find that 
E,[af(s, Mel is equal to zero in the sense of generalized functions 
(¢ = 1,..., 2). This means that 


gi a — >) s*S'aiz(f), 


where the a;,,(¢) are homogeneous functions of degree (—k —- 1, —/— 1) 
such that for k,/ >n— | 


[ dent Prniar-nix oO) = 0 (16) 


for any polynomial P,_..41,1-n4:1(0) homogeneous of degree (k — n + 1, 
1—n-+ 1). Integrating (15) with respect to 5, we arrive at 


fGs) = > #5'au(0), (17) 
where 
la,,(¢) = ota, 1 3(0)- (18) 


(We may assume that a;,,(¢) is independent of the index 7.) 

Now let us drop those terms in (17) which vanish in the sense of 
generalized functions. First, this will include all terms for which 
k<n—1 or l<n--|. If, further, k >n-—1 and 1>n—1, 
Eq. (16) implies that 


| aaalC)Pe-nss rnaa(Ceo(C (0) = 0. 
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This means that all terms with k > n — 1 and / > n — 1 may also be 
dropped. We are left, therefore, only with those terms for which 
k >n—1 and! —n— 1. Thus 


FG 8) = sto, 5), 


where 9(¢, s) is an entire function of the complex variable s. 


3.7. The Generalized Hypergeometric Function in the Complex Domain 


In Chapter I, Section 2.9 we defined the generalized hypergeometric 
function in the real domain. We now wish to extend it to the complex 
domain. 

For this purpose we introduce the concept of a character of the 
multiplicative group of complex numbers z 4 0. We shall call a character 
any continuous function y(z) on the group of complex numbers z + 0 
such that 


x(%1%2) = x(#1)x(22) (1) 


for z, and z, in the group. Let us find all the characters of the group of 
complex numbers. In polar coordinates we write z, = 7, exp(i;). Then 
Eq. (1) implies that 

x(r172) = x(r1)x(72) 
and 


x(exp[7(p, + %2)]) = x(expli¢,])x(expli¢e]). 


This gives y(r) = 7% and x(e”) = e'””, where « is any complex number 
and 7 is any integer. Therefore every character of the multiplicative 
group of complex numbers is of the form 


x(z) = | 2 |" exp(in arg 2), (2) 
which may more conveniently be written 
x(2) = 2334, (3) 


where A and » are complex numbers whose difference is an integer (in 
fact, A+ p = «,A—p =n). Recall that in Volume 1, Appendix B, 
Section 1.3 it was established that this function may be considered a 
homogeneous generalized function of the variable z. With this we may 
proceed to the definition of the generalized hypergeometric function. 
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Consider the p linear forms 
(2), 2), -0 (0, 2), (4) 


in m complex variables, where we write z == (z,,..., 2), (6, 2) = 


CMe, + + OMe, . 
We shall define the generalized hypergeometric function 


Fxq 5 ose Xp | SD, one SIP} G, 5) 


as the Radon transform of the generalized function 


xil(E™, 2)] > xo, 2)], 


where the x), are characters; in other words, 


Foy ace Xp | a ere Si ba s) <= fal(S™, z)) a Valle, z))}}Y. (5) 


We can always assume as we did in the real case that the number of 
linearly independent linear forms is at least nm, where m is the dimension 
of the space. When all the linear forms are linearly independent, it is 
natural to call F the generalized beta function. 

Let us turn in particular to the two-dimensional case. Let 
CY) == (C4), CO), C12) == (C1, CS) be two linearly independent vectors. 
For any other vector we shall write 


C= G0 + £00), 
Let x, and y, be characters, which we write in the form 
xa(2) = 2281, yg(2) = ahha, 
We then have 
F(xa > x2 | 6%, 6 &, 5) 


sin mm, sin 7m, 
sin m(m, + 7) 


Bm, , 1,)B(mz , M2)| A |? | aa xa p ) xo( r. ), (6) 


where 
ad t @ 


as as 
and B is the ordinary beta function. The product of the last three factors 


in (6) must, of course, be understood in the sense of generalized functions. 
The derivation of (6) is left as a problem for the reader. 


A= 


CHAPTER III 


REPRESENTATIONS OF THE GROUP OF 
COMPLEX UNIMODULAR MATRICES 
IN TWO DIMENSIONS 


In the next two chapters we shall develop the representation theory 
and harmonic analysis (the analog of the Fourier integral) for the group G 
of two-dimensional complex matrices 


I; sl 


with determinant «5 — By = 1. This group is interesting for several 
reasons. First, it is (locally) isomorphic to important groups such as the 
Lobachevskian motions and the Lorentz transformations (as we shall 
establish in the first section). Second, it is the simplest of the so-called 
simple Lie groups, which exhibit particularly clearly the difference 
between harmonic analysis (the Fourier integral) on the group and 
harmonic analysis in Euclidean space (the ordinary Fourier integral). 
At first sight it may seem that rather than this group we might study the 
even simpler group of two-dimensional real unimodular matrices (i.e., 
with determinant one), which is also of some interest (it is locally iso- 
morphic to the group of Lorentz transformations of the plane and to 
the group ‘of Lobachevskian motions of the plane). This is not so, 
however, for complex groups are simpler than real ones (real groups 
exhibit specific additional pecularities). In any case, in Chapter VII we 
shall consider the representations of the group of two-dimensional 
real unimodular matrices. 

Chapters III and IV will thus form an indivisible unit in which our 
basic purpose will be to construct the Fourier integral on the group of 
two-dimensional complex unimodular matrices. If we were undertaking 
this task for the usual Fourier integral, however, we would be in a 
better position, for the functions used in its construction (e””, the 
trigonometric functions) are quite familiar. Now, however, we must 
start from the very beginning to develop the analog of the e”*. Chapter II 
is devoted to this preliminary problem, and Chapter IV to harmonic 
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analysis itself. It may be remarked that generalized functions are particu- 
larly helpful in developing the exponential function for the group, so 
that Chapter III is of interest not only as it pertains to Chapter IV; it 
has inherent interest as an illustration of the power of generalized 
functions. 

The analogs of exponentials on a group are called representations. 
These will be defined more accurately in the second section; we shall 
not, however, attempt to develop the entire theory of representations in 
this chapter, to say nothing of the many possible applications of the 
theory. 

An introduction to representation theory, including also applications, 
will be found in I. M. Gel’fand, R. A. Minlos, and Z. Ya, Shapiro [16], 
“Representations of the Rotation and Lorentz Groups,” whose inter- 
section with the present book is quite small. Together these two books 
contain many of the facts concerning the representations of the group 
of two-dimensional complex unimodular matrices. Much useful material 
is contained also in M. A. Naimark [36], ‘‘Linear Representations of 
the Lorentz Group.” 

Understanding of the present chapter requires a knowledge of 
generalized functions of a single complex variable (Volume 1, 
Appendix B, Section 1). 


1. The Group of Complex Unimodular Matrices 
in Two Dimensions and Some of Its Realizations 


1.1. Connection with the Proper Lorentz Group 


Consider the set of Hermitian matrices 


o=|2) Xq —%y Xy — Ixy | 


i + ix, X%y + xy 


With each such matrix a we associate the vector x = (x9, %1, %2, %3) 
in a four-dimensional real space R, . This association is one-to-one and 
linear. Now with each complex unimodular matrix 


I 3 


g=|" EL, 8 —by=1, 


we associate the transformation 


a’ = g*ag 
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on the Hermitian matrices, where the asterisk denotes the Hermitian 
conjugate. In this way with each g we associate a linear transformation 
in R,, and we shall call this transformation A, . It is obvious that this 
association has the group property A, ,, == A, A,,; in other words, the 
product of g, with g, corresponds to the product of the corresponding 
linear transformations. Let us now find which linear transformation A, 
corresponds to g. 

Since det g = 1, the transformation from a to a’ = g*ag on the 
Hermitian matrices leaves invariant the determinant 


2 
det a = xy — x] — xy — X53. 


In other words, the quadratic form 


xa — xf — xf — x3 

is invariant under the A, . It can be shown, moreover, that det A, = 1. 
Indeed, since A, does not alter the quadratic form, its determinant is 
either +1 or —1. If transformations A, existed with both of these 
determinants, the A, would form a disconnected set. But this is im- 
possible, since the set of g matrices is connected. Finally, the set of A, 
maps what we shall call the positive cone, (in physics usage, the forward 
or future cone) 


xt — xi — x3 — x2 = 0, X > 0, (1) 


into itself. Indeed, the inequalities x, > 0, x§ — x? — x3 — x3 > O are 
necessary and sufficient conditions for a to be positive definite. But it 
is known that the transformation a’ == g*ag transforms positive definite 
matrices into positive definite matrices. 

We have thus shown that to each two-dimensional complex unimodular 
matrix g corresponds a linear transformation A, on R, with the following 
properties. 


1. A, leaves invariant the quadratic form 


2 2 2 2 
Xy — Xi — xy — x3. 


2. det A, = 1. 


3. A, leaves invariant the positive cone 


2 2 2 2 
Xq — %y — xXy — xz = 0, X > 0. 


Linear transformations in R, satisfying these conditions are called 
proper Lorentz transformations, and the group of all such transformations 
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is called the proper Lorentz group. It can be shown that every proper 
Lorentz transformation corresponds to some two-dimensional complex 
unimodular matrix. 

Let us now find all g corresponding to the unit matrix of the Lorentz 
group. If g is such a matrix, then obviously 


a = g*ag (2) 


for any Hermitian matrix a. Let us choose a == e to be the two-dimen- 
sional unit matrix. Then g*g == e, or g* == g-!. Then we may rewrite 
Eg. (2) in the form 

ga = ag, 


so that g commutes with every Hermitian matrix a. It then follows that g 
is a multiple of the unit matrix. The requirement that det g = | then 
implies that this multiple must be +1. Thus the identity transformation 
corresponds to the two matrices 


=o if 


This implies immediately that two matrices g, and g, correspond to a 
givent Lorentz transformation if an only if g, = +g, . 

We have thus established that there exists a correspondence between the 
two-dimensional complex unimodular matrices and the proper Lorentz 
transformations. This correspondence is such that to each two-dimensional 
complex unimodular matrix g corresponds one Lorentz transformation, and 
to each Lorentz transformation correspond two matrices differing only in 
sign. This correspondence preserves multiplication. Because of this corre- 
spondence we will henceforth call the group of complex unimodular 
two-dimensional matrices the Lorentz group. 

It is a simple matter to write out the Lorentz transformation corre- 
sponding to a given g. Let 


Xp —X%_ Xy_ — 1X, | 


a= . 
| Xy -+- 1X; Xq -+ Xg 
and a’ == g*ag, where 
ao B 
=|) ob 


Then the elements of a’ are 


a, =(jaP?+ ly |" )Xy + (ony — Gey), + any + dey) 
+ (7 |? — | & D3 
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Az = (OB + 78)x + 1(7B — 05)x, + (YB + &8)x2 
+ (78 — oB)xs; 


a - =f * 
agg = A125 


aoe = (|B |? +18 xo + (85 — B8)x, + (85 + Bd)xz 
+ (18 |? — |B |?)x - 
To this matrix corresponds the point x’ = (xg, x1, %2, %3) in R, with 
coordinates 


e f 
, 4, + Goo 
= 


2 ? 


xj = Ima, 


, F: 
Ao, — a 

re , _ 22 11 
x5 = Reay, ga oe 


By inserting the above expressions for the matrix elements of a’, we 
obtain the linear transformation in R, from x = (x9, x,, x, 3), the 
point associated with a, to x’, namely 
x = ole [2 +18 2 +1y 2 +] 8 |x» + Im(&y + B8)x, 
+ Re(ay + B8)x2 + a(iy |? +18 |? — | «|? — |B |*)x33 (39) 


xy = Im(oB + yd)xy + Re(ad — 78)x, 

—Im(B + &8)x_. + Im(oB — y5)x35 (3,) 
xf = Re(SB + 78)xy + Im(pB — o8)x, 

+ Re(yB + a8)xy + Re(8 — af)xs; (32) 


xy =F(/ BP +18) — | a? —]y xy + Im(BS — ay)x, 
+ Re(pd — ay)x. + Flo)? +18? —|B 2 —l|y xs. (Ba) 


1.2. Connection with Lobachevskian and Other Motions 


We have seen that each complex unimodular two-dimensional matrix g 


induces a Lorentz transformation on R, according to a’ = g*ag, where 
Xp —X%q_  X_ — ix. 

a= | : Sa be A |. (1) 
Xq + 1X, Ny + Xg 


138 REPRESENTATIONS OF Complex UNIMODULAR Group Ch. III 


These Lorentz transformations map the surfaces 


into themselves, for they preserve the corresponding quadratic form. 
There are three types of such surfaces. These are either sheet of a two- 
sheeted hyperboloid (when c > 0), a single-sheeted hyperboloid (when 
c <0), and either the positive or negative cone (when c = 0). 


Remark. If instead of points x in R, we were dealing with Hermitian 
matrices a, the surfaces named above would be the following three 
types of manifolds in the space of Hermitian matrices: all positive 
definite (or negative definite) Hermitian matrices with fixed determinant 
c > 0, all Hermitian matrices with fixed determinant c < 0, and all 
Hermitian matrices a > 0 (or a < 0)! with determinant zero. # 

The Lorentz transformations induce transformations that we shall 
call motions of these surfaces. In this way to each complex unimodular 
two-dimensional matrix g there corresponds a motion on each of the 
surfaces of the following three types. 


(a) Either sheet of the two-sheeted hyperboloid x} - xj - x} - x3 = 


c > 0. 
(b) The single-sheeted hyperboloid xj — x? — x} — x3 =c¢ <0. 
(c) Either sheet of the cone xf — x} — x} — x3 = 0. 


It is easily shown that a given motion corresponds to two matrices 
g, and g, if and only if g, = +g. 

The upper sheet of a two-sheeted hyperboloid together with the 
motions defined in this way is one model of Lobachevskian space. (More 
detailed discussion of various models of Lobachevskian space and of the 
relation between them will be found at the beginning of Chapter V.) 
This means that the group of complex two-dimensional unimodular matrices 
is locally isomorphic to the group of Lobachevskian motions. In addition 
to Lobachevskian space there exist two related spaces with groups of 
motions locally isomorphic to the same group of matrices. Models of 
these spaces are the single-sheeted hyperboloid and the positive cone. 

The group of motions on each of these surfaces is transitive, i.e., 
every point of the space can be transformed by some motion to any 
other point. We shall prove this assertion for the upper sheet of the two- 
sheeted hyperboloid 


2. 2 2 2 
Xq — xy — *) — x3 = 1. 


1That is, matrices a whose corresponding Hermitian form takes on nonnegative 
(or nonpositive) values. 
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(The proof for the other surfaces is similar.) As before, we use Eq. (1) 
to associate the Hermitian matrix a with the point x = (xy, x1, %2 5 %3) 
in R,. Then the points on our surface correspond to positive definite 
unimodular Hermitian matrices. Now it is well known that every such 
matrix can be written in the form 


1 O 
0 1 


& 


arr De es 


where g is a complex unimodular matrix. This proves that there exists 
a motion transforming the fixed unit matrix into a. 


2. Representations of the Lorentz Group 
Acting on Homogeneous Functions of Two Complex Variables 


2.1. Representations of Groups 


We shall start by giving a slightly inexact definition of a representation 
of a group. 

A representation of a topological group is a continuous function T(g) 
on the group such that 


T(e:82) = T(g:)T(e2) (1) 


for any two elements g, and g, of the group. For the group of real 
numbers under addition, there exist scalar solutions of Eq. (1), namely 
the exponential functions. If a group is noncommutative, however, the 
scalar solutions of Eq. (1) may be very few indeed. It is then natural to 
require that rather than a scalar function T(g) be a linear operator acting 
on some linear topological space. Such operator functions can then be 
thought of as generalizations to arbitrary groups of the idea of an 
exponential function. 

With these preliminaries we may give an accurate definition of a 
representation of a group. Let G be a topological group and EF be some 
linear topological space. We shall call a representation of G on E an 
association such that to each element geG there corresponds a linear 
operator T(g) acting on E and depending continuously on g and satisfying 
the functional equation 


T(g182) = T(e,)T(g:) 


and such that the unit operator corresponds to the identity element of the 
group. If E is a finite-dimensional space, the representation is called 
finite dimensional. 
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The analogs of the exponentials e” with real A are the so-called 
unitary representations, which may be defined as follows. Let a scalar 
product (&,7) be introduced on E (1.e., a continuous positive Hermitian 
functional). A representation T(g) on E is called unitary (with respect to 
this scalar product) if 

(T(g)é, T(g)n) = (& 0) 


for every g €G and for every pair &,7 € E. 

Our goal in this section is to find the analogs of the exponentials for the 
group G of two-dimensional complex unimodular matrices. 

Consider first the simple example of the finite-dimensional representa- 
tion of G in which each g is taken to represent itself. Another example 
is the following. Consider the homogeneous polynomials of degree n, — | 
of two complex variables 2, , z,, that is, functions of the form 


Ny-1 n,—-2 ny-1 
P(% 5 By) = Age ++ aay “By ov + Qn, 129" 


These form a linear space of dimension n, . With every matrix g € G we 
associate a linear transformation T(g) on the space of these polynomials, 
obtaining a matrix of dimension m, . Let T(g) be given by the formula 


T(g)P(% , 2) = P(az, + y2_, B%, + 52). 


It is easily verified that T(g) satisfies the functional equation (1) and 
thereby forms a representation of G. Finally, a more general finite- 
dimensional representation of G is obtained by considering polynomials 
not only of z, and z,, but also of their complex conjugates. Let these 
polynomials be of degree nm, — | in z, and z,, and of degree n, — | in 
&, and 2, ; they then form a space of dimension n,n, . If, for instance, 
n, == mn, = 2, they are of the form 


P(2 5 295 21 5 Fy) = 411218 + 12212 + Ay10% + Apr%o¥e , 
that is, they are quadratic forms. 


Remark. The representations on the spaces of polynomials of 2, , 2, 
and their complex conjugates exhaust all of the so-called irreducible 
finite-dimensional representations of G. # 

In what follows we shall deal mostly with infinite-dimensional 
representations. Of course G has very many representations and of 
these many differ in an essential way from each other. But there are 
those whose difference is illusory, a consequence only of the fact that 
we have not given a very informative definition of which we mean 
by essentially different representations. For instance, the same formulas 
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for the representation can be obtained on a space of infinitely differen- 
tiable functions as on a space of functions differentiable only five times. 

We shall construct here those representations of G which play a basic 
role. These will be the representations on the spaces called D,, the 
natural generalizations of the spaces of homogeneous polynomials. It 
can be shown that every infinite-dimensional irreducible representation 
of the Lorentz group, with some natural additional assumptions, 
contains as a “‘nucleus’’ (that is, as a representation on an everywhere 
dense subspace with a stronger topology) a representation on D, . This 
is in fact the basic role of the representations on the D, . 


2.2. The D, Spaces of Homogeneous Functions 


We wish to define the spaces D, on which we will thereafter construct 
the representations of the two-dimensional complex unimodular group. 
The D, are spaces of homogeneous functions f(z, , 22 ; 21, 2,) of two 
complex variables. For notational convenience we shall henceforth write 
these functions simply f(z, , z,). Similarly, a function 9(z, 2) of a single 
complex variable will be written simply ¢(z). 

Recall that f(z, , z2) is called homogeneous of degree (A, uj), where 
A and «are complex numbers differing by an integer, if for every complex 
number a + 0 we have? 


f (421, a2) = arf (2, , 22). (1) 


Let n, and n, be a pair of complex numbers whose difference is an 
integer. For simplicity we shall denote this pair of numbers by the single 
symbol y, so that 

xX = (m, Mm). 
Now with each pair y = (m, , m,) of complex numbers we shall associate 
the space D, of functions f(z , 22) fulfilling the following requirements. 

1. f(z, , %,) is homogeneous of degree (nm, — 1, nm, — 1).3 

2. f(z,, %,) is infinitely differentiable in z,,z, and their complex 


2 We require that A — yu be an integer since only then will 
aAgt = | a j4+" exp{i(A — p) arg a} 


be a single-valued function of a. 
3 We choose the degree to be (m; — 1,2. — 1) rather than (m;, 72) for reasons that 
will become evident in the future. 
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conjugates throughout the entire region of variation of z, and 2,, 
except at (0, 0). 

We now introduce a topology into D,. A sequence { f(z, , 22)} of 
functions in D, will be said to converge to zero if on every closed 
bounded set not containing (0, 0) these functions converge uniformly to 
zero together with all their derivatives. We shall show later that D, is 
complete with respect to this topology. 


Remark. Other realizations of D, also exist. Consider a “contour” 
§2, in the space of two complex dimensions, which crosses each complex 
line a,z, + a,2, = 0 once. Because the functions in D, are homogeneous, 
they are uniquely determined by their values on 2. In this way D, may 
be thought of not as the space of homogeneous functions of two complex 
variables, but as the space of functions on 2. Note also that if a line 
a,2, + a,2, = 0 intersects a contour at more than one point, the values 
of a homogeneous function at the points of intersection differ by a 


factor depending only on the degree of homogeneity. # 


2.3. Two Useful Realizations of the D, 


Consider the complex line z, = | in a space of two complex dimen- 
sions. This line intersects each line passing through the origin (except 
2, = (0) at one and only one point. Therefore each f(z,2z,) € D, is deter- 
mined uniquely by its values on this line. In this way with each 
f(z, , 2) € D, let us associate the function 


p(2) = f (2, 1). (1) 
It is then clear that f(z, , z,) is given in terms of (2) by 
SF (B15 &) = BBY *R (21/29). (2) 


Now the functions g(z) form a certain function space, and in view of 
Eq. (2) we may call this space also D,. This space has the following 
intrinsic properties. Because f(z, , ,) is infinitely differentiable, y(z) is 
infinitely differentiable in x and %. Further, it satisfies an additional 
condition in the neighborhood of z == oo. This condition may be 
obtained from (2) by writing 


F (1,2) = ats tanp(2), (3) 
so that the function 
fa) — 2 13" Ng 2 1) (4) 
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is infinitely differentiable in z and %. Thus if 9(z) = f(z, 1), for 
f(21, 22) € D,, then v(2) and (2) are infinitely differentiable in z and 2. 
Let us call ‘e(2) the inversion of ¢(z). 

The converse assertion is easily verified: if (2) and its inversion $(z) 
are infinitely differentiable in z and %, the function f(z, , z,) defined by 
Eq. (2) is in D, . Thus Eq. (2) establishes a one-to-one correspondence 
between the infinitely differentiable homogeneous functions f(z, , 22) 
of degree (n, — 1, m, — 1) and the functions g(z) such that (2) and 
$(z) are infinitely differentiable. 

The topology we have introduced for the f(z, , z,) functions induces 
uniquely by a topology for the y(z) functions. A sequence {,,(z)}is said to 
converge to zero if in every finite region every sequence of derivatives 
to any given order both of the 9,,(z) and of the ¢,,(z) converge uniformly 
to zero. 

Asymptotically as | z | — 00, a function (z) € D, goes as 


92) ~ Calg}, (5) 


This is because according to Eq. (3) o(z) = 2”1-12"2-1f(1, 27), so that 
as | z|—> © we have 9(2) ~ f(1, O)a™~tgne-t, 


Remark. In fact by using the infinite differentiability of g(z) we can 
obtain a more exact result: As | z|—> oo the function 9(z) can be 
expanded in an asymptotic series of the form 


(2) wr ami tgnand > er (6) 


ik=0 


Indeed, since ¢(z) is infinitely differentiable at z = 0, we may write the 
asymptotic Taylor’s series 


He) ~ Dy bya’s* (7) 

j.k=0 
as z->Q. Then (6) follows immediately from (4) and (7) with 
aj, == (—1)™-™+7+kb,.. In general, asymptotic series cannot be differen- 
tiated term by term. The asymptotic Taylor’s series of (7) can, however, 
and the series obtained in this way are asymptotic series for the derivatives 
of ¢(z). This leads immediately to the result that asymptotic series for 
the derivatives of y(z) can be obtained through term-by-term differen- 
tiation of Eq. (6). The converse is also true. If g(z) is an infinitely 
differentiable function of z and Z and has an asymptotic series such as 
(6) that can be differentiated term by term to yield asymptotic series for 
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its derivatives, then g(z) is in D,. We shall omit a proof of this asser- 
tion. # 

Another useful realization of D, is the following. Consider the 
manifold 2 of all points (z,, 2.) such that | 2, |? + | z, |? = 1. Every 
line passing through the origin and intersecting this manifold at (w, , we) 
contains also all points of the form (ew, , e%w,), where y is a real 
number such that 0 < y < 2a. From homogeneity we have 


Flea, , ew) = exp[i(m — mg)y]f (wr . 2). (8) 


Consequently with every f(z,,2,)¢D, we can associate an infinitely 
differentiable function f(w,,w,) on the sphere* 2 whose equation is 
iw, |? + | we |? = 1; this function satisfies the homogeneity condition 
of Eg. (8). Obviously f(z, , 2) is obtained from f(a, , w,) by the equation 


F (21 5 22) = ref (ay/7, 24/7), (9) 


where r = (| 2, |? + | 2» |*)'. Conversely, if f(w,, w,) is any infinitely 
differentiable function on §2 and satisfies Eg. (8), the function f(z, , 22) 
defined by Eg. (9) belongs to D,. The realization of D, in terms of 
f(w,, w) is particularly useful because 2 is a compact manifold. 


Remark. Having established this realization, it is not difficult to show 
that D, is complete. Note that the topology on D, in this realization is 
defined as follows: a sequence { f,,(w, , w2)} converges to zero if and only 
if together with their derivatives of all orders the functions of this 
sequence converge uniformly to zero on 2. The proof of the completeness 
of D, proceeds in exactly the same way as the proof of the completeness 
of the infinitely differentiable functions on an interval. # 


2.4. Representation of G on D, 


We now go on to determine the representation of G, the complex 
unimodular group in two dimensions, on D, . Each g € G, of the form 


a B 


& | y 3p om By , 
induces the linear transformation 
== as, + yZ,, 2 = Be, + dz, 


4If the complex space of the variables z, and z, is thought of as a four-dimensional 
real space, then 2 is the unit sphere in this space. 
5 See Volume II, Chapter I, Section 3.3. 


29 Representations of the Lorentz Group 145 


on the space of the two complex variables z, and z, . This transformation, 
in turn, may be associated with the transformation 


SF (@1 32) > f (a2 + ye, B21 + 822) 


on D,, for it is clear that f(z, , 2.) € D, implies f(az, + yz_, 82, +822) €D,, 
since the latter function is also infinitely differentiable and homogeneous 
of degree (nm, — 1, m, — 1). 

Let us denote this linear transformation on D, by T,(g), so that 


T(g)f (2s . 2) = f (0% + ye, B% + 522), (1) 


where f ¢ D,. Obviously T,(g) is continuous in D,, meaning that if a 
sequence {f,,(z,, 2,)} in D, converges to zero, then the sequence 
{T,(2)f (21, 22)} also converges to zero. Further, 7,(g) depends con- 


tinuously also on the element g of G, meaning that if lim,,.. 2, = & 
then 
lim T,(8n)f (% + 2) = TAe)f (2 , 22)- (2) 


for any f € D,. 
It is easily verified also that 


T (282) a (8s) T (ge) (3) 


for any two elements g, , g,¢ G. Thus the set of transformations T,(g) 
on D, forms a representation of G. We thus arrive at the following 
assertion. To every pair of complex numbers y = (n, , m2) whose difference 
is an integer there corresponds a representation T,(g) of G. This representa- 
tion 1s realized on the space D, of infinitely differentiable functions f(z, , 2.), 
homogeneous of degree (n, — 1,m, — 1) in accordance with Eq. (1). We 
shall call y the weight of T(g). 


2.5. The T,(g) Operators in Other Realizations of D, 


We saw in Section 2.3 that D, can be realized as the space of all 
infinitely differentiable functions y(z) of z and 2 with infinitely differen- 
tiable inversion ¢(z) = 2”1712"=~1(— 27). Let us find the operators on 
these functions which correspond to the 7,(g). Recall that y(z) corre- 
sponds to the function 


F(%» %) = ay late lep(2,/32) (1) 
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of two variables, and that 7,(g) transforms this function into 
Fil» 82) = Ty(@)f (1 » 22) = f(o%1 + v%2 » B21 + 822). (2) 
We now use the homogeneity of f(z, , 2,), obtaining 
Fil%1 5 %2) = Faz +> 7%, BR, + 822) 


= (Bz, + S2,)%-(Ba, 4- 58)e-If (qe 1) 


Bz, + dz, , 


XB + YZ ) 


== (Bz, { 82)"—(Ba + 5a.) 19 ( Bz, + 82, 


Now 9,(z) = f,(2, 1) is the function of one variable corresponding to 
F{%, 5 %2), and by the above equation it is given in terms of (2) by 


az +y 
ret 


Go(2) = (Be + 8y-(Ba + 3)"tp ( 


Thus when D, is realized as the space of functions g(z) of a single 
complex variable, T\(g) is given by 


Teele) = (Ba + 8a + Bye ty (BETS), (3) 


Remark. It is also possible to write out T,(g) when D, is the space of 
functions on some arbitrary ‘“‘contour’’ 2 crossing each line of the form 
a,2, + a.2, = 0 once. To every two complex numbers 2, and 2, not 
simultaneously equal to zero corresponds a point (w,, w,) on 2 anda 
number p(2, , 2.) 4 0, such that 


% = p(% 1 2)o,, By = p(Z . Zw . 
Let g € G, and write 
Py(@y 5&2) = p(way +- yor 5 Barn + Ser2). (4) 


Then if D, is realized as the space of functions on 2, the operator T,(g) 
in this realization will be given by 


T(g)f (or \ Ws) 
a [Lp(a , wy) | —"[p,(o ; wr.) ]"2 Ff ( 


Gd + Ye Ba, +| Pen) (5) 
Ploy \ a.) , P(r , @p) 


If certain lines given by a@,2, +- a,2, = 0 intersect 2 at several points, 
p@, » @2) is not uniquely defined. But in this case f(w, wy.) is also not 
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arbitrary, but must satisfy certain additional conditions. Specifically, 
its values at the points where a given line intersects the contour must 
differ by a definite factor. It is then easily seen that T\(g) is uniquely 
defined by (5). # 


2.6. The Dual Representations 


Let D, be the space dual to D,, that is, the space of linear functionals 
on D,. Then a bilinear functional 


(F, ¢), 


where F'€ D, and y € D,, is defined in the natural way for these two 
spaces. Specifically, (F, ~) is the value of the functional F on the func- 
tion ¢. 

A representation of G can be defined on D). An operator 7,(g) of 
such a representation will be defined by 


(T,(g)F, gy) = (F, T(g~*)¢). (1) 


[That the 7\(g) form a representation, that is, that T (8182) = T (21) T (g2), 
is trivially verified. ] We shall call 7,(g) the representation dual to T (8): 
Note that if we replace p by T,(g)p in Eq. (1), we obtain 


(T.(g)F, T,(2)¢) = (F, 9): (2) 


This means that the bilinear functional (F, y) is invariant under 7,(g) 
and its dual 7;(g). 

Consider two space D, and D,, and an invariant bilinear functional 
Bp, $), ¢ © D,,, Ee Dy, , that is, one for which 


T,,(g)p, T,.(8)4) = Bip #) 


for any g € G. Let us assume that this functional is nondegenerate on D, , 
by which we mean that if 


Be, p) =0 


for fixed pe D, and for all fe D,,, then y = 0. We assert that then 
D,, can be mapped i in a one-to-one wey into D,, so that T, (g) is mapped 
into Ts Ag). In this way (a Ag), the representation dual to we (g), may be 
thought of as an extension of T (8): 


Proof. Each function ye D,, defines a linear functional B(g, }) 
on D,,. In this way D, is mapped into D),. Since by assumption 
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Bg, ) is nondegenerate on D, , only p = Ois mapped into zero under 
this mapping. Thus D, — D: iS a One-to-one mapping. 

Let us verify that T. (g) i is an extension of T, (g), that is, that on D, 
it coincides with T, (e. Consider a function y to be an element of 
D,,. Then 


(T,.(g)¢, £) = (p T,,(g*)#). 
On the other hand, from the definition of the mapping D, —> D?, we have 


(y, $) = Be, ip). 
Therefore, 


(pm Ty(g- 4) = Bp, T,(¢ 4) = BUT, (8)9, 4) = (Tle), #)- 


We thus find that (T(g) p) = (T,(e)¢, #), or that T, (g)¢ = T(2)¢. 

In Section 4 we shall show that for every pair of complex numbers 
xX = (m4, mz) the representations T\(g) and T_(g), where —y = (—m,, —ng), 
possess a nondegenerate invariant bilinear functional. This means 
that the dual representation 7,(g) is an extension of T_,(g). 


3. Summary of Basic Results concerning Representations on D, 


We shall devote the next few pages to stating the basic results con- 
cerning representations on D,, results which will be proved in Sec- 
tions 4-6. Their proof is of interest from the point of view of generalized 
functions, but is not necessary for the development of harmonic analysis 
on the group. Therefore the reader who so desires may read Section 3 
and then skip over directly to Chapter IV. 


3.1. Irreducibility of Representations on the D, and the Role of Integer Points 


There exist several possible definitions of an irreducible representation. 
The simplest of these, which we shall all subspace irreducibility, is the 
following. A representation on a space E is called subspace irreducible if E 
contains no closed invariant subspaces under the representation. This 
definition is a natural one for finite-dimensional representations, where 
no complications having to do with the structure of the representation 
space can arise (recall that all m-dimensional spaces are isomorphic to 
each other). Of course, in infinite-dimensional spaces, as well, we shall 
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require the absence of invariant subspaces for a representation to be 
truly irreducible. But this requirement will not be sufficient. 

The other kind of irreducibility we wish to introduce is operator 
irreducibility. A representation on a space E will be called operator irredu- 
cible if every closed operator® on E that commutes with all operators of the 
representation 1s a multiple of the untt operator. 


Remark. For finite-dimensional representations, operator irredu- 
cibility is equivalent to subspace irreducibility. For infinite-dimensional 
representations this is no longer true. We will see later that a representa- 
tion on a D,, x = (m,m,), is operator irreducible if m, and nm, are 
integers of the same sign, although D, has an invariant subspace. 
Therefore operator irreducibility is not true irreducibility. We shall 
nevertheless refer to it in this way, in order to avoid having to say every 
time, “a space in which every closed operator commuting with the 
representation is a multiple of the unit operator.” # 

Irreducibility can also be defined differently, in a geometric way which 
includes both absence of invariant subspaces and operator irreducibility, 
Let 7(g) be a representation on E. Consider the direct sum EF @ E. 
Then T(g) induces a representation on this direct sum. We shall call T(g) 
irreducible on E if every invariant proper subspace of E @ E consists of 
points of the form [c,£, c,&| where & runs through all of E, and c, and c, 
are fixed numbers. 

We prove first that this definition implies subspace irreducibility, i.e., 
that E has no invariant subspaces. Let H be an invariant subspace of E. 
Then the set of all pairs of the form [€, 7], where € runs through H and 
through all of Z, is an invariant subspace of E @ E. Obviously this is 
possible only if H = 0 or if H = E. Next, we prove that this definition 
implies operator irreducibility. Let A be a closed operator in E that 
commutes with all the 7T(g). Consider pairs of the form [€, Ag], where & 
runs through the domain of A. By assumption the set of these pairs is 
a closed subspace in the direct sum E @ E. Commutativity of A with the 
T(g) implies first that if € is in the domain of A, then so is T(g)é, and 
second that AT(g)€ = T(g)A&. But then [€, A] forms an invariant 
subspace of E @ E. But by assumption every invariant subspace of 
E @E consists of points of the form [c)€, c.é], where € runs through 
all of E; hence A is a multiple of the unit operator. 


Remark. The correct definition of irreducibility should be taken as 
the following. Let T(g) be a representation on a nuclear space E.’ 
® An operator A on EF is called closed if its graph (i.e., the set of all pairs [€, 4é], where 


é runs through the domain of definition of A) is a closed set in the direct sum EQ@ E. 
? For a discussion of nuclear spaces, see Volume 4, Chapter I, Section 3. 
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Consider the tensor product E © F, where F is any arbitrary space. 
Then a representation of the group is also defined on this space. The 
representation on E£ is called irreducible if every invariant subspace of 
E © F is of the form E @F,, where F, is a subspace of F. If F is two- 
dimensional, this leads to the previous definition of irreducibility (since 
in this case E © F coincides with E @ E). If F is one-dimensional, this 
is the statement that EF have no invariant subspaces. # 

In this chapter we shall prove only operator irreducibility of the 
representations on the D, . In fact we shall prove even a weaker result, 
since we shall be dealing not with all closed operators A but only with 
continuous ones. Specifically, we shall show in Section 5 that if A ts a 
continuous operator on D, and tf it commutes with the representation T,(g), 
that is, if 


AT,{g) = T,(g)A, 


then A is a multiple of the umt operator. 

For the purposes of the present book this result is quite sufficient. 
A stronger result can, however, be derived. Specifically a representation 
on D, for noninteger y (see below) is irreducible in every sense. Subspace 
irreducible, operator irreducible, and even irreducible as defined in 
terms of the tensor product. We shall not, however, prove this result here. 

A special role will be played by the 7,(g) representations in which 
x is an integer point. We shall say that y = (m,, m,) is an integer point 
if m, and n, are integers of the same sign (and both nonzero). We shall 
soon see that for integer points D, will have invariant subspaces. Con- 
sider first the case in which 7, and n, are positive integers. Recall that D, 
is the space of infinitely differentiable functions f(z, , z,), homogeneous 
of degree (n, — 1, m, — 1). Obviously if , and n, are positive integers, 
D, contains the invariant subspace E, of homogeneous polynomials of 
degree (nm, — 1, m, — 1). This is because the operators of the representa- 
tion, acting according to T,(g)f(2,, 22.) = f(az, + y%_, 8%, + 5%), 
transform such polynomials into other such polynomials. If D, is realized 
in terms of functions of a single variable z, the subspace of homogeneous 
polynomials becomes the subspace of polynomials (in z and 2) of degree 
no higher than 2, — [ in zg and no higher than 2, — | in &, or the 
subspace whose basis is {z*z4%, where k = 0,...,m, — I, and / = 0,..., 
n, — |. Obviously the dimension of this polynomial subspace E, is mn, . 

Since E, is invariant, G can also be represented on the factor space 
D,/E, , or the space of sets of functions in D, defined up to a polynomial. 
It can be shown that D,/E, has no invariant subspaces. Thus if 1, and ny 
are positive integers, D, = D,,,,, has “two levels,” that is, it has a 
single invariant subspace such that the factor space with respect to this 
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subspace has no invariant subspaces. In this sense the representation 
T,(g) on such a space resembles a Jordan lattice. We may now ask for 
the form of the representation on the factor space 


) 
omen oe . 


It will be shown in Section 3.2 that 
D [E. ~ D_y,, ny = == ~D 


Ny ny ny. == Nys—Ng * 


Consider now the structure of D_, = D_n,, _n,» Where , and ny, are 


still positive integers. Here the situation is the opposite. Specifically, 
we find an infinite-dimensional invariant subspace 


F & Day nglEnyang 


ny —n, == 
and a finite-dimensional factor space 


Day nyt Pn, —N,g == =~ E,,, ng* 
Let us describe them. Consider the subspace F_, = F_, ,, of D 
consisting of functions g(z) such that 


i aS a 
bin = 5 | o(zyeia" dz dz — 0, 


where j = 0, |, 1-1, and k=0O,1, »— 1. It is a simple 
matter to show ie Swen T_,(g) is apolied t to any (2), the 6,, are 
subjected to a linear transformation. Thus /_, is invariant. 

Since F_, is invariant, G can also be represented on the factor space 
D_,IF_, , that i is, on the space of sets of functions in D_, defined up to a 
function i in F_, . Obviously the elements of this factor space are uniquely 
determined by their moments 6,,.. Thus the factor space D_,/F_, has the 
finite dimension n,n, . 


Remark. Recall that we saw in Section 2 that D_, is contained 
in D), the dual of D,. We could therefore have studied the structure of 
D_, in terms of that of D, simply by going over to the dual space. # 


x 


3.2. Equivalence of Representations on the D, and the Role of 
Integer Points 


We shall call two representations T, (g) and T, (g) equivalent if there 
exists a linear operator A which is a one-to-one bicontinuous mapping 
of D,, onto D,, such that 

Tg) = Tyle)A. (1) 
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In this case we shall call T, (g) the image of T, (g) under A, and say that 
A is an intertwining operator for the representations T,,and T,,. We shall 
consider essentially different only nonequivalent representations. It is 
natural, then, to ask when T, (g) and T, (g) are equivalent. 

It will be shown in Section 5 that T, (g) and T,,(g) are equivalent if 
and only if one of the following is true: 


Case 1. x, = xe (the trivial case). 


Case 2. yx, = 
point. 

It will also be shown in Section 5 that the intertwining operator A is 
determined in each of these cases uniquely up to a factor. In the trivial 
Case | this operator is a multiple of the unit operator.8 The form of A 
in Case 2 may be described as follows. Let D, and D,, be realized 
in terms of functions ¢(z) of a single complex variable. Then the operator 
A that maps D, into D_, may be defined by 


(nm, , My), x2 = (—%,, —My), Where y, is not an integer 


Agta) = 5 f (a, — 2) NE, — 2)" tp(e,) day dy 2) 


This integral is to be understood in the sense of its regularization.® 
Similarly, the operator B that maps D_, into D, is obtained from Eq. (2) 
replacing , , 2, by —n,, —n, , so that 


Bole) = 5 [ (a — a)" (R, — 2) p(s) day dg, 2’ 


Note that BA is an operator on D, which commutes with every 
operator of the representation. Because the representation is operator 
irreducible, it follows that there exists a number y» such that BA = yE, 
where E is the unit operator. We shall see in Section 5, in fact, that 


w= (—1)rdnP®(ny + mg + | my — my|)(—my — mg + | my — nly. 


Remark. The following theorem can be proven. Let T(g) be an 
irreducible representation on some space E, such that for every con- 
tinuous rapidly decreasing function f(g) the integral f[f(g)T(g) dg 
converges. Then it is possible to choose a y such that there exists a 
continuous one-to-one mapping of D, into E which intertwines T(g) and 


8 Actually this result is the statement of operator irreducibility of the representation 
on D, , according to which any operator that commutes with the operators of the repre- 
sentation must be a multiple of the unit operator. 

® This regularization will be defined in more detail in Section 5. 
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T,(g). We shall call the representation on E equivalent to the corre- 
sponding one on D,. It turns our that even with this weaker definition 
of equivalence, there exist no other pairs of equivalent representations 
onthe D,. # 

Once we have agreed to call essentially different only inequivalent 
representations, we may speak of the set of all inequivalent representa- 
tions of G. The elements of this set will actually be classes of equivalent 
representations. Since each representation 7T\(g) is given by a pair of 
complex numbers 7, , 7, differing by an integer, we may think of this set 
as a ‘‘Riemann surface.”’ The points of this Riemann surface are given 
by a pair of complex numbers whose difference is an integer. Thus the 
universal covering space of this representation space is a countable 
sequence of complex planes. We shall call a branch point of this Riemann 
surface a point such that each of its neighborhoods contains equivalent 
representations. The order of the branch point is defined in the natural 
way. In view of what has been said already, the only branch point on the 
Riemann surface is m, = 0, m, = O. Its order is 2. As will be seen later, 
integer y play a special role on this surface. 


3.3. The Problem of Equivalence at Integer Points 


Consider now the pair of spaces D, and D_, where x = (m, , m,) and 
—y = (—7,, —n,) are integer points (i.e., 2, and n, are nonzero integers 
of the same sign). We shall see in Section 5 that the operators A and B 
such that 


D4 D_, and D_,.*D, 


which have been defined in Eqs. (2) and (2’) of Section 3.2 intertwine 
the representations also in this special case. 


Remark. Strictly speaking the definition 


1 = = 5 
Ala) = 5 f (= 2) ~ 8) G(s.) day da 


of A has no meaning when 7, and n, are positive integers, since the 
right-hand side, considered a function of m, and n,, has poles at such 
points. We could, however, have multiplied the integral by the appro- 
priate product of functions, thus defining the operator A at these singular 
points. It will be shown in Section 5 that this new operator is of the 
form A = omtre/agmagr, ff 
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As we shall see, however, A and B are no longer isomorphic mappings 
of the spaces on each other. Let us assume, to be specific, that , and n, 
are positive integers. First consider B, which maps D_, into D,. It is 
given by 


—X 


Bole) — 5 [ ( — ay — 2" Iga) dey dey. ) 


The right-hand side of this equation is a polynomial of degree n, — | 
in z and, — lin%. Thus B mapsall of D_,into the subspace E, = E,, ,,, 
of D, . It is also seen from Eq. (1) that B will map ¢(2) into zero if ‘and 
only “if the moments 


by, = 5 | #8%p(2) dz d 


all vanish for j = 0, 1,...,2, — 1, and k = 0,1, ...,m, — 1. We have 
already denoted the subspace of these functions (see Section 3.1) by 
F_,. Thus B establishes the isomorphism discussed in Section 3.1, 
namely 

|F ~ E, 


La —Ngl* —Ny ng == nyne* 


Now consider the mapping A, which maps D, into D_,. As has 
already been mentioned, A = 0"1+™2/@z™16z"2, Obviously this operator 
annihilates the subspace E, of polynomials of degree no higher than 
n, — | in z and n, — I in Z. It can be shown (and will be in Section 5) 
that A maps D, not onto D_, , but onto its invariant subspace F_, . Thus 
A establishes the isomorphism 


De cial Bas ny, == at OE —Ny, * 


Thus we see that the same relations hold at integer y as at noninteger y, 
relations between the representations in D, and D_,. It is remarkable, 
however, that additional relations occur at integer y. Specifically, the 
existence at integer points of the following intertwining operators for 
the representations will be shown in Section 5: 


Ay 


Day ng ? D_ay ng ’ Dayne ad Dip mae 5) 
and 
By B 
Dn. “em Dining ’ Dy,.—ng 7 Deans ‘ 
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(recall that 2, and n, are positive integers by assumption). The operators 
that give rise to these mappings are 


A, => B, = 04/2, A, — B, ee 6"2/08"2. 


It will be shown also that A, and A, are mappings onto the entire 
space and annihilate the subspace E,. Thus these operators establish 
the isomorphisms 

Digial Eni jig ED and Day nel Engng SE Dry. —ng « 


Ny» Me Ny Ne 


It will be shown also that B, and B, are one-to-one mappings of D_, 
onto F_,, and that they therefore establish the isomorphisms 


and Dy, —m, Se F 


Nyy * 


It should be mentioned that B,A, = A maps D, into D_,. 
The results can be represented in the single diagram of Fig. 4. In 


lan, 
A, 
i=—— a oe 
AM “3 1% 
Ae 8, 
en | el -. 
e er Be 1 %2 Fn. 


Oe———————Eq, im 


Fic. 4. 


this diagram all the (directed) sequences containing two (and only two) 
of the D, are exact. (Recall again that , and , are assumed to be positive 
integers.) 

We shall see in Section 5 that there exist no representations connected 
by such mappings other than those described in Sections 3.2 and 3.3. 


Remark. Let us call two irreducible representations 7,(g) and T,(g) 
closest relatives if they are contained in the same operator-irreducible 
representation; more accurately, if there exists an operator-irreducible 
representation on a space D, and if D contains an invariant subspace 
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D, such that the representation on D, is equivalent to T,(g), while the 
representation on the factor space D/D, is equivalent to T,(g). We shall 
say that two representations are relatives or related if we can go from one 
to the other along a finite chain of closest relatives. From the preceding 
discussion it is seen that the finite-dimensional representations of G 
on E,, .n, are closest relatives to the representations on D_, ,, = Dy,.-n,- 
It can be shown that there exist no other relations between the irreducible 
representations of G (i.e., except for these, none are even distant relatives 
of any others). In Chapter VII we shall see that the relationship between 
the representations of the group of real matrices is somewhat more 
complicated, A general definition of related representations is given in 
I. M. Gel’fand, ‘“‘Some Questions of Analysis and Differential Equations,” 
Uspekhi matem. nauk, 14, No. 3 (1959) (in Russian), in which a topology 
is introduced on the set of representations. From this topology it is seen 
that integer y are in a Certain sense singular points on the ‘‘Riemann 
surface” of the representations. # 


3.4. Unitary Representations 


Under certain conditions there may exist in a D, a Hermitian bilinear 
functional (g, %) which is invariant, i.e., such that 


T(g)p, Tg) = (p #) (1) 


for all y(z) and Y(z) in D, and for any element ge G. If this functional 
is positive definite, we will use it for a scalar product, and then the 
representation itself will be unitary with respect to this scalar product. 

We may ask when such a scalar product can be introduced into one 
of the D, . This question will be discussed in Section 6, where it will be 
shown that it can be done in the following two cases. 


Case 1, When n, = —7,. For this case the scalar product is given by 
(os ¥) = 5 | oa ype) de az. (2) 


We shall call a representation on such a D, a representation of the principal 
series. 

Case 2, When n, = n, = p, where p ~ 0 is a real number such that 
—1 <p <1. In this case the scalar product is given by 


(p, #) = (3) | | % ~ & |-2°-2p(z, (22) dz, dz, dz_ dz, . (3) 
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We shall call a representation on such a D, a representation of the supple- 
mentary series. 


4. Invariant Bilinear Functionals 
4.1. Statement of the Problem and the Basic Results 


In Section 3 we summarized the results concerning the representations 
T,(g) on the D,. All these results will be obtained by a single method 
involving the study of invariant bilinear functionals. To find invariant 
bilinear functionals is in itself an interesting problem of representation 
theory. We shall engage in no discussion of the equally interesting 
problem of finding invariant multilinear functionals. 

Let us start with a general definition of an invariant bilinear functional 
for a pair of representations. Consider two representations 7,\(g) and 
T,(g) of a group G, acting on the linear topological spaces FE, and E, , 
respectively. Let B(p, 4) be a continuous bilinear functional whose argu- 
ments ¢ and &% may be arbitrary elements of Z, and £, . By this we mean 
that for any 9 € E, and any # &€ E, , we have 


Bag, a bye ’ p) 7 aB(y, ’ p) ale bB(¢2 ’ p), 
Bg, ay, + bby) = aBle, 41) + OB(q, 2), 


and that B(g, 4) is a continuous function of » and # in the direct sum 
of the topological spaces FE, and E,. Then B(g, ) is called invariant 
under the representations T,(g) and T,(g) if for arbitrary p € E, and fe E, 
and for any g € G, we have 


Bip, $) = BUT ,(g)e, T2(g)¥). 


In Section 2 of this chapter we constructed the representations T,(g) 
of G on certain linear topological spaces D,. All later analysis in this 
chapter will be based on the study we are about to undertake of bilinear 
functionals invariant under pairs of representations T, (g), T,,(g). The 
basic results we shall obtain can be stated in the form of two theorems. 

Consider two representations of our group G, namely 


Ty(8)o(2) = (Ba + 5)"4Gs + by ty (F) 


and 


as Vy 


T,(g)o(2) — (Ba + 8)" -NBE + 3Y"*p (7), 
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acting on D, and D,, , respectively. We wish to find a bilinear functional 
invariant with respect to T, (g) and T,,(g). The answer will be found to 
depend on the numbers s, = —3(m, + m,) and s, = —4(n, + m,). 

For s, and s, not negative integers or zero, there exists an invariant 
bilinear functional if and only if m, = n, and m, = n,. When it exists 
(Section 4.4, Theorem 1) it is of the form 


1 2 
Bp.) = (5) [ (ex — 22), — Bag (be) dey da dy diy 


For s, and s, negative integers or zero, we obtain the following 
result (Section 4.5, Theorem 2). An invariant bilinear functional exists 
if and only if one of the following conditions is fulfilled: 


Case I. 
Case 2. 
Case 3. 
Case 4. 


mM, 
mM, 
mM, 


mM, 


nN, , My = Ny; 
—N,, M, = —Ny; 
n,, M, = —n,, where n, = 0, 1|,...; 


—n,, mM, = n,, where n, = 0,1,.... 


If it exists, it is given by the following formulas: 


Case I (in which case n, and n, are nonnegative integers).!° 


Bop. b) = 5 [ ota) de de. 


Case 2. 
Ble) = 5 | (2 Ws) de de. 
Case 3. 
Bo. ¥) = 5 [oh (a Wa) ded. 
Case 4. 
Bip, $) = ; | pi-"2)(z)xb(z) dz dz. 
It should be emphasized that for m, = n,, m, = n,, and for m, = —n,, 
M, = —Nn,, invariant bilinear functionals exist for arbitrary m, , m, while 


in Cases 3 and 4 they exist only at discrete points. 


10 We have here written 


an" (z) 


ae As" © 


pitrts)(z) = 
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The proof of these results is based on the following preliminary remark. 
With each matrix 


=|° B 
gs = | y 6|!’ 
with «5 — By = I, one may associate the linear-fractional transformation 


w = (az + y)/(Bz + 8) of the complex plane. This association has the 
property that matrix multiplication corresponds to multiplication of 
these transformations, and both e and —e (where e is the identity matrix) 
are associated with the identity transformation, while no others are. It is 
well known that every linear-fractional transformation of the complex 
plane can be obtained by combining the following three types of trans- 
formations: 


1. Parallel translation, 


resem (LOD 
2. Dilation, 

oe (1g Up 
3. Inversion, 

soe 18 Sb 


Therefore it is sufficient, in trying to establish whether a given bilinear 
functional is invariant, to study only those operators of the representa- 
tions which correspond to these three types of transformations. 

In the analysis which follows, the conditions that a bilinear functional 
be invariant under the transformations corresponding to translation and 
dilation are the same for all cases, so we shall study these separately in 
Section 4.2. 


4.2. Necessary Condition for Invariance under Parallel Translation 
and Dilation 


Consider two representations 


T,,(g)o(2) = (Be + 81s + 8p (Fe a) (1) 
and 
Tyga) — (Bx + 8Y"*Be + By" (FFP) (1) 
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of our group G, acting on D, and D,, , respectively. Let us find first the 
form of a bilinear functional if it is to be invariant under parallel transla- 
tion. We shall start by discussing functionals only on K, that is, for ¢(z) 
and (2) in the space of infinitely differentiable functions of bounded 
support. 


We assert that a bilinear functional on K which 1s invariant under 
parallel translation is of the form 


B(p, $) = (Bo, &), (2) 


where By is some generalized function on K, and w(z) 1s given by 


w(2) = 4 f oleiWle + 2) dz, a. 3) 


Proof. The operators T,(g) and T,(g) corresponding to parallel 
translation are given by 
T,,(9) (2) = 9% + 2), 
Tyo(g (2%) = ¥(@ + 20). 


The invariance of B(y, #) under all T, (g) and T,,(g) implies that it must 
be invariant also under these particular operators, which we shall call 
displacements, so that 


Bly, $) = Bole + 20), Wz + 20). (4) 


In Volume 4 (Chapter II, Section 3.5) we obtained the following 
result. If B(g, ys) is a Hermitian bilinear functional on K which 1s invariant 
under displacements, then it is of the form | 


B(p, #) = (Bos | (x) —y) dx), 


where B, is some generalized function on K. Obviously this result can be 
reformulatedto fit the case of functionals which are linear ineachargument 
(i.e., not Hermitian), and we then obtain Eqs. (2) and (3). 

Having obtained the general form of a functional invariant under 
displacements, let us add the requirement that it be invariant also under 
dilations of the form z — «?z, and this will then give us the form of By . 
We shall see, in fact, that B, is a homogeneous generalized function of 
z and z of degree (s; — I,s,— 1), where s, = —4(n, + m,) and 
Sg = —}(m, + my). 
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For dilation T, (g) and T,,(g) are given by 


T,,(g)p(@) = Mra net te (oz) (5) 
and 


Ty (2) o(2) = MAM Hg (aha), (5) 


Then the statement that B(g, %) is invariant under these operators may 
be written 


Bp) = MGB Glatz), Wa*2)). 


Now let us use Eqs. (2) and (3), bearing in mind that 


 { olta watts + ml) da, dz, 
= |al‘4 Z | (a )y(o®z + 2) dz, d%, = | w \-tw(xz). 


We then arrive at 
(By, w) = ME ™(Bo , eo(a2a)). (6) 


This means that B, is homogeneous of degree (s, — 1, s, — 1) as stated. 


Remark. Note that s, — sy must be an integer. This may be 
seen by writing « = —1 = e™ in Eq. (6), which then yields 
exp[m(-n, — m, + ny + m,)t] = 1. Therefore -(n, + m,) + (my + m,) = 
2(s, — S,) must be an even integer. # 

Homogeneous generalized functions were discussed in Appendix B of 
Volume !. It was shown there that to each pair of complex numbers 
(Ss, , 82) whose difference is an integer there corresponds (up to a constant 
factor) one and only one homogeneous generalized function of degree 
(s; — 1, 8, — 1). This homogeneous function corresponds to the ordinary 
function Cz~1z%~-! for z 4 0, except if s,,s, = 0, —1, —2,.... For 
these values of the s, the generalized function becomes 8'~*1~%)(z, z).44 
We shall call this case, i.e.,when s, and s, are simultaneously negative 
integers or zero, a singular case."* Thus in a nonsingular case 


(By, @) = % | 218 1w(z) de dz, (7) 


i 

2. 

'! We remind the reader that 8'—*:--“:)(z, 2) denotes the partial derivative 
O-*1-"s O(z, Z)/Oz-%1 OZ-%e 


2 This division into singular and nonsingular cases is made only for convenience, and 
is not essential. 
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where for Re(s, + s,) < 0 the integral is to be understood in the sense 
of its regularization. 

Thus if s, = —4(nm, + m,) and s, = —2(n, + m,) are not simul- 
taneously negative integers or zero, every bilinear functional invariant 
under parallel translations and dilations is given, for every pair of 
functions g, % € K, by the expression 


Bop. 0) = (5) [stg | ole + solar) dz 8 dz, ds, 


- (5) | (2 —~ &)**(%, — %g)* Mp2 )Y(2y) dz, d2, zy d3,. (8) 


On the other hand, if s, and s, are simultaneously negative integers or 
zero, the invariant bilinear functional is given by the expression 


Bip. ) = (3) | 5-41--82)(z) [ o@ + 2,)b(2,) dz, dz, dz dz 
es (3) i S' 1+ 2(z, —-Bq)p( 2 )yb(%_) dz, d, dzy dF 


= [pha eyi(a) de da. (10) 


We shall find the conditions under which B(g, #) is invariant under 
inversion in Section 4.3. 


Remark. Recall that D, can also be realized as the space of functions 
f(%., %2) of two complex variables, homogeneous of degree (n, -- |, 
n, — 1) and related to the g(z) by 


f (2 5 Bq) = 2g" 18g?" p(B, /22). 
Then the expressions for the bilinear functional in terms of these coor- 


dinates can be obtained by replacing z by 2,/z, and 2’ by 2;/z3 in Eq. (8). 
This yields 


BO fe) = is es (21%) — 3122)" "(8% — 82) “fila » Sa)f2(31 , %)ww’, (11) 


8 For Re(s,; + s2) < 0 the integral is to be understood in the sense of its regularization. 
For instance, if —m < Re(s, + 52) < —m }- 1, this regularization is defined by 


' m-3 nae 
Z 2 7 ph Cg. )xtz/ - - 
By, $) = (5) { aes i ote) Re eo ae rae dvdsdz aes 
7tG-0 ” 


(9) 
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where 


@ = 5 (2, dz, — Bg dz,)(%, dz, —_ By dz), 


oe 5 (1 dz, — x, dzi)(x, dz, — 3, di), 
and I and I” are contours intersecting once each line passing through 
the origin. (The exact meaning of this requirement has been explained 
in Chapter II, as well as in Volume 1, Appendix B, Section 2.5.) Note 
that z,2, — 2,3, is invariant when the points (z,, z,) and (z;, 22) are 
simultaneously subjected to a transformation of the group 
By —> a2, + 2, 
eh By Sti (12) 


®, —> Ba, + dz, 


It would be of some interest to obtain Eqs. (11) directly by starting with 
the realizations of D,, and D,, as spaces of homogeneous functions. # 


4.3. Conditions for Invariance under Inversion 


We now wish to find what further conditions are needed in order that 
Bg, ) be invariant also under the inversion z — —I/z. In the present 
section we shall deal with the case in which s, and s, are not both 
negative integers or zero. The singular cases will be treated in Section 4.5. 

The first question we ask is, for what values of y, = (m,, m2) and 
Xo = (m, , m,) will such an invariant bilinear functional exist? Let us 
then assume that it exists. As was shown in Section 2, it must then be 
given by 


, 7 2. z=. > : . = 
Boo d) = (4) f(a ~ 22)" 1G, — 8) pales) da, di dy dy (1) 
for p(z) and ¥%(z) in K. The requirement that B be invariant under 
operators T, (go) and T,(g,), where gy is an inversion, places certain 


further requirements on s, and s,, and these are what we wish to find. 
First note that our operators are given by 


T,,(go)p(2) = 2118 19(— 27), (2) 


Ty(go(2) = 2" 12" N(—2""). (2') 


Since in general these equations transform functions in K into functions 
not in K, we must narrow the class of functions we are dealing with. 
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Let us require, therefore, that g and % vanish in a neighborhood of 
z = 0. It then follows that the functions appearing in (2) and (2’) are 
also in K. We shall assume further that the supports of y(z) and (z) 
have no points in common. This means that there exist nonintersecting 
compact sets A, and A, such that (2) vanishes outside A, and ¢(z) 
vanishes outside A, . 

The invariance of B(y, %) under the transformations of (2) and (2’) 
may now be written 


52 
(5) Je — By)" 3(B, — By) hp 24) aq) dz, dz, dzy di, 
i? 
= Of flea ae 


X 37 a 1p(—2} Nay? aaa (23 *) dz, d3, dz, dz, . (3) 


Since by assumption 9 and ¢% have nonintersecting supports, each integral 
converges in the ordinary sense. Let us now write z, = —l/w,,k = 1,2, 
on the right-hand side of Eq. (3), which then becomes 


i\* : : . ts 
(5) i (2 — 22) '(% — Fe) p(2 (Ze) 421 d2, dzy dz, 
i\? - = = 
= (5) f @ ~ a), — a) tep-m ample.) 
x wy 40, "Yi w,) dw, dw, dw, di, , (3’) 


where we have used the fact that n, — n, + m, — m, is even, as estab- 
lished in Section 4.2. This equation is possible only if 


—~s,—-n, = 90, Sg — Ng = 0, 

S$; —- mh = 0, Sg Mm, = 0. 
Now inserting s, = —4(n, + m,) we find that n, = m, = —s,, 
& Sk PAZ 7 k ke k k 


k = 1,2. Recall moreover that by assumption the s, are not both 
negative integers or zero. It then follows that the m, may not be non- 
negative integers. 

Summarizing, we have the following result. 

Let T,.(g), x1 = (m4 5 m2), and T,,(g), x2 = (my, m,), be two representa- 
tions of G, and assume that 5, = —4(n, + m,),k = 1,2, are not both 
negative integers or zero. Then a bilinear functional B(q, ys) invariant under 
T,,(g) and T,(g) can exist only if y, = x2, that ts, if n, = m,. If it 
exists it 1s given for p(z) and f(z) in K by the expression 


Boos) = (5) [ (a — 2) A — 4)" Hp a Wan) dey dy dag diy. (4) 
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[For Re(n, + n,) > 0 the integral is to be understood in the sense of its 
regularization. |" 


4.4. Sufficiency of Conditions for the 
Existence of Invariant Bilinear Functionals (Nonsingular Case) 


Weshall now show that the necessary conditions we have found for the 
existence of an invariant bilinear functional for s, not both 0, —1, ... 
(k==1, 2) are also sufficient. What we must show is that if m, are not 
both 0, I, ..., there exists in D, a bilinear functional B(y, x) which is 
invariant under 7,(g) for all g, 4 ¢ D, and for all ge G. 

In Section 4.3 we showed that if such a functional exists it is given 
by the expression 


Bod) = (4) fe — eG — Ye ole Wan) ds, dF, dog dy (1) 


for y(z) and %(z) in K. We shall now prove the following assertion. 
The functional B(¢, ys) defined for functions in K by Eq. (1) can be extended 
to a continuous bilinear functional on all of D,, , and this extended functional 
is invariant under T,(g). 

The proof is simple in essence, but somewhat cumbersome. If he 
desires, the reader may skip it and go on to the complete statement in 
Theorem | at the end of the section. 


Proof. We start with the following lemma. 


Lemma. [If ¢(z) and ib(z) are in K and g ts an element of G such that 
T,(g)p(2) and T,(2)x(z) are also in K, then for B(g, 4) as defined by Eq. (1), 


Blo, $) = BT Aa)p, Tele): (2) 
More explicitly, Eq. (2) states that 
(EY fer — ear — Ba) Hpe ble) day di, de 
i\? 
=(5) [@—aynt@ — aye 


x (Ba, + 8)-1(B3, + 5)s-Ip ( 7 +) 


X (Bey + 8)"-1(BZ, + 5)" Caney dz, di, dz,d%,. (3) 


“This regulariation is discussed in Footnote 13. 
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Both sides of this equation are analytic in m, and n,." It is therefore 
sufficient to show that it holds for Re(m, + n,) < 0. But in this case the 
assumptions we have made concerning 9(z), %(z), and g imply that the 
integrals on both sides of the equation converge absolutely. Now let us 
write 

az + y og, + y 
Bz, +8 a Bz, + 6 


in the integrand on the right-hand side of (3). After some simple opera- 
tions we find that the integral becomes 


= BW, 


1 2 
(5) } (wy, ~ wy) BD, - Dy) "2-* p(w )y(tg) dev, dw, dw, did, , 


which is the same as the integral on the left-hand side of (3). This proves 
the lemma. 

Let us now extend B(g, %) to all of D,, maintaining its invariance. 
Let y(z) and %(z) be in D,. Assume first that there exists an open set 2 
on which both 9(z) and ¢(z) vanish. Then there exists an element 
&o¢ G such that T,(go)p(z) and T,(go)#(z) have bounded support, for it 
is possible to choose 


a p 
w= |) | 
ly 3) 
so that the linear-fractional transformation 


pS ae 


et} 


corresponding to it maps some point of 2 onto the point at infinity. 
Then we define the bilinear functional for these functions by the expres- 
sion 


Big, #) ae B(T,{g0)@s T,(80)y). 


Moreover, this definition does not depend on the choice of g,. Indeed, 
let g, be some other element of G such that T\(g,)¢(z) and T\(g,)¥¢(2) 
have bounded support. Then T,(g,g7') transforms T,(g,)p and T,(g,)5, 
both of which have bounded support, into T,(go)p and T,(g))’, which 
also have bounded support, so that 


B(T,(8:)p» T (gb) = BUT (80)@, T,Ago)#)- 


‘5 More exactly, they are analytic in A = nm, | mn, for fixed integer n, —- mz. 


4.4 Invariant Bilinear Functionals 167 


In this way B(g, %) is extended to all p(z) and (2) in D, which 
vanish in a given open region. Obviously this extended functional is 
bilinear, for if p, , y, , and vanish in some region 2, then 


Bay, + @eg2, 4) = 4,B(p,, #) + 42B(yz , ¥). 
Similarly, if p, ys, , and %, vanish in some region 92, then 


B(g, by + doe) = 6, B(q, Y) + O2.B(q, 2). 


It is also obvious that this functional is invariant under the entire repre- 
sentation T(g). 

What remains is to define B(g, ~) for any (2) and ¥(z) in D,. On 
the complex plane we choose three regions 2, , 2, , 2, such that (1) 
every pair of them has a nonempty intersection and (2) there exists no 
point belonging simultaneously to the closures of all three regions. Then 
obviously every g(z) € D, can be written in the form 


(2) = gi(2) + pal2) + val2), 


where each ¢,(z) vanishes on 2, (¢ = 1, 2, 3) and belongs to D, . 
Now let y and % be any two functions in D, . As above, we write 


P(2) = pi(2) + val2) + va(2), 
(2) = Yi(z) + oz) + H(z). 
The functional B(p;,%;) is defined for any pair y,, %,, since these 


functions vanish in a common region (namely the intersection of 2, and 
Q,). We then define B(g, %) by the expression 


3 
Ble #) = 2 Beers). 
It is easily shown that this definition is independent of how ¢ and y are 
broken up into the y, and %, and that B(g, ) so defined is an invariant 
bilinear functional. 
This completes the proof of the sufficiency. Summarizing, we have 
the following theorem. 


Theorem 1. Assume the representations 


T,(@)o(e) = (Bs + 8)" Bz + 31 (F-) (4) 
and 
Tile) = (Be + "Gs + Sry (+2) (a) 
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of G to be such that s, = —43(n, + m,) and s, = —(n, + m,) are not 
both negative integers or zero. Then there exists a continuous bilinear 
functional B(, x) invariant under T, (g) and T,(g) if and only ifn, = m,, 
Ny, == m, (or in other words x, = yx. = x). When it exists, B(p, &) 18 
defined for (2) and (2) in K by the expression 


Bp, ) = (i)? [ @& — me), — yn 
x plese) day diy dty diy (5) 


[For Re(n, + n,) > 0 the integral is to be understood in the sense of its 
regularization,| For functions with unbounded support, B(g, us) is defined 
by bilinearity and invariance. 

It may be remarked that for Re(m, + n,) <0, Eq. (5) can be used 
to calculate B(g, %) for all functions in D, . This is because the integral 
in (5) then converges in the ordinary sense for all ¢, % € D, .1® 


4.5. Conditions for the Existence of Invariant Bilinear Functionals 
(Singular Case) 


In Section 4.3 and 4.4 we dealt with the nonsingular case, in which 
s, and s, are not both negative integers or zero. Let us now go on to the 
singular case, in which s, , s, = 0, —1, —2,.... 

In Section 4.2 it was found that a bilinear functional defined on the 
functions of bounded support, invariant under parallel translations and 
dilations in the complex plane, must be of the form 


Bip, $) = (xi? i SF 21(B_ — By) ¢(2 (Zp) dz, dz, dzy d2y, (1) 
where 8~81-~82)(z) =: 8-81-82 §(z)/d2-% 02-%. Let us now study the 


additional conditions imposed on y, and y, if B(g, %) is to be invariant 
under the inversion z — —1/z. The matrix 


_ | 9, 1 | 
#=|_1, ol 
corresponding to this inversion is represented by the operators 
T,(60)9(@) = 212" 19(—2), 
Ty,(Bo (2) = 218" —2"). 


16 This convergence is most easily seen if one writes out the expression for B(, ¢) 
in homogeneous coordinates [see Eq. (11) of Section 4.2]. 
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We shall assume that ¢(z) and (2) not only have bounded support, but 
vanish in a neighborhood of z = 0. Then T, (go) and T,,(go)y also have 
bounded support, and 


B(T,, (80) (2); T, »(80)¥(2)) 
. (5) J Sz, — ag)at lene t@(—a71) 


. a aly — 251) dz, dz, dz, dz, . 


Thus invariance of B(y, ys) under inversion may be written 


i\? - : 
(5) [ 8% (a1 — za)ola)W(ee) day dé day dig 
=(5 7: ios (x, —~ &,)270— Tye) o(— a, ) 
X apt 1B? *yh(—z_') dz, dz, dz, dz, , (2) 


where y(z) and ¢(2) are any two functions in K which vanish in a neigh- 
borhood of z = 0. We now write w;, = —1/z, (Rk = 1, 2) in the integral 
on the right-hand side, and bear in mind that 


(—1fretme —— (ee ee = 1. 


Then Eq. (2) becomes 


i\? A : 
(5) i S822, — 2y)p(2,)¥(22) dz, dz, dz, d3, 


ar _ 
= (5) [Brae (A) wrm-ly-ne} 
5) 1 1 


WW, 


X wel, ™lep(w, )yp(Wp) dev, di, dod, dade . (3) 


The integral on the right-hand side can be simplified somewhat by 
using the properties of the function. Let P(w) == P(w,, ..., w,) be an 
entire analytic function of m complex variables such that the manifold 
whose equation is P = 0 has no singular points, and let a(w) be an 
infinitely differentiable function that vanishes nowhere. Then 


d.D(a@P) a ak -lg-l-18. 0 (P) (4) 


(this is discussed in Appendix B of Volume 1). We now set P = w, — w, 
and a = |/w,w,. This might at first seem to be in violation of our 
requirements, since a has singularities at w, =- 0 and w, = 0. Recall, 
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however, that the function ¢(w,)/(w.) in Eq. (3) vanishes by assumption 
in the neighborhood of w, = 0 and w, = 0, so that the behavior of a 
in this neighborhood is irrelevant. Thus we may replace the derivative 
of the & function in Eq. (3) by (w,w,)-*1t1( @, W,)—82418'—91—82)(w, — we), 
This yields 


(5) fone Ceyia) de dz = (5) [ wra-me-n-maie) 


x [w MB S2 "2@(w)]' 8-82) dw dw, (5) 


Obviously this can be true only if 


g'—81-— 52) (w) = wW-S1—™M BH S2- Mf 1 Nap 82 "2(w)]' 8y1—-Sq) (6) 


Let us find the exponents for which this may hold, The expression on 
the right-hand side of (6) can be written as a sum of the form 


S$, —8_ 


Dy Dy Hk 10 HTP rep*(w) 

k=0 l=0 
and according to Eq, (6) this sum must consist of the single term 
g'sv-82)(w), For s,; 40 and s,40 this is obviously possible only if 
—-$,— n, = 0 and —s, — n, = 0. If s, = 0 and s, # 0, it is possible 
only if —s, — n, = 0, Similarly, if s, 4 0 ands, = 0, it is possible only 
if —s, — n, = 0, Thus at least one of the following conditions must be 
fulfilled: 


Case 1. s, = ~My, 5, = —My; 

Case 2, s, = 0, 5. = 0; 

Case 3. 5, = —n,, 5, = 0; 

Case 4. s, == 0,5, = —MN,. 
Summarizing, we have the following result. 

Let xy, = (n,, ny) and y, = (m,, m,), and assume that s, = — }(n, + m,) 
and s, = —+4(n, + m,) are negative integers or zero. Then there exists a 


bilinear functional B(p, ys) invariant under T, (g) and T,,(g) only if one 
of the following conditions 1s fulfilled: 


Case 1. n, = m,, ng = m,3n,, nz = 0,1, 2,...5 
Case 2. ny = —m,, WM, = —m,; 
Case 3. n, = m,n, = —m,,n, = 1,2,...; 


Case 4. ny, = - m,n, = m,n, = 1,2..... 
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We have established also that if such an invariant bilinear functional 
exists, it is given in each of these cases by the following expressions: 


Case 1. 


Bo, ¢) = if pi-"2)(z)b(2) dz dé. (7) 

Case 2. 
Bo, 8) = 5 f o(eWa) ds ds, (8) 

Case 3. 
Bip. W) = 5 { o(ayhle) de dz. 0) 

Case 4. 
Bow, db) = 5 [ prea) da a. (10) 


[It is assumed in all these equations that y(z) and (2) are in K.] 

We have thus not only found the values of the m, and m, for which 
an invariant bilinear functional may exist, but also have found the form 
of this functional on functions in K when it does exist. We shall now 
show that these conditions are not only necessary, but sufficient. 

Let us first consider Case 2, the simplest, namely m, = —m,. For 
gy(z) and #(z) in K, Eq. (8) defines B(g, 4). But the integral in (8) 
converges as well for all y(z) and (2) in D,, and D,,, respectively. 
Indeed, we know that as z — oo, such functions behave asymptotically 
according to the two relations 

~ nm, —len,-1 
92) ~~ Cyat-1g% 4, (ut) 
Pz) w Cozi lated se Cyg 1g tet, 
Therefore (2z)b(z) ~ C,C,| z |~*, so that the integral in (8) converges. 
Further, Eq. (3) defines an invariant bilinear functional, as may be seen 
from the following. With m = —m, and for any element 


e=|% 3 
of G, we find that 
B(T,,(g)9, T,,(g)$) 


= [ Tools) Tee) dx a8 


= ; [ e +.8)-°Be +5)-% ( +t) y (Fe TY) de dé, 
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Now if we write («z + y)/(8z + 6) = w in this integral it becomes 
5 J o(w)yb(w) dw dw. Thus 


B(T,,(8)9, T,,(g)$) =s BY, p), 


as asserted. 
Let us now turn to Case |, in which m, = m, are nonnegative integers. 
Then for g(z) and #(z) in K we have 


Bop, #) = (5). f 8a, — zadpleaWlea) da, dB; dey dF, 
(12) 
= 5 g\"-2)(z) (2) dz dz. 


Now this integral converges for all g(z) and #(z) in D, , x = (m,, nz). To 
see this we make use of the asymptotic series 


G2) ~~ arrctgnet > A;,2-43-*, z—> 00 
4,e=0 
[see Eq. (6) of Section 2.3]. Now since the m, are nonnegative integers, 
the derivative appearing in (12) behaves asymptotically as 
gi") (z) ~w Cygemrlere: th 


Further, £(z) ~ Cy2z™-1z"-1 so that p(™-™)(z)h(2) ~ CyC,| 2 |-* and 
the integral in Eq. (12) converges. Consequently Eq. (12) defines a 
functional B(g, #) for all p, b¢D,; furthermore this functional is invariant, 
that is, 


B(T,(g)p, T(g)$) = Be, $). (13) 


Since this has already been established in Section 4.2 for parallel trans- 
lations and dilations, we need only prove it for inversions, 


T,(go)o(2) = 2182-1) = G2), 
that is, we must show that 
BG, f) = B(T,(g0)y, T,(g0)) = BQ, ¥). (13’) 


Now by definition, we have 


BOG, P) = BaF fe, — ane (23) 


x apt 13g" 1b(—29') dz, dz, dz, dz, . (14) 
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Let us first assume that p and # as well as their inversions ¢ and ¢ are in K 
(which means that g and % must vanish in a neighborhood of z = 0). 
We then write w, =: —1/z, in (14), and as before, since g(w,)s(we) 
vanishes in a neighborhood of w, = 0 and w, =: 0 [see Eq. (4)], we 
arrive at 


BS, ib) = (3) [ simne( = =| wie” *Br "1 9(2p,) 


WW, 
X wy” wy" 1ah(w,) dw, dd, dw, di, 


= (5). f simon, — eo) (en) (en) deo diy deo diy 


= Bg, #)- (15) 


This proves Eq. (13’) for 9, %, 4, # in K. 

The case of more general y and 4% is easily reduced to this one. Func- 
tions in K whose inversions are also in K do not form an everywhere 
dense set in D,. Nevertheless for every pair of functions p ¥ € D, one 
can find a pair cif functions ,,%,¢K, whose inversions ¢, ,%, € K, ‘such 
that B(p, 4) and B(g, f) simultaneously differ by an arbitrarily small 
amount from B(9, , 4) and B(¢, , #,). Then since B(y, , #1) = B($,, #,), 
the assertion can be proved. 


Remark. These approximating functions y, and %, are obtained by 
“smoothing to zero”’ the initial functions g and % in the neighborhood 
of z = 0 and z = oo. Since Eq. (12) involves the derivative of », the 
smoothing must be performed where #,(z) is already equal to zero. # 

Cases 3 and 4 can be treated quite analogously. 

Summarizing, we have the following theorem. 


Theorem 2. Assume the representations 


T (eyes) = (Bx + Bye + 8) (F5) 


and 


T(e)be) = (Ba + 8ym-BE + Syrrny (FF) 

of G to be such that s, = —4(n, + m,) and s, = —4(n, + m,) are 
negative integers or zero. Then there exists a continuous bilinear functional 
B(g, xs) invariant under T,(g) and T,,(g) if and only tf one of the 
following conditions 1s fulfilled: 


17 Note that since 2, - m2 is an integer, all the n, and m, in Cases 3 and 4 are integers. 
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Case 1. 1m, = m, = 0,1, 2, ...5 


Case 2. nm, = —m,; 
Case 3. ny = m, = 1,2,..., mg = —m,; 
Case 4. ny = —m,,n, = m, = 1,2,.... 


When it exists, B(, >) 1s defined for each of these cases by the following 
expressions. 


Case |. 

Blo ¥) = 5 [ omno(ayile) dz da. (16) 
Case 2. 

Blo, d) = 5 | oleae) de dz. (17) 
Case 3. 

Blo, ¥) = 5 fo (a(z) de de. (18) 
Case 4. 

Blo, W) = 5 [ oo @Ws) de de. (19) 


4.6. Degeneracy of Invariant Bilinear Functionals?® 


A bilinear functional B(g, 4) defined on a pair of spaces D, and D, is 
called degenerate on a subspace E, C D, if Big, &) = 0 for all pe EZ, 
and 4¢D,. Similarly, it may be degenerate on a subspace FE, C D,. 
We shall show in this section that the invariant bilinear functionals 
defined in Sections 4.4 and 4,5 are sometimes degenerate. 

Consider first Case 1, in which nm, = m, = 0, 1,2,.... Then it is 
clear from Eq. (16) of the previous section that B(g, %) = 0 if y(z) is a 
polynomial of the form 


ny-1 ny—1 


2) = DD aziz’. (1) 
j=0 =O 
[We already saw in Section 3.1 that these polynomials form the invariant 
subspace FE, C Dy, x1 == (m5 m2).] Hence if m, and n, are nonnegative 
integers, the invariant bilinear functional B(y, ) defined on D,, is 
degenerate on the finite-dimensional subspace E,, . 


18 This section and the following one will not be used later, and the reader may omit 
them if he so desires. 
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Now consider the case in which 1; = m,, but the m, are not non- 
negative integers. We then have 


Boo ¥) = (5). [ (ex — a) 1G, — fa)" Hp ay Wan) dey diy dg dy 


It is then obvious that if in addition m, and m, are negative integers, 
B(g, #) vanishes for all y(z) € D,, whose moments 


bin = 5 | zi8kg(z) dz di 


vanish for j = 0,1, ..., —n, — 1,k = 0,1,..., —m, — 1. [We already 
saw in Section 3.1 that these functions form an invariant infinite- 
dimensional subspace FC D,, such that the factor space D, /F,, has the 
finite dimension n,n, .] 

The bilinear functional will be degenerate also in Cases 3 and 4 if 
both n, and ny are nonnegative integers. In fact, for instance, Eq. (18) 
of Section 4.5 shows that then in Case 3 B(g, %) vanishes for p given 
by (1). As in Case 1, these functions form the finite-dimensional invariant 
subspace E, C D,, . The situation is similar in Case 4. 


4.7. Conditionally Invariant Bilinear Functionals 


Consider a representation on D, for integer y (i.e., m, and n, are 
nonzero integers of the same sign), As we have seen, there exists on D, 
an invariant bilinear functional, degenerate on an invariant subspace. 
It is possible to introduce another bilinear functional on this invariant 
subspace which will also be invariant under T\(g). 

Assume first that m, and n, are negative integers. We then have 


BO.) = 5 [ei a) 1G, ~ )-M Apa W(ay) day dB, dog dy, (1) 


which is degenerate on the subspace F, of functions p whose moments 
b,, vanish forO <k < —n, — 1,0 <s < —n, — 1. We wish to find 
an invariant bilinear functional on this subspace F,,. But first note the 
following, Early in our considerations (see Section 4,2) we used the 
homogeneity condition 


B(p(z), H(z) = oPer+PaPso?B(o(a%z), (oz), (2) 
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where, as always, s, = —4(m, + m,). From this we derived the result 
that B(p, 4) must be of the form 


Bow) =C(5) [ae [foe +a) anda] deds — @) 


(in our case n, = m,, so that s, = —n,,k = 1, 2). If, however, we 
restrict our considerations only to g(z) and #(z) in F,, Eq. (2) will be 
satisfied not only by (3), but also by 


Bip, ¥) = (5) famtanetin| 2! f oe dWe + 2) dz dé dz, di. (4) 


This is because 27"-13-"-1]1nj2z| is an associated homogeneous 
generalized function (see Volume 1, Appendix BI.5), so that 


By((a#2), (oz) 
= om 2a2ne?[ Bi (p(2), H(2)) + In | «| B(y(2), ¥(2))]. 
But 9(2), #(z) €F, implies that B(g, 4) = 0. Therefore 
B,(p(o#z), PoPz)) = 22a 82" By(p(z), $(2)), 
so that B,(g, ys) is invariant under the dilations 
T(g)9(2) = ms Hta-nettg(a?z), 
Tyg ga) = a mattommethb(otz), 


One can then show by direct calculation that B,(p, 5) is an invariant 
bilinear functional on F, . 

In summary, then, if n,,n, = —1, —2,..., there exists an invariant 
bilinear functional on the subspace F, C D,, and this functional is given 
by the expression 


Bi, ¢) = (3) i (% — 2) "1%, — %) "et In | 2, — 22 | 
X p(2)(%) da, d8, dz, day. (5) 


Now let 2, and n, be positive integers. We then have 


Bp, #) = 5 [ git" (@ yz) de dz, 
2 


which is degenerate on the subspace E, of polynomials of degree n, — | 
in z and n, — | in Z. In this case there also exists an invariant bilinear 
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functional B,(g, 4) on the subspace. Obviously this functional will be 
uniquely defined by the numbers 


Crs,rp = By(2*8, 273'), 
O<k, r<n-—l, OSs, t<n,—l. 


We first show that c,.,,= 0 if kR+rAn,—1l ors+t An, — 1. 
Again we use the fact that B, must be invariant under dilations. This 
yields 


= 2(n,—k—r—-1) 5—2(n.—s—t—1) 
Crsrt = OT one Cks.rt - 


If cys 2 % 0, this equation can be satisfied only if k + r = n, — | and 
stti=n— 1. 

Thus we need find only the cy. == Chsin,—x-1,n,-s-1 - This may be done 
by using invariance under parallel translations, which implies that 


0 — B,(2*z8, am kgne—s-1) 


= B,([z + 2o]"[% + £0)’ [= + 20]"-*1E + F]"2-*7). 


We now expand the right-hand side in powers of z, and set the 
coefficients of z9 equal to zero. We then obtain the recurrence relation 


Rey_y.5 + (my - Rey, = 9. 
It is shown similarly that 
Soa + (the — Sey = 0. 
These relations may be solved (for simplicity we set cy, = 1) to yield 


Ri(n, ~ k — 1)'s!(n, — s — 1)! 
(m — 1) — 1b 


Ces = ( 1)i+s 


Therefore for polynomials of the form 


ny—-1 n,-1 


oz) = >, >, atvate 


k=0 s=0 


and 
ny—l ng—1 
Wz) = DY) > alraztze 


k=O 3-0 
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we arrive at the functional 
ny-l ny—-1 


BOD OS (ee aie inet 


In summary, then, ifm, , m, = 1, 2, ..., there exists an invariant bilinear 
functional B,(p, 4%) on the subspace EZ, of polynomials of degree n, — | 
in z and m, — | in 2. This functional is defined by Eq. (6). 


5. Equivalence of Representations of G 


We now wish to study the conditions on y, = (m,,m,) and 
Xo == (m,, m,) such that the representations 


To(g)o(2) = (Bs + 8)"-1B8 + 5p (FF) (1) 
and 
Ty (e)(2) = (Bz + 3)™- (Bz Ae 5yr2ly e +4) (2) 


of G are equivalent. In other words we shall we shall study the conditions 
under which there exists a linear operator A which is a one-to-one 
mapping of D,, onto D,, and such that 


AT,,(g) = T,,(g)A. (3) 


(We shall than say that A intertwines T, and T,, .) In the process we shall 
discover which representations T,(g) and T,,(g) are what is called 
“‘partially equivalent,’ that is, we shall determine when there exists a 
linear operator A satisfying Eq. (3) and mapping D,, into D,, (but not 
isomorphically), 

Also in the process it will be shown that any continuous operator on 
D,, that commutes with the 7,(g) is a multiple of the unit operator [which 
then establishes the operator irreducibility of T(g)]. 


5.1. Intertwining Operators 


Let us find for which representations T, (g) and T,(g) there exists 
a continuous linear mapping A + 0 of D. into D, “(not necessarily 
one-to-one and not necessarily onto all of D. ‘) such that 


ATx(g) = T(2)A. (1) 
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If A is an isomorphism, that is, if A is a bicontinuous one-to-one 
mapping of D,, onto D,, , then T, (g) and T,,(g) are called equivalent. 

We first establish a relation between such intertwining operators A and 
invariant bilinear functionals. As was shown in Section 4.5, there exists 
on the pair of spaces D_,, and D,,, where xy, = (m,, m,) and 
—YXe = (—m, , —m,), a nondegenerate invariant bilinear functional, and 
this functional is given by 


(9) =4 | Wepl2) de de. 2) 


Now let A be a linear operator that maps D,, into D,,. With A we 
associate the bilinear functional 


Bie, $) = (; Ag) (3) 


on the pair of spaces D,, and D_,,. Here pe D,, and ye D_,,. 

We then assert: A intertwines T,(g) and T,,(g), that 1s, satisfies 
Eq. (1), if and only if B(y, b) = (, Ap) ts invariant under the representa- 
tions T,,(2) and EO Ae) 


Proof. Equation (1) is equivalent to the statement that the equation 
(T_y.(g), AT,,(8)9) = (Tal8)> T,.(8) AQ) (4a) 


holds for all pe D, and ye D_,,. The invariance of B(g, ys), on the 
other hand, may be written 


(T_,.(g) AT,,(g)~) = (}, Ag). (4b) 


The left-hand sides of these equations are identical. Moreover, the 
right-hand sides are equal because (, y) is invariant under T_, (g) and 
T,,(g). Consequently (4a) is the same as (4b), or the commutation of A 
through T, (g) and T,,(g) and the invariance of B(g, y) under T, (g) and 
T_,,(g)are both expressed by the same equation. This proves the assertion. 

In Section 4 we found the possible y, and x, for which an invariant 
bilinear functional may exist, and hence to find the conditions under 
which the intertwining operator A may exist we need only replace y, 
by —x. in the results of Section 4. In this way we arrive immediately 
at the following result. 

An operator A + 0 mapping D,, continuously into D,, , for x, == (m , M2) 
and x, = (m,, m,), and intertwining the representations, 1.e., satisfying 
Eq. (1), exists if and only if one of the following four conditions is fulfilled’: 


1® These cases are the same as those of Section 4, but are renumbered for convenience 
and because x has been replaced by ~ x2. 
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Case 1. ny = m,n, = M,; 


Case 2. ny, = —m,, nN, = —m,, m,, Mm, not simultaneously non- 
negative integers; 

Case 3. ny = —m,, nm, = —m,, n, , nN, nonnegative integers; 

Case 4. ny = —m, = 1,2, ..., mg = m,; 

Case 4'. ny = m,n, = —m, = 1,?2,.... 


Further, the results of Section 4 can be used to establish the form of 
the incertwining operator for each of these four cases. In fact if A exists, 
then there exists the invariant bilinear functional 


Bp, ) = Bi | H(z) Aga) de da (5) 


on the pair of spaces D, and D_,,. We saw in Section 4, on the other 
hand, that if it exists, such an invariant bilinear functional is determined 
uniquely up to a factor, and by replacing y, by —y, in the results of 
that chapter we arrive at the following results (in a somewhat different 
order). 


Case 1, 
Blo, #) = 65 | He)ole) de di, 6) 

Case 2. 

Bio v) =e (4) f Ge — 2M — 4 

X 9(2)H(29) dz, dz, dz, diy . (7) 

Case 3. 
Bp.) = 5 f gimme ble) de da. 8) 

Case 4. 
Bop ¥) = 5 [ (ele) de de. 9) 

Case 4’. 
Blo. v) = €5 f (ele) de d8. (10) 


To obtain expressions for A, we need only compare Eqs. (6)-(10) 
with Eq. (5). Thus we may summarize the results of Section 5.1 as 
follows. Let T,,(g) and T,(g,) be two representations of G. An operator A 
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mapping D,, continuously into D,, and and intertwining these represen- 
tations, that is, satisfying Eq. (1), exists in the following four cases. 


Case 1. yx, = x,. Then A is of the form 
Ag(z) = ce(z), (11) 


and is therefore a multiple of the unit operator. 


Case 2. x, = (m,, Mm), and y, = —y, = (—%,, —,), where n, and 
Nz are not simultaneously nonnegative integers. Then A is of the form” 


Agla) = 8 f (e — ay) — 3) gla) day da, (12) 


Case 3. yxy, = —yx_, Where m, and n, are nonnegative integers. Then 
A is of the form?! 


On1+"2@°(2) 
Case 4. x, = (m, M2), X2 = (—m,, m2), Where n, is a positive integer. 


Then A is of the form 


Ag(2) = « 227) , (14) 


oz" 


Case 4’. x, = (m, Mz), X. = (%, —M2), Where mn, is a_ positive 
integer. Then A is of the form 


ase. (14’) 


OFN2 


We call particular attention to Case 1, in which x, = y,, or D,, = D,, . 
This case establishes that any continuous linear operator on D, that 
commutes with all the operators of T,(g) is a multiple of the unit operator. 
We have thus, in fact, demonstrated the operator irreducibility of T,(g). 


20 The integral is to be understood in the sense of its regularization. 

21 Note that Eq. (13) may be thought of as a special case of (12). This may be seen by 
rewriting (12) withe- = I'(—4n, — $n, + 4] m — n, |) and recalling that the generalized 
function 

(a = 2), — a 


T(— $m — gn2 + $1 ms — ne |) 


becomes 8'"1-"2)(z, — z) for nonnegative integers n, and n,. 
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5.2. Equivalence of Two Representations 


Let us now find the necessary and sufficient conditions for the 
representations T, (g) and T,,(g) to be equivalent. Recall that two repre- 
sentations are called equivalent if there exists an operator A which is a 
bicontinuous one-to-one mapping of D,, onto D,, such that 


AT,(g) = T,.(g)A. (I) 


In Section 5.1 we found the necessary and sufficient conditions on 
x, and y, for there to exist such an operator A, and we found expressions 
for A in several cases. To establish whether T, (g) and T, (g) are further- 
more equivalent we need only find what additional conditions must be 
placed on y, and y, if A is to be a bicontinuous one-to-one mapping of 
D,, onto D,, . 

Case | is of no interest, since then D, and D,, simply coincide. Let 
us therefore turn immediately to Case 2. 

We then assert that if n, and n, are not integers of the same sign, the 
representations T,(g) and T_,(g) are equivalent. For the proof, consider 
an operator A mapping D,, into D,, (where x, = —y,) and such that 
Eq. (1) is satisfied. As was shown in Section 5.1, this operator must be 
of the form 


Ag(e) = 5 f (@ — ay Xe — 8) Mpa) dey de, 


Consider also the operator A, mapping D,, into D,, and intertwining 
the representations, which means in this case that 


A,T,,(g) oe T,(g)A, : 


Then similarly A, must be of the form 
Ay2) = 5 | (@ — ah — 4)" 49a) de, a, . 


Now the operator 4,A maps D,, into itself. Further, we have 
A,AT,,(g) = A,T,,(g)A = T,,(g)A,A. 
It therefore follows from the operator irreducibility of T, (g) that A,A is 
a multiple of the unit operator E, and we write 
A,A = wE. 


Similarly a : 
1 — Beh. 
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If we can now that p, #0 and p, + 0, we will have shown that 
A and A, are isomorphisms of D,, and D,,, and therefore that the 
representations are equivalent. Thus let y(z) be an infinitely differentiable 
rapidly decreasing function in D, . Its Fourier transform ¢(w) is also 
an infinitely differentiable rapidly decreasing function. Let us make the 
further assumption that ¢(w) vanishes in a neighborhood of w = 0. 
Now consider A,A operating on ¢. We first find the Fourier transform 
F[Aq] of Ap. Since Ay is the convolution of y(z) with the generalized 
function 2—"1-1z-":-1, its Fourier transform is given by 


Fl Ag] = Fle 13-1] F(w). 
But it is known that 


2-mxmarriiex nal D(—3[m, + mg] + 31% — Me |) 


ra[n, ms] + 31m m,| + 1) 


Flat tz] = 


wg” , (2) 


Therefore by assumption concerning g(z), F[Aq] is also an infinitely 
differentiable rapidly decreasing function vanishing in the neighborhood 
of w = 0, Let us now find the Fourier transform of A,Ag. We have 


F[A,Ag] = Fiz" 12"2-1] » FLAg). 


Now on the right-hand side we may insert for the first factor an expres- 
sion similar to (2), but with m, replaced by —, , and for the second the 
appropriate expression in terms of (2), and then after canceling some 
factors and using the fact that F[A,Aq] = p4¢, we obtain 


by = (- 1)! 24am, + mg + | my - My 1)? 
X (—m, — my + | my — My |)-?. (3) 


The same expression will obviously be obtained for AA, . 

We thus find that 4,4 = AA, = wE, where p is given by Eq. (3). 
Consequently » +4 0, and the operators A and A, are isomorphisms of 
D,, and D,,. This proves the equivalence of T, (g) and T_, (g), for m 
and n, not nonzero integers of the same sign. 

Now consider the case of integer y; = —ye2, ie., m, and m, nonzero 
integers of the same sign.” We may then show that for this case T, (g) 
and T_, (g) are not equivalent. 


22,The case ny = nm, = 0 is, of course, unnecessary to consider because in this case 
D,, coincides with D,,. 
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Indeed, let us assume, without loss of generality, that m, > 0 [other- 
wise we could merely interchange the roles of T,,(g) and T,,(g)]. Then 
the operator A mapping D, into D,, and intertwining the representations 
is of the form 

ON1+M2 


¢————_. 
Oz™108"2 


A= 


This operator is obviously singular. Indeed, it annihilates all polynomials 
in D,, of the form 


ny—-1 n,-1 


pz) = > > 5,2), 
j=0 k=0 
Therefore T, (g) and T,,(g) are not equivalent. 

The only cases left are 4 and 4’, namely those in which y, = (n,, m.), 
Xo = (—7, , n.) for positive integer m, , and y, = (7, M2), Xo = (My, —Me) 
for positive integer m,. In these two cases T,(g) and T,,(g) are not 
equivalent. Indeed, if they were equivalent, there would exist an 
operator A, mapping D,, into D,, and intertwining the representations. 
But we know that no such operator exists.” 

In summary, we arrive at the following result. 

Two representations T,(g) and T,(g), where yx, = (tm, m) # 
Xo == (m,, m,), are equivalent if and only if 


n= —m, nN, = —mM,, 


and n, and n, are not integers of the same sign. When they are equivalent, 
the bicontinuous one-to-one mapping A of D,, onto D,, such that 


AT,(g) = T(g)A 
is given by 
Ags) = 5 [ (@ — a) ME — AY" Ig(z,) day day . 


[For Re(m, + n,) > 0 the integral is to be understood in the sense of its 
regularization. | 


5.3. Partially Equivalent Representations” 


We have already seen that there may exist an operator A intertwining 
a pair of representations without these representations being equiv- 


3 In any case, we know that any intertwining operator A mapping D,, into D,, is 
a differential operator and that it therefore annihilates some subspace. 
24 This section is not needed for the rest of the book and may be omitted if so desired. 
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alent. Let us call two such representations partially equivalent; we shall 
analyze this phenomenon in some detail in this section. 

Recall that two representations T, (g), x; = (m, ™,), and T,,,(g), 
X2 == (m,, m,), possess an intertwining operator but are inequivalent in 
the following three cases. 


Case 1. Integer y, = —y, (that is, m, and n, are integers of the same 
sign, OF 742, > 0). 

Case 2. n, == —m,,n, = m,, where n, = 1, 2,.... 

Case 3. n, = m,,n, = —m,, where n, = 1, 2,.... 


Case 1. We may assume without loss of generality that n, and n, 
are positive integers. Then D, and D,, have invariant subspaces. 
Specifically, the invariant subspace of D, is spanned by the polynomials 


ny—1 no—1 
DD 42s", (1) 
k=0 i=0 
and we have called it E, . The invariant subspace of D,, is spanned by 
all functions 4(z) whose moments 


by = : | 2l84b(2) dz di (2) 


vanish for j = 0, l, ...,.m, — 1 and k = 0, 1, ..., m, — 1. We have called 
this subspace F, 

Thus T, (g) and T,,(g) each induce two other representations of G, 
namely those on the invariant subspaces and that on the factor spaces. 
It turns and that the representation of G on D, /E,, is equivalent to the 
representation on F,, . Similarly, the representations on D,,/F,, and on 
E, are equivalent. 

“Let us first prove the first of these assertions. Consider the operator A 
which maps D,, continuously into D,, and is such that 


AT,,(g) = T,,(g)A. 
We have seen that this operator is of the form 


on +e 


Oz10z"2 © 


A= 


Let us find the kernel and image under the mapping A. Obviously A 
annihilates all the polynomials of Eq. (1) and nothing more, so that the 
kernel of A is Ey 
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We assert further that the image of D,, under A 1s the subspace F,, . 
Indeed, let y(z) be some function in D,, with bounded support. Then 


anitng(z) 
Ae) se Oz™OZN2 


is in F,,, for integration by parts yields 


Oni +Mag(z) 
gkgl 
be = = sf Oza" shia 
OM1+"2(x*Z") 


aye y(z) dz dz, 


= (—1yrtmet 3 
which vanishes for nonnegative integers k <n, and/ < n, [see Eq. (2)]. 
Further, F,, contains also all functions of the form (2) = AT, (g)p(z), 
where ¢(z) has bounded support. Indeed, 


Wz) = AT,,(g)p(2) = T,,(g)Ag(2)- 


But we have seen that Ag(z) belongs to F,,, and we know that F,, is 
invariant under T, (g). Therefore (z) also belongs to F,, . To complete 
the first step of the proof, we remark that every function g(z) € D,, can 
be written as a linear combination of functions of the form T, (g)p;(z) 
where ¢,(z) has bounded support. This means that ¢(z) € D,, implies 
that ae) eF,,, and therefore that A maps D,_ into the subspace F,, 
of D, 

We assert finally that A maps D, onto all of F,, . Let D-1 and D+ be 
operators on the functions 4(z) of bounded support, defined by the 
equations 


D(a) = [ ble) dx +i f ve) a, 
(3) 
D-wy(2) = | We) dx — i [ We) dy. 


(The integrals in these equations are understood as primitive functions 
vanishing as x > —-0coO and y—» — oo, respectively.) Now it is easily 
shown that if (z) has bounded support and is in F,,, then 


9(2) = D-%D-"ab(z) 


also has bounded support and that Ag(z) = 0"1+"(z)/82™ 02" = (2). 
We have thus established that every 4(z) ¢ F,, with bounded support is 
the image under 4 of some ¢(z) with bounded support. This implies 
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that every function in F,, of the form ¥,(z) = T,,(g)4(2), where (2) €F,, 
has bounded support, is also the image of some function in D,_, for we 
have seen that there exists a g(z)¢D,, such that ¥(z) = Ap(z), and 
therefore 


¥i(2) = T,,(g)Ag(2) = AT,,(8)e(). 


It is easily shown that every function in F,, can be written as a linear 
combination of functions of the form T,,(g)il2), where by(2) eF,, has 
bounded support. This means that every function in F,, is the image 
under A of some function in D, , and thus the image of D, under A is 
the entire subspace F,, . 


Remark. This last assertion could also have been proven differently. 
In fact consider the operator 


2 
BY(®) = a Tim — 1! 


x5 f @ — ae — at in| — 2, | oe) de, diy, 


and recall that 2%:-12"2-1 In| z | is an associated homogeneous generalized 
function of degree (nm, — 1, m, — 1). Direct calculation will show that 
this is a mapping which carries a function from F,, into D, . Further, 
the fact that 


Otte 


O203"2 [ 


a(n, — 1)!(m, — 1)! 
= 5 8(z) 


em tenet in | zg |] 


implies that ABy(z) = (2) for all ¢(z) eF,,. Therefore A maps D,, 
onto all of FY. 

We have thus shown that the kernel of the mapping 4 is the invariant 
subspace FE, C D,, and that the image of D, under A is the invariant 
subspace FC D,,. Therefore A induces a one-to-one mapping of the 
factor space D, /E,, onto F, . Since by assumption 


AT (g) = T,,(g)4, 


this proves the equivalence of the representations on D, /E,, and F,, 
Let us now analyze the representations induced by T,,(g) and T’ (8) 
on E, and D,,/F,,, respectively. These representations are also equiv- 
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alent. To prove this we consider the operator A, mapping D,, into D,, 
and intertwining the representations, defined by® 


Ayia) = 4 f (@ — 5) — "(a dey da (4) 


It is easily seen that A, transforms any function ¢(z) ¢ D,, into a 
polynomial of degree x, — 1 in z and n, — 1 in &. In other words, 
A, maps D,, into FE, C D,,. Obviously the kernel of this mapping 
consists of functions whose moments b,, vanish for 0 <k <n, — 1, 
0<s <n, — 1. Now it is always possible to find a function with 
bounded support having a given set of moments, and therefore A, 
maps D,, onto all of E,. This then proves the equivalence of the 
representations induced on E£, and D,/F,, . 

We have thus established ‘the following results for Case 1, in which 
Xi == (™, M2) = —xXe2, Where n, and n, are positive integers. 


(i) The representation induced by T, (g) on the factor space D, /E,, 
is equivalent to the representation induced by T,,(g) on Fy, 


(ii) The representation induced by T, (g) on E,, is eeuialen to the 
representation induced by T,,(g) on the factor space D, /F,, . 


We can now go on to Cases 2 and 3 listed at the beginning of this 
section. For these cases the operator A that intertwines T, (g) 
and T,,(g) is of the form A = @™/0z™ in Case 2 and of the form 
A = 6":/03"2 in Case 3. Then by considerations similar to those we have 
just gone through, we arrive at the following result. Let 2, = —m,, 
Ny, = m,, Where n, is a positive integer. If n, > 0, the operator 
, = 6/02% establishes an isomorphism between the factor space 

D,,/E,, and D,, . fn, <0, this same operator establishes an isomorphism 
between D, and F. 

A similar assertion ‘holds for the case in which n, = m,, nm, = —m,, 
where n, is a positive integer. 

Thus for n, and n, positive integers, we have established the equivalence 
of the following four representations: 


(a) The representation induced by T,.(g), x1 = (m5 M2), on the factor 
space D, /E,, 


25 Tn general if n, and m, are any numbers, the integral in (4) may diverge, and it must 
then be understood in the sense of its regularization. In our case, however, when n, 
and n, are positive integers, the integral converges. This follows immediately from the 
fact that as | 2, | —» 00 the functions ¢(z,) € D,, have the asymptotic behavior 


2(z;) ep Capt lz! 
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(b) The representation induced by T,.(g), x2 = (—m,—mz), on F,,. 
(c) The representation T, (g), x3 = (—m , M2), on D,, . 
(d) The representation T, (g), x4 = (™, —Mz), on D,,. 


In addition, the representation induced by T, (g) on E,, is equivalent to 
the representation induced by T, (g) in the factor space D,,/F,, 


6. Unitary Representations of G 


6.1. Invariant Hermitian Functionals on D, 


In this section we wish to establish the conditions under which there 
may exist an invariant scalar product (p, y) on a D, . By invariant scalar 
product product we shall understand a positive definite Hermitian 
functional on D, such that (9, ¢) = (T,(g)p, T,(g)s) for all p(z) and 
y(z) in D, and for all gin G. Let us first find the conditions under which 
there may exist an invariant, but not necessarily positive definite, 
Hermitian functional on D,. We do this by finding a relation between 
invariant Hermitian functionals and the invariant bilinear functionals of 
Section 4. 

With every Hermitian functional (p, 4) on D,, where x = (m,, my), 
we may associate the bilinear functional 


Big, b) = (yp). 


This bilinear functional is defined for y(z) € D, and (2) € D,, where 
¥ = (fg, 7). Then (y,%) is invariant under T,(g) if and only if 
B(g, #) =, (yp, #) is invariant under the representations T\(g) and T;(g), 
as follows immediately from the obviously valid equation 


BT, (g)p, Tg)$) = (T(g)p, Tg) 
= (Te), T,(eyp). 


Therefore the study of invariant Hermitian functionals on D, reduces 
to the study of bilinear functionals invariant under T,(g) and T\(g). 
But in Section 4 we found the pairs y,, x. for which such invariant 
bilinear functionals may exist, as well as their form when they do exist. 
In order, in fact, to find the conditions under which an invariant 
Hermitian functional exists in D, all we need do is write x, = x and 
Xe = X¥ in the earlier development. Moreover, this functional will be 
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given by the formula obtained by replacing y by ¢ in the corresponding 
formula for B(y, 4). We may thus immediately state the result. 
An invariant Hermitian functional exists on a D,, where x = (nm, , Ne), 


if and only if n, = —fi, or ny = Ty . 
In the first case (n, = —fi,) this functional is given by 
i ss 
(.#) = 5 | o@ Pe) ae ae. (1) 


The second case (n, = fig) implies that n, = n, = pts real, sincen, — ng 
is an integer, then the invariant Hermitian functional ts given by 


(ov) =e(3) [la — sale le) dz, di, ded, (2) 


if p #0, 1,... (and as usual the integral is understood in the sense of tts 
regularization), and by 


(pW) = chi | 9 ™(a)f(a) de de, (2' 


if p = q 1s a nonnegative integer. 
These two equations may, incidentally, be unified by using the 
fact that 
Lane 


ote \tr 0x 
Peay a ge 


q! 


b= 


We then have 


(8) = Tap CHP | 12s — a0 toed an) dey di deed. (3) 


6.2. Positive Definite Invariant Hermitian Functionals 
We have now established that an invariant Hermitian functional exists 
on D, in the following two cases. 


Case 1. my = —fig, or ny = E(n + tp), mn, = 4(—n-+ ip), where n is 
an integer and p is any real number. 


Case 2. nm, = n, = pts a real number. 
In Case 1 the Hermitian functional is 


(8) =4 { ole)fle) de az (1) 
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and is obviously positive definite. We shall call these Case | representa- 
tions, in which y = ($[ + ip], 4[—m + ip]), representations of the 
principal series. 

Let us now turn to Case 2 and find which values of p yield Hermitian 
functionals which are positive definite. Assume first that p < 0. Then 
as we have seen, 


OW =A lS 5) [121 — an 1-*%p(a)an) day dB, dag dy. (2) 


We wish to establish, consequently, the values of p for which (9, ~) > 0 
for arbitrary nonvanishing g € D,. For this purpose let us write (9, ¢) 
in the form 


i ae rw 2 fe Na) dada 


where 
6(2) = : o(2,)(2 + 2) de, d3, . 
We now make use of the Fourier transform of y(z), which is?6 
Ha) = 5 f ofayerReem de aa, 3) 


Since 9(z) is the convolution of g(z) and p*(z) = ¢(—2), its Fourier 
transform is | ¢(w)|?. The Fourier transform of | 2 |~2¢-?/I(—p) is the 
generalized function 

m | w |? 


Tp + 1) 


see Volume 1, Appendix B, Section 1.7). Consequently (¢, ¢) is given 
pp q y 
y 


| 7 _ 
(9.9) = vamrty iy 2 | | Me | He) ae da (4 


Of course this integral is to be understood in general in the sense of its 
regularization, but note that for —1 <p < O it converges in the ordinary 
sense and that then (y, p) > 0 for p + 0. 


26 Note that asymptotically for large absolute values of z (as | z| + 0) we have 
| o(z)| ~ C| 2 |2e-2, and recall that p < 0. It follows that g(z) is an absolutely integrable 
function. Thus the integral in Eq, (3) converges in the usual sense. 
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Hence if n, = n, = p, where —1 <p <0, the invariant Hermitian 
functional on D,, 1s positive definite. 

If, on the other hand, p lies in the interval —g —1 << p < —gq, where 
q is a positive integer, the regularization of (4) is given by 


1 
(9) = pete FN) 


Ny 2q—2 ik Sek | 2 
: 201) (wy? win of | G(0)| 7 
x 5{ | w |? f G(2)| 2, jit Ow! Oia* | dwdw. (5) 


We shall study this functional in some detail in the next section, where 
it will be shown in particular that it is not of definite sign. 
If p =: —q — | is a negative integer, then 


| w |?e =D gam 
Peevey ge 


Accordingly, for these values of p Eq. (4) becomes 


(9) = Ge 6) 


We shall study this functional in some detail in Section 6.4, where it 
will be shown in particular that it is not of definite sign. 

We have now studied the invariant Hermitian functionals in the D, , 
where y = (p, p), for p < 0. These are, however, the only ones we need 
consider, as the problem for p > 0 can be reduced to this case. Indeed, 
we saw in Section 5.2 that T, (g), x1 = (, p), and T,.(g), x2 = (—p, —p) 
are equivalent representations if p is not an integer (positive, negative, 
or zero). That is to say, there exists a bicontinuous one-to-one mapping 
A of D,, onto D,, such that 


AT,,(g) = T,(g)A. 
The operator A is given, in fact, by 


1 ¢@ a 
Age) = 5 [le — a, Pepa) da, da , 


where the integral is to be understood in the sense of its regularization. 
Now assume that (g, ¥) is an invariant Hermitian functional defined 
on Dy, x1 = (p, p). Then clearly 


(— #)1 = (Ap, Ad) 
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defines an invariant Hermitian functional on D,,, x2 = (—p, —p)- 
Obviously (¢, 5), will be positive definite if and only if (9, #) is positive 
definite. But we have already established that the invariant Hermitian 
functionals on D, are positive definite if —1 <p < 0, and it therefore 
follows that they must also be positive definite if0 <p <1. 

It may be noted that p = 0 also corresponds to a positive definite 
invariant Hermitian functional, given in this case by Eq. (1). 

Summarizing, then, we have the following result. 

A representation T,(g) on D, , where x == (n, , nz), possesses a Hermitian 
positive definite invariant functional (9, x) in the following two cases. 


Case 1. n, = $(n + ip), nm, = 3(—n + ip), where n is an integer and 
pts any real number. In this case 


(e.¥) =4 f oleae) de ae. 


Such representations are called representations of the principal series. 


Case 2. n, = nm, = p, where —1 <p <1, p #0. In this case 


(8) = ey (G) Plan — zal Mole Ha) dey diy dy dy 


( for p > O this integral is to be understood in the sense of its regularization). 
Such representations are called representations of the supplementary series. 


6.3. Invariant Hermitian Functionals for Noninteger p, | p | > 17” 


Let us return to the case in which p is a real number such that 
—q—1<p <—q,q=1,2,.... As was shown in Section 6.2, the 
invariant Hermitian functional in this case is given by 


1 i Bae euat cl 
(7.9) = scr py 2} |e Pel Pel? deo de, (1) 
where ¢(w) is the Fourier transform of ¢(z), i-e., where 


G(w) = 5 | p(zjetReta dz dz. 


2? This section may be omitted if so desired. 
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We remark again that the integral is to be understood in the sense of 
its regularization, namely 


= 1 
(PP) = Fee Tp FA) 


- 2d-2 Gnignk Dit+k | & 2 
a 201) =fep\I2 win* al** | 6(0)| = 
x5 | | w |e [ P(w)| o ikl Owi dw* | Go ee. 


Consider the set L, of functions g(z) €¢ D, such that 


ait+® | gO)? ; 
Deal baat =0 for JHR< 2q —2. 


For such g(z) our functional is given by 


) = eS 
(9?) = pee + 1) 2 


[P| (el? deo ae, 


and is thus of definite sign on L,. We assert that the function o(z) is in 
L, tf and only if tts moments 


by, = 5 | 3%9(2) dz dz 


vanish for] +k <q — | (wherej,k > 0). This will then imply that L, 
is a linear subspace of D, . 


Proof. Obviously b,, = 0 if and only if 2/+*¢(0)/éw! a@* = 0, where 
¢(w) is the Fourier transform of g(z). What we must therefore show is 
that 


jth | & 2 
POE Sige . ees 


ow! owk 
if and only if 


ithe 
oe) — 0 Ge GRRL S Sa 

Obviously the first of these relations follows from the second. We shall 

use induction on j + k to prove that the second follows from the first. 

Hence assume the first to be satisfied. Then if 7 + k = 0, we have 

| ¢(0)|? = 0, so that g(0) = 0. Now assume the second condition to 

have been proven from the first for j + k < s (where s < q— 1); we 
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shall then show it to be true also for 7 + k = s. Indeed, from the 
formula for the derivative of a product we have 


PASON 275 cigs oO) AO) 5, 


aw® dws ou 


I Agnk s—k Agns—s 
Prats ow) Ow Ows-* Ow 


When we drop all terms in this sum which vanish by the inductive 


assumption, we arrive at 


a/+*@(0) 
Ge! Bao" 


> cc 0: 


jtk=s 


which means that the condition is true also forj + k = s. This completes 
the proof. 

Having shown that the Hermitian functional is of definite sign on L, , 
we proceed to show that it is not of definite sign on D, . In fact we shall 
construct a subspace M, of D, complementary to L, such that on M, the 
functional (p,m) takes on both positive and negative values. This 
subspace may be constructed as follows. 

Consider discontinuous functions ¢(w) of the form 


ai) —jP(~) for = |w}<], 
PO) = 5 for |w|>1, 
where P(w) = Living @;,w'w*. For | w| < 1, we have 


. 4-2 wigsk of+* | P(O)|2 
lame = > jk wi oak 


i+k=0 
It then follows that a function g(z) whose Fourier transform is one of 
these ¢(w) has the property that 


( 1 i 
9%) =~ seT lp 1) 2 


| | w [2° | P(w)|? dw da, 
fol >1 


which shows that for functions of this type the sign of (9, ¢) is different 
than it is on L,. But these y(z) functions do not belong to D,, for 
although they are infinitely differentiable [since ¢(w) has bounded 
support] they do not have the proper asymptotic behavior as | z | > oo. 
However, the functions 4(z) = exp(—e| z |")p(z) are in D, . It is easily 
shown that for sufficiently small ¢ the sign of (%, %) is the same as that 
of (y, p). We shall designate by M, the subspace of the ¢(z) functions. 

We wish to show also that M, is complementary to L, . First, it may 
be noted that the only common element of L, and M, is o(z) = 0 
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(since the signs of (, p) differ for these two subspaces). Second, the 
dimension of M, is obviously $9¢(q + 1). But the dimension of the factor 
space D,/L, is also $9¢(q + 1), since every coset of L, in D, is given by the 
values of the b, , withy + k < gq — 1, and the number of these moments 
is 4¢(¢ + 1). This immediately implies that L, and M, are comple- 
mentary. 

We have thus shown that for —¢ — 1 <p < —g, where q isa positive 
integer, D, , x = (p, p) is the sum of two nonintersecting subspaces L, 
and M, on which (9, ¢) takes on different signs and such that M, is of 
dimension 34(q + 1). 


Remark. It is easily shown that this implies that L, is the maximum 
subspace of D, on which (9, ¢) is of definite sign. In other words, if L 
is any subspace of D, containing L, as a proper subspace, then there 
exists in L and element % such that the sign of (%, #4) is different from 
that of (y, p) forpel,. # 

Now since T\(g) and T_,(g), where x = (p,p) are equivalent for 
noninteger p, the results we have obtained will hold also for g <p <q+1, 
where g is a positive integer. In other words, for such p it follows that 
D,, is the sum of two nonintersecting subspaces on which the invariant 
Hermitian functional takes on opposite signs. 


6.4. Invariant Hermitian Functionals in the Special Case of 
Integer ny = ny 


We shall now discuss the invariant Hermitian functional on D, for 
x = (q, 9g), where q is an integer. 
Assume first that q is positive. Then as was mentioned in Section 6.1,28 


(9, 4) = (15 [ 9@h@) dz dz, (1) 


This functional is obviously degenerate, since it vanishes for all 
Y(z) € D, if p(z) is a polynomial of the form 
q-1 


9(2) = > 0, ;2°2! | 


ij=0 


Recall that such polynomials form the finite-dimensional invariant 
subspace E, C D,,. Thus in this case we may treat (g, ys) aS an invariant 


28 The factor (—1)* multiplying the integral is chosen for convenience. 
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Hermitian functional on the factor space D,/E,. We assert that on 
D,/E, the functional is nondegenerate and positive definite. 


Proof. Recall that it was shown in Section 5.3 that the representation 
T,(g), x = (q 9); induces on D,/E, a representation equivalent to T, (g), 
x1 = (—4, 9). But T, (g) belongs to the principal series and therefore 
Possesses aN invariant positive definite functional, defined up to a factor. 
Therefore the functional (¢, 4) on the factor space D,/E, is nondegenerate 
and of definite sign. In fact it is positive definite. Indeed, let g(z) be a 
function with bounded support. Then by integration by parts we obtain 


(9.9) = (D5 | ope) de ds 
(2) 
= 5 | | p'4-(z) 2 dz dz. 


Thus (9, p) > 0 as asserted. 
Now let n, = n, = —q, where q is a positive integer. Then our 
invariant Hermitian functional becomes 


(v.48) = (5) [lm — 24 Aol ay Bl ae) day dy dey ey 
% ; 3) 
= (5) | (ex — 22) — He) pe) flee) dey diy dig dip « 


Obviously this functional is degenerate on the functions y(z) whose 
moments 


bj, = 3 | 2/B*p(2) dz d& 


vanish for j,k = 0,1,...,.q¢ — 1. Recall that these functions form the 
invariant subspace F, C D,, so that we may consider (g, %) to be an 
invariant Hermitian functional on the factor space D,/F,. We assert 
that on D,/F, this functional is nondegenerate and that it is not of definite 


sign if g > 1. 


Proof. The representation T\(g), x = (—4¢, —q), induces a represen- 
tation on D,/E, equivalent to that induced by T,(g), x1 = (q 9), on the 
subspace of the polynomials 

q-1 


ole) = 3 aye'e 


ij=0 
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(see Section 5.3). Then we may use Eq. (6) of Section 4.7 to show that 
for such polynomials the invariant Hermitian functional is given by 


(p 4) = > (es “a Tee = yjCq-1-j.q-1-1 » (4) 


i,j=0 


where the ¢;, are the coefficients of the polynomial 4(z). Obviously this 
functional is nondegenerate and not of definite sign. 

Note, however, that the functional given by (4) is positive definite 
on the subspace EY of polynomials whose coefficients satisfy the relation 
a;; = (—1)'*!4,_4 5.¢-1-7- This subspace is of dimension $9(q + 1) for 
g even, and of dimension $g¢(g¢ — 1) for g odd. On the other hand, the 
functional given by (4) is negative definite on the subspace Ey of poly- 
nomials whose coefficients satisfy the relation a,; = —(—1)*!@)_4_5.9-1-+- 
This subspace is of dimension $q(¢ —- 1) for g even, and of dimension 
4q(q + 1) for g odd. 

Remark. It is easily shown that E+ and E, are orthogonal with respect 
to (y, f) and that their sum is E,. # 

Now there exists on F,, y = (—q, —q), a positive definite Hermitian 
functional invariant under T,(g). Indeed, this representation induces 
a representation on F, equivalent to T, (g) on D, , where xy, = (—4 9) 
(see Section 5.3). But we know that the latter representation belongs to 
the principal series. Therefore on D, , and therefore also on F,, there 
exists an invariant positive definite Hermitian functional. 

Recall that we have already studied the invariant Hermitian functional 
on D, and know the operator A mapping F, into D, . This means that 
it is a simple matter to obtain the expression for the invariant Hermitian 
functional on F, . It is given, in fact, by 


1\2 - 
(g, 8) = (5) [lar — 29 !? In| ay — 29 | p(er)fae) da, dz, day d,. (5) 


We leave the derivation of this equation as an exercise to the reader. 


6.5. Unitary Representations of G by Operators on Hilbert Space 


In Section 6.3 we found the conditions under which there exists a 
positive definite Hermitian functional (9, 4) invariant under T,(g), that 
is such that 


(9, $) = (T(z), T(g)$). 
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If such a Hermitian functional exists, it may be taken as the scalar 
product in D, . Then we may complete D, with respect to the norm || ¢ || 
defined by 


lle | (9, )s 


to obtain a Hilbert space H in which D, forms an everywhere dense 
subset. 

Since the operators of T,(g) are isometric on D, , they can be extended 
uniquely to unitary operators on H. We shall denote these operators as 
before by T,(g). Obviously these operators also possess the group 


property 
T8182) — T,(81) Tx(g2)- 


and therefore form a representation of G. 

Thus to every representation T,(g) possessing an invariant positive 
definite Hermitian functional there corresponds a representation of G by 
unitary operators on Hilbert space. We shall show that in this corre- 
spondence equivalent representations correspond to equivalent ones, and 
nonequivalent representations to nonequivalent ones.”® 


Proof. Let T,(g) and T,(g) be equivalent representations, that is, 
assume that there exists a bicontinuous one-to-one mapping A of D, 
onto D,, such that AT, (g) = T,,(g)A. Assume further that there exists 
an invariant positive definite Hermitian functional (9, ), on D,,. To it 
there corresponds the invariant positive definite Hermitian functional 


(p, ¥), on D, defined by 
(e+) = (Ag, Ab)s - (1) 


Let us choose (g, ), and (9, #5), as scalar products in D, and D,,, and 
let H, and H, be completions of these spaces with respect to these scalar 
products: 

Now according to Eq. (1), A is an isometric mapping of D,, onto 
D,,. This mapping can be extended to an isometric mapping "A of 
H, onto H, which will also intertwine the representations: 


AT,,(g) = T,,(8)A, 


29'Fwo unitary representations 7,(g) and 7,(g) of a group G on Hilbert spaces H, 
and H, are called equivalent if there exists an isometric mapping A of H, onto Hy, such 
that AT,(g) = T.(g)A. 
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This shows that if T,(g) and T,(g) are equivalent representations of 
Gon D, and D,, , and if they possess positive definite invariant Hermitian 
functionals, they can be extended to equivalent representations on H, 
and H,. 

Conversely, let T, (g), X1 = (m4 , m2), and T,,(g), x2 = (my, , mz), induce 
equivalent representations on the Hilbert space H, and H,. Then by 
definition there exists an isometric operator A mapping H, onto H, such 
that AT, (g) = T,,(g)A. Let (¢, %). be an invariant scalar product on 
Hf, . Consider the Hermitian functional 


Bp, 4) = (Ag, ¥)s, 


where » may be any function in H, and % may be any function in H, . 
This functional is invariant under the pair of representations T, (g) 
and T,(g). In particular, B(y, ) may be considered an invariant 
Hermitian functional defined on the pair of spaces D, and D,, . But such 
a functional can exist only in one of the following four cases. 


Case 1. ny = —M,,n, = —mM,. 

Case 2. n, = M,,n, = my. 

Case 3. ny = m, = 1,2,...,n, = —mM,. 
Case 4. n, = —mM,,n, = mM, = 1,2,.... 


Cases 3 and 4 may be immediately excluded, since for them B(g, 2) 
is not of definite sign. 

Thus if 7, (g) is a representation of the principal series, that is, 
if n, = $(—n + tp) and n, = 3(-—n — ip), then either m, = }(n — tp) 
and m, = 3(n + tp), or m, = 4(—n + ip) and m, = 4(—n — ip). In 
both cases T, (g) is equivalent to T,,(g). If, on the other hand, T, (g) is 
a representation of the supplementary series, that is, if nm, = n, = p is 
areal number such that —1 < p < 1,p #0, then either m, = m, = —-p 
or m, = m, == p. Again in both cases T, (g) is equivalent to T,(g). 

This proves that if the representations on D,, and D,, can be extended 
to equivalent representations on Hilbert spaces, the representations on 
D,, and D,, are themselves equivalent. 


6.6. Subspace Irreducibility of the Unitary Representations 


In Section 6.5 we have constructed representations of G by unitary 
operators on Hilbert space, and now we shall show that these representa- 
tions are subspace irreducible, that is, that there exists no closed proper 
subspace in H invariant under T,,.(g). 
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Proof. Let H, be some closed invariant subspace of the Hilbert 
space H. Consider the projection operator P associated with this subspace 
(that is, such that Pp = » for all p¢ H, and Pp = 0 for all pe, 
where H, is the subspace orthogonal to H,). This operator commutes 
with all operators of T,(g). Indeed, every element » ¢ H may be written 
~ = 91 + 92, Where g, € A, and », € H,. Then from the unitarity of 
T,(g) and the invariance of H, it follows that T,(g)p, belongs to H, and 
that T,(g)p, is orthogonal to H, . Therefore 


PT, (g)p = Tg). = T,{g)Pe. 


Now consider the Hermitian functional 


(9, = (Pe, #), 


where (9, 5) is the invariant scalar product in H. By the above, (9, x) 
is invariant under T,(g). We shall now consider only the restriction of this 
representation to D,. Recall that if an invariant Hermitian functional 
on D, exists, it is defined uniquely up to a constant factor. Therefore 
there exists a number A such that for any two elements (z) and (z) in 
D,, we have 


(Pe, $) = Ag, #), 


or 
(Pp — Ap, #) = 0. 


But D, is an everywhere dense set in H, so that Pp = Ag on all of H. 
This means that P is either the unit operator or the null operator and 
thus H, is either the null space or H itself. This proves the subspace 
irreducibility of T,(g). 


CHAPTER IV 


HARMONIC ANALYSIS ON THE GROUP OF 
COMPLEX UNIMODULAR MATRICES 
IN TWO DIMENSIONS 


In this chapter we shall study the Fourier transform on the group G 
of complex unimodular matrices in two dimensions. Our treatment will 
be modeled on the Fourier transform on the line (or in Euclidean n-space). 
Fourier transforms on Lie groups have many unique properties not 
possessed by the ordinary Fourier transform, and they therefore deserve 
special consideration.! The group G we have chosen is a typical example 
of such properties. 

Integral geometry on a hyperboloid in four complex dimensions, 
discussed in Chapter II, Section 2, is very closely related to the problems 

.of the present chapter. (This relation is discussed in Section 3.1.) 

We defer until Section 1.5, when we will have introduced all the 

necessary basic concepts, a summary of the content of this chapter. 


1. Definition of the Fourier Transform on a Group. 
Statement of the Problems and Summary of the Results 


1.1. Fourier Transform on the Line 


Let us start by listing some elementary facts concerning the Fourier 
transform on the line. 


1A somewhat more useful model for the definition of the Fourier transform on a 
group would be a Lobachevskian rather than a Euclidean space, because in a certain 
sense Euclidean space is degenerate: it is the limit of a Lobachevskian space as the 
curvature k approaches zero. The principal difference between a Lobachevskian and 
a Euclidean space is that in the former the volume of a sphere depends on its radius 
exponentially (that is, goes as e!*!"), while in a Euclidean space it depends on some power 
or r. This difference is reflected in the groups of motions associated with these spaces. Let 
G be such a group of motions, and U a compact neighborhood of the identity, and consider 
the invariant measure p(U”) of U” as a function of m. The group of Lobachevskian 
motions is locally isomorphic to the group of complex unimodular matrices in two dimen- 
sions. For this group »(U”) is an exponential function of m. For the Euclidean motions, 
however, »(U") goes as a power of n. In semisimple Lie groups the behavior is similar 
to our group of matrices. Nilpotent groups, on the other hand, have properties more 
like those of the Euclidean motions. We shall discuss the Fourier transform in a 
Lobachevskian space in Chapter VI. 
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The Fourier transform of a summable function f(x) defined on the line 
is given by 


FQ) = { Z f(we de, (1) 


where is a real or complex number. ‘This integral converges for all real 
values of A. Under certain additional requirements on f(x), for instance 
if | f(x)| < Ce-“'! for all a > 0, the Fourier transform F(A) is defined 
for all complex A and is an entire analytic function of A. The basic results 
of harmonic analysis on the line are the following. 


1. Behavior of the Fourier transform under translation, differentiation, 
and convolution. When f(x) is replaced by f(x — @) (that is, under 
translation) F(A) is multiplied by e. 

When f(x) is differentiated, F(A) is multiplied by —2A, and when f(x) 
is multiplied by zx, F(A) is transformed to its derivative F’(A). 

If F(A) and F(A) are the Fourier transforms of f(x) and /,(x), 


respectively, the Fourier transform of the convolution 


fx fle) = [OMe ~ ») dy 


is F,(A)F,(A). 
The Fourier transform of {(—x) is F(—A), and that of f(x) is F(—A). 
The analogs of these results for G will be obtained in Section 2. 


2. Inverse Fourier transform. In terms of its Fourier transform, f(x) 
is given by 


Fle) — 2m)? [Fe ar (2) 
(assuming that F(A) is also a summable function). The analog of this 
result for G will be obtained in Section 3. 
3. Plancherel’s theorem. If the square modulus of f(x) is integrable, 
then so is that of F(A). In fact 
[ lf@)Pde = Qn f [FAP a. (3) 


Equation (2) then holds if the equality is understood in the sense of 
convergence in the mean. 

The analog of Plancherel’s theorem for G will be obtained in Section 3. 
We may remark that for the additive group of real numbers the domain 
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of definition of the Fourier transform is the same for square integrable 
and summable functions, namely the real axis. It can be shown (see 
Section 1.4) that these domains differ for G. One of them is the analog 
of the real axis, and the other the analog of a strip. 


4. The Paley-Wiener theorem. The function F(A) of a complex 
variable A is the Fourier transform of an infinitely differentiable function 
f(x) with bounded support if and only if F(A) is in Z, that is, if it is an 
entire analytic function of A such that 


|A"F(A)| < C,et#™l, am =0,1,.... (4) 


The analog of the Paley-Wiener theorem for G will be obtained in 
Section 5. We may remark that the situation is somewhat more com- 
plicated than for the real line. In addition to analyticity and inequalities 
such as (4), the Fourier transform F(A) of a differentiable function f(g) 
with compact support must satisfy certain algebraic conditions (cf. also 
Chapter II, Section 2.7). 


5. Bochner’s theorem. Every positive definite continuous function 
f(x) is the Fourier transform of a finite positive measure. 


Remark. In the case of G, the set of basis functions involved in 
Bochner’s theorem differs from those of Plancherel’s theorem, although 
for the real line both theorems involve the e””, where A is a real number. 
This difference lies in the fact that the square integrable functions are 
expanded in the unitary representations only of the principal series, 
while the summable positive definite functions are expanded in unitary 
representations of both the principal and supplementary series. # 

We shall not deal with Bochner’s theorem for G in this book. 


1.2. Functions on G 


In this section we discuss the basic properties of functions on G. 

A function f(g) on G, the group of complex unimodular matrices 

=|; 3 
y 8 


, (1) 
is called rapidly decreasing if 

Iffl<Clel*, (2) 
for every 2 > 0, where 


[ea olor LB ae oF 
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In order now to introduce the concept of a summable function, we 
must define the element of volume on the group. It turns out that the 
element of volume dg can be defined so that it is invariant under left 
and right translations on the group, as well as under inversions (passing 
to the inverse), that is, so that 


dg = d(ggo) = Agog) = Ug) 


for every g,¢G. (The proof will be found in the Appendix to this 
section.) 
In terms of the «, 8, and 6 appearing in (1), 


i 


dg =: (3) do da. dB dB a8 d5 | B |-> (3) 


A function f(g) is called summable on G if the integral 


| \f@) 4g 


converges. It can be shown that every rapidly decreasing function is 
summable (see the Appendix to this section). 

Finally, we define differentiability on G. With each element ge G, 
whose matrix elements are given by (1), we may associate a point on 
the surface 

03 — By = 1 (4) 


in the space of four complex dimensions. We may choose any three of 
the parameters a, 8, y, 8 to be local coordinates in a neighborhood of 
any such point. [Assume, for instance, that 8 4 O in this neighborhood. 
Then (4) implies that y is a continuous function of «, 8, 6, and therefore 
that the points in this neighborhood can be specified by giving the values 
of these three parameters.] We shall call f(g) infinitely differentiable in a 
neighborhood of g, if, considered as a function of the three coordinates 
chosen in this neighborhood, it has derivatives of all orders in this 
neighborhood. It can be shown that this definition is independent of 
the choice of coordinate system. 


1.3. Fourier Transform on G 


We shall define the Fourier transform on G by first defining those 
functions on G which are the analogs of the exponentials. The ordinary 
exponentials e”* are solutions of the functional equation 


F(x, + %2) = f(x) f(*2)- 
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Similarly, the analogs of the e”* for G will be solutions of the functional 
equation 


SF (Gr82) = F(ea)f (82)- (1) 


However, the only scalar function satisfying this equation is f(g) = 1. 
One is therefore led naturally to seek solutions of (1) in operator functions, 
that is, functions of operators acting on some space. [Every solution of 
(1) is a representation of G.] 

The simplest (namely, operator irreducible) solutions of Eq. (1) have 
already been found in Chapter III. These were the operators T)(g), 
x = (a, m2), acting in the function space D, according to 


T(g)o(2) = (Be + 8) 1B + Byer (FF), 2) 


Consequently these 7,(g) shall be our analogs of the exponentials e”” 
for G. In this analog g plays the role of x, while y plays the role of 1A. 


Remark. Such ‘“‘exponentials,”’ that is, solutions of equations of the 
form T(g,, 22) = T(g1)T(g2), give rise to almost all special functions. 
More accurately, special functions are matrix elements of operators 
belonging to representations of various groups. The only exceptions 
among the special functions are the Lamé and Mathieu functions, which, 
as far as is known at present, seem to be unrelated to group representa- 
tions. # 

We shall call the Fourier transform of a function f(g) on G the operator 
function F(x) defined by 


F(x) = | f(g) Tle) a. (3) 


Thus for every y such that F(x) is defined, this function is an operator on 
D, whose action is given by 


F(x)ol2) = | f@)T.e)o2) &. (4) 


What we wish to study is the properties of such Fourier transforms. 
We shall analyze their behavior under translation and convolution and 
under differentiation of f(g). As we have said before, we shall obtain the 
inverse Fourier transform formula, giving f(g) in terms of its Fourier 
transform F(x), in Section 3, where we shall also obtain the analog of 
Plancherel’s theorem. In Section 5 we shall obtain the analog of the 
Paley-Wiener theorem. 
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1.4. Domain of Definition of F(x) 


We must first establish the values of y for which F(x) is defined. 
Consider first the Fourier transforms of rapidly decreasing functions f(g). 
We shall show that if f(g) is a continuous rapidly decreasing function, 
the integral 


F(x) = [ f@)Tla) 4 


converges for all y = (nm, , m,), or in other words that the integral 


Fx)o(2) = | @)T.le)9l) ae 


converges for every y(z) € D, , and moreover that F(y)p(z) € D, . Further, 
F(x) is continuous in the topology of D, . 


Proof. We choose the realization of D, as the space of infinitely 
differentiable homogeneous functions 9(z,,%,) of degree (, — 1, 
n, — 1). In this space T,(g) is given by 


T,(g) (41 » 22) = Plaz + pF, B%, + 529) 


(see Chapter ITI, Section 2.4). 
We must first show that the integral 


F(x)o(a » 22) = | f(@)Ts(e)o(e » #2) dg 
(1) 
= [Fle)plaa + yn, Bar + 822) dg 


converges. Note first that because y(z, , 2.) is homogeneous, we have 
| (ay + y%, B% + 3%)| < MI wa + ya |}? + | Bay + Sz, |7I', 
where k = $Re(n, + m,)— 1, and M is the maximum value of 


y(z,, 2) on the sphere whose equation is | 2, |? + | z,|? = 1. From 
the Cauchy-Bunyakovskii inequality we have 


| «% + yp |? + | Bay + 82, |? 
< (lol? +lyP+ 18 +18 |) 2 |? + | 2?) 


=| P(la /F + | 2 |). 
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Thus for k > 0, 


[IP@T Worle al de < Mla? +i meh fig Pi @lde — @) 


This last integral converges because f(g) is a rapidly decreasing function. 
If, however, k < 0, we make use of the inequality 


| 82, — yay P + | —Bay + om |? < |g PC} 2, |? + | 35 1?)- 


When we write z; = az, + yz, , 2, = Bz, + dz,, this becomes 


| 0% + yBq |® + | Ba + Szq |? > | 2, |? + | % Fi glo. 


Thus for k < 0, 


[IP@)T ever» 20)i de < (lar + 10) [lel fel de, 3) 


which again implies the convergence of (1). 

It is obvious that F(y)p(z, , z,) is homogeneous of the same degree 
as y(z,, 2) and that it is infinitely differentiable for (z, , 2.) 4 (0, 0). 
Thus this function also belongs to D, . 

Finally, Eqs. (2) and (3) imply immediately that F(y)p(z, , 22) depends 
continuously on ¢(z,, 22) in the topology of D,. This completes the 
proof. 

Consider now the Fourier transform of a summable function on G. 
Recall that the Fourier transform F(y) has the same domain of definition 
for summable and square integrable functions on the line, namely the 
real axis. For G the situation is somewhat different. It can be shown, in 
fact, that if f(g) is a summable function on G, its Fourier transform F(x) 
is defined ‘on the strip” —2 < Re(m, + m) <2. We shall see in 
Section 3, on the other hand, that the Fourier transform of a square 
integrable function on G is defined in general only on the “real axis” 
Re(m, + n,) = 0. Thus for G the Fourier transform has different 
domains of definition for summable and square integrable functions. 

We wish to prove a somewhat different assertion about summable f(g) 
[see Ref. (17), p. 504]. Let x = (n,, m2) lie on the strip -2 < Re(n,+m,) <2. 
Then D,, can be imbedded as an everywhere dense subset in a certain Banach 
space L,, such that the T,(g) are isometric operators on L, . Moreover, the 
integral 


Fox) = | Fle) Tale) de 


will converge in the norm of L, for every summable function f(g). 
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Proof. We introduce the norm |j¢||,in D,, where p = 4[2—Re(n,+-n,)]* 
(so that 1 < p < oo), defined by 


lols = [5 { lol@irds as], 


for p < oo, and || p ||. = max | ¢(z)|. It is easily shown that || ||, < 00 
for every p€ D,. If we now complete D, with respect to the norm 
| @ ll» » we obtain a Banach space which we shall denote by L, . What we 
must show is that the 7,(g) are isometric in L,. The case in which 
Re(m, + n,) == 2 is trivial. Assume, therefore, that Re(m, + m,) < 2. 
We then have 


| Ty (g)9(2)|2 = : { | T.(g)p(2)|” dz dz 


p 
dz d8. 


= : f ee + 8)™-1(Bz + 5)t-tp +3) 


By writing (az + ,)/(@z + 6) = w we transform this integral to the 
form 


[Peo ayomonettr-d | | g(a) |” deo di 
Ramee | Bw + a |B-Reimtm-4 | o(w) |” dw dir. 
3 ? 
Now inserting the expression for p in terms of m, and n,, we arrive at 


I Tgol@h = 5 | | e(e)|” de dio = |p|", 


which shows that 7,(g) is an isometric mapping. 
The fact that it is isometric implies that 


| [7e)Te) de |, < [IF 4 


and therefore that ff(g)T,(g) dg converges in this norm for every 
summable f(g). 


1.5. Summary of the Results of Chapter IV 


This summary will be unavoidably brief, for we cannot yet assume 
that the reader has mastered all the concepts involving the Fourier 
transform on the group. The summary will therefore not replace the 
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text, which is of a form perhaps somewhat unfamiliar to most analysts. 

We have defined the Fourier transform of a function on G as an 
operator F(y) depending on a pair of complex numbers y = (nm, , m2) 
whose difference is an integer. We shall see later in Section 2 that F(y) 
is an integral operator with a certain kernel K(z,, 22; x), and that 
therefore the Fourier transform of a function on a group is a function of 
the form A(z, , 22 3 x), where z, and z, are complex variables. 

The function K(z,, 2,3 x) is closely related to the discussion in 
Chapter II, Section 2 of integral transforms on a hyperboloid in a space 
of four complex dimensions. This relation will be established in 
Section 2.3 of the present chapter. Later the reader will see that 
Chapter II, Section 2 is essentially a different, or geometric, version of 
the present chapter. (More accurately, the content of Chapter II, 
Section 2 is related to that of Chapter IV in the same way that the Radon 
transform in nm dimensions is related to the Fourier transform in n 
dimensions.) 

It can be shown that the more rapidly f(g) decreases, the wider the 
strip in which its Fourier transform F(x) is defined. Moreover, if f(g) is 
what we have called rapidly decreasing, F(x) is defined in the entire 
“complex y plane,” as will be shown in Section 2.4. (For simplicity we 
call it the complex y plane, although what is involved is actually a 
countable number of complex planes.) It can be shown that if f(g) is 
rapidly decreasing, then F(y) is an analytic function of x. 

This chapter will be concerned essentially with two basic questions: 
Which F(x) correspond to square integrable functions (Section 3), and 
which to rapidly decreasing functions (Section 5)? The fundamental 
result of Section 3 is the following. Let f(g) be a square integrable 
function. Then its Fourier transform F(x) is defined only for “‘real’’ y, 
that is, for y = (m,, m,) such that n, = —#,, which may therefore be 
written y = (4[n + ip], 4[—m + ip]), where m is an integer and p is a 
real number. (We saw in Chapter III, Section 6 that such y correspond 
to representations of the principal series.) In addition, Plancherel’s 
theorem is obtained in the form 


fiP@P ag = — Baty f nny THROP "GOs dy (1) 


[where F*(x) is defined at the end of Section 2.1]. Here the integral 
over x is to be understood as the integral over p and sum over n; Tr(FF*) 
denotes the trace of the operator FF*. [F(y) is a Hilbert-Schmidt opera- 
tor.] The interesting group-theoretical meaning of the weight factor n,n, 
will be mentioned toward the end of Section 3.4. 
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Plancherel’s theorem, that is, Eq. (1), can also be written in terms of 
the kernel K: 


2 
[FP de = —Bmty-H(S) [mye | K (2, 2a x)? dy de day diy dy. (2) 


Note that the integral does not involve all the irreducible unitary 
representations, but only those of the principal series. This is a peculiarity 
of the Fourier transform on the group. 

One may ask then whether every F(x) operator whose kernel is such 
that the right-hand side of Eq. (2) converges corresponds to a square 
integrable f(g). It is found that this is not always so: the Fourier transform 
F(x) of a square integrable function f(g) has an additional symmetry 
property relating F(y) to F(— x), where —x = (—2, , —n,). Specifically, 
there exists an operator A(y) such that 


F(x) = A(x)F(—-x)A(x): 


This operator is of the form 
Ag(2) = 5 [ (2 ~ 4) 18 — &)y"Ag(a,) da, da, 


where the integral is to be understood in the sense of its regularization. 
This additional symmetry requirement arises from the fact that every 
representation is counted twice, for the representations on D, and D_, 
are equivalent. These conditions are then found to be sufficient for the 
operator function F(y) to be the Fourier transform of some square 
integrable f(g). Further, when these conditions are fulfilled, it is possible 
to write the inverse Fourier transform formula giving f(g) in terms of 
F(x) (see Section 3.4). 

Fourier transforms of rapidly decreasing functions are also of con- 
siderable interest (Section 5), and we go into the question of the necessary 
and sufficient conditions that F(y) be the Fourier transform of some 
rapidly decreasing f(g). We shall not here describe these conditions in 
all detail. Essentially it is a matter of stating the degree of smoothness of 
K(z,, 32; x) and its rate of decrease as | 2, | — 00 and | z, | > oo. In 
addition, F(x) satisfies certain symmetry conditions. But even this, 
however, is not sufficient. It turns out that F(x) satisfies an additional set 
of conditions at integer y. (Recall that integer y occurs when n, and n, 
are integers of the same sign. In general integer y play a special role in 
representation theory.) From the group-theoretical point of view these 
conditions arise from the fact that at integer y there exists in D, either 
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a finite-dimensional invariant subspace or an invariant subspace such 
that the factor space is finite dimensional. The conditions of which we 
are speaking may be written 

am 


on 
Gam K(2, » %a3 My, Mg) a (-1)™ Ozm K(z, > %23 —N,, i) 


for n, = 1, 2,..., and 


on One 
am M(H , By Ny, My) = (—1)% Bits K(2 , 223 % , —Mq) 
for nz = 1,2,.... 


No such conditions occur in the case of square integrable functions. 
The more rapidly f(g) decreases the greater the number of conditions 
its Fourier transform satisfies. For instance, if the rate of decrease is 
only slightly greater than that required for summability, only the first of 
these relations (that is, for 2, = nm, = 1) need hold. 


Remark. In view of the great interest at present in the zeta-function 
we might perhaps compare its typical properties with those of F(x), 
which we think of as an analytic function of y. These properties are the 
following. 7. The special role of the critical strip —2 < Re(m, + nm.) <2. 
For instance, for any x in this strip (and, seemingly, only in this strip), 
the 7,(g) are bounded as functions of g. 2. The functional equation 


F(x) = A(x) F(~x) A(x). 
3. Singularities at integer points.2 # 
We may mention another fact closely related to such properties of 
F(x). If f(g) is a rapidly decreasing function, it possesses moments, that 
is, integrals of the form 


| Fw)ate) dg, 


where a(g) is the matrix element of a finite-dimensional representation 
of G. It is remarkable that these moments can be written explicitly in 
terms of the kernel K of the Fourier transform of f(g) (see Section 5.5). 
In particular, we find that 


[ F0e) de = 5 [ Keer, 205 1, 1) dey dy 


(the integral on the right-hand side is independent of z,). 


2 Perhaps without actually having realized it Selberg [Ref. (40)] was led by just this 
relation to a certain class of zeta-functions which are in fact related to group representa- 
tions [see also Gel’fand and Pyatetskii-Shapiro, Ref. (18)]. 
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Appendix. Functions on G 
1. Rapipty DEcREASING FUNCTIONS ON G 


We shall now study in more detail the fundamental concepts con- 
cerning functions on the group of complex unimodular matrices in two 
dimensions. We start by defining functions with bounded support and 
rapidly decreasing functions. 

Let us call 


Igl=(aP+IBP+ly? +18)" 


the zorm? of the matrix 


la Bp 

&= ! y 48 |: 
We shall say that a function f(g) on G has bounded support if there exists 
a number A such that f(g) = 0 for | g| > A. Further, f(g) is called 
continuous on G if lim,» | Zn. — g| = 0 implies lim,,,.. f(g.) = f(g). 

The continuous functions with bounded support on G form a linear 
space C, and a topology can be introduced on this space in a natural way. 
Specifically, we shall say that a sequence { f,(g)} of continuous functions 
with bounded support converges to zero if: 


1. There exists an A such that all the f,(g) vanish for | g| > A. 
2. For |g| < A, the sequence { f,(g)} converges uniformly to zero. 
A function f(g) is called rapidly decreasing if for every n 


Jim |g ("f(e) = 0. 
Rapidly decreasing continuous functions also form a linear space. 
A topology is introduced on this space by means of the countable sequence 
of norms 


flix = sup |g |" f(g). 


Remark. The rapidly decreasing functions on G have properties 
similar not so much to the rapidly decreasing functions on the line as to 


3 The following properties of this norm are easily verified. 


grt gel <igi! + lees 
\grg21 <ieiileets 
jagi=jatlgl. 


where a is any number. 


214 Harmonic ANALYSIS ON THE COMPLEX GROUP Ch. IV 


those decreasing more rapidly than any function of the form e~@'|, 
where a > 0. This will become clearer later, when we develop the 
properties of the Fourier transform. The analog of the rapidly 
decreasing functions on the line would more properly be f(g) such 
that lim,,)..(In| g |)"f(g) = 0 for all n (cf. Footnote | at the beginning of 
this chapter). # 


2. INVARIANT INTEGRATION ON G 


In order to define integration on G we must first define the element of 
volume dg. We shall define it so that it remains invariant under left and 
right translations on the group, 1.e., so that when g is replaced by gog or 
£29 we have 

dg — Agog) = d(880)- 


When the volume element is invariant, the integral also becomes 
invariant: 


| Flgoe) de = | flee) dg = | Ag) a (1) 


(assuming the integrals to converge). In other words the integral is in- 
variant under /eft and right translation of f(g). 

We wish to obtain an expression for the invariant element of volume 
on G. Consider first the set of a// complex matrices in two dimensions. 
With each such matrix 

‘| I 


we associate a point (a, 8, y, 6) in a space of four complex dimensions. 
The unimodular matrices form the quadratic surface «5 — By = | in 
this space. With this surface we associate the differential form w defined 
by 

da dB dy d8 = d(a8 — By) - w. (2) 


Then in terms of the parameters of g this form becomes 
w = 81 dB dy dS = y du dy ds’ = —B- da dB dS’ = —a1 du dB dy. (3) 


Since a, B, y, and 6 cannot all simultaneously vanish, w has no singularities 
on G. Moreover, w is invariant under translations. Indeed, under 
translations a, B, y, 8 undergo a linear transformation whose determinant 
is 1, so that dx dB dy dé is invariant under such transformations. On the 
other hand, the determinant «6 — By of the matrix g is invariant under 
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such transformations. Hence d(ad — By) is also invariant. This then 
implies that w as defined by Eq. (2) is invariant under translations. 
We now define the element of volume on G to be 
Ie 5 
It is seen from what has gone before that this element of volume is 
invariant under left and right translations.* The volume element can be 
written in several ways in terms of the parameters of g. Using Eq. (3), 


we have 
i i ) dB dy d8 dB dy d5 i )’ du dy d8 di dy db 


2 [6 /? 2 ly |? (5) 
7 \3 da dB d8 da dB d5 i \3 du dB dy dx dB dy 
(5) iB? (5) | |? , 


It is noteworthy that dg is invariant not only under left and right 
translations but also under inversions, i.e. that 


ag) = dg. 
Indeed, if g has determinant 1, then 


5 —B 
—-1 = 

ee | 
Thus we may replace o, 8, y, and 6 in the expressions of Eq. (5) by 

5, —B, —y, and a, respectively; under this replacement Eqs. (5) remain 

invariant. Consequently 


[ fe) 4 = [ fe) a. 


Remark. The invariance of dg could have been established directly 
by calculating the Jacobian of the transformation from g to ggg or gg). # 

We now assert that the invariant integral converges absolutely for every 
continuous rapidly decreasing function on G (and in particular for every 
continuous function with bounded support). 

Consider the region 2, of the group G consisting of matrices g such 
that | «| > 4. Similarly, we may define the three other regions Q, , Q,, 
Q,. The union of 2,,2,,2,, 2; is the entire group G,° and it is 


4It can be shown that invariance determines dg uniquely up to a constant factor. 
5 This is because «8 — By = 1 implies that the inequalities |«| < 4, |B! < }, 
ly} < 4,18! < 4 cannot hold simultaneously. 
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therefore sufficient to establish the absolute convergence of the integral 
on each of these regions. 

Consider, for instance, 2, . Let f(g) be a rapidly decreasing continuous 
function on G. Then for every m we have | f(g)| < C,| g|-”, where | g | 
is the norm defined in Section 1 of this Appendix. Therefore 


| | f(g)| dg 
2p 


<C() [Wa PR+IBR tly P+ 18 Py# |B |? dod a8 di dB a5. 
is|> 4 
It is a simple matter to show that the integral on the right-hand side 
converges for sufficiently large values of m (specifically, for n > 4). 
Therefore f. 24 | S(g)| dg also converges. 
Henceforth in speaking of summable functions, square integrable 
functions, etc., we shall always mean integrability with respect to dg 
(the invariant measure). 


2, Properties of the Fourier Transform on G 
2.1. Simplest Properties 


In this section we shall deal with some of the simplest properties of 
the Fourier transform on G, all of which are easily obtained from the 
functional equation 


T,(81)T, (82) = T (e182) 


satisfied by the ‘‘exponentials” T,(g). 

Let us first study the behavior of the Fourier transform F(y) under 
translation of f(g). The Fourier transform of f(gg)) is the operator 
function 


| Flege) Tle) ae. 
Since the integral is invariant under the translation g —> gg,, we have 
[ Flee) T.(8) dg = | fe) Ty(eg0*) ag 
= [J Fe)T Ce) a8} Teo). 


Consequently 
| F(ee0) Tg) dg = F(X)T;"0)- (1) 
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Similarly 
[ f(g) Tg) dg = T,(g0)F0- (1) 


Thus if F(x) ts the Fourter transform of f(g), the Fourier transforms of 
fgg) and f(go'g) are F(x)Tl (go) and T,(g,)F(x), respectively. Note that 
T,'(g) and 7T\(g,), as well as F(x), are operator functions of yx; multi- 
plication of operator functions is understood as multiplication of 
operators on D, for each value of x. 

We now turn to the Fourier transform of the convolution 


fi x fel) = | Alenfalei'e) dey 


of two rapidly decreasing continuous functions f(g) and f,(g) with 
Fourier transforms F,(y) and F,(y), respectively. Then the Fourier 
transform of f, * f2(g) is given by 


| i * fale) Tle) 4g = | [ Alenfler")7,(2) dg, dg. 


Let us change the order of integration and then replace g by g,g, .® 
Then invariance under translation leads to 


[A «Al TAe) de = ff Alerdfeles) Ty(es) Tule) der dee = FLOOF:00- (2) 


Thus the Fourier transform of the convolution of two functions on G is the 
product of ther Fourier transforms. This result has a well-known analog 
for Fourier transforms of functions of a real variable. 

Let us now find the Fourier transform of f(g-1),’? defined by the 
integral 


[ FOYT) dg = [F(@)T Ag) ae 


(where we have used invariance under inversion). Now recall that D, 
can be imbedded in a natural way into the space D!, which is the dual 
of D_, (see Chapter III, Section 2.6). Under this operation it is found 
that T,(g-!) = T_,(g), where T_,(g) is the dual of T_,(g). Thus if F(x) 
is the Fourier transform of f(g), then 


[fe )T(g) dg = [f@T,@) dg — F(x). (3) 


5 T’he order of integration can be changed because the functions are rapidly decreasing. 
7To go from f(g) to f(g7!) is analogous to going from f{(x) to f(—*x) on the real line. 


218 Harmonic ANALYSIS ON THE COMPLEX GROUP Ch. IV 


Here F’(—y) is the operator dual to F(—), that is, the operator such that 


Ef LF —x)pl2) (a) de dz = 5 f o(2)F'(—y)l2) de ae 


for every o(z) € D_, and (2) € D, . Note that F’(—) and F(x) both act 
on the same space D,. 

Thus if F(x) is the Fourier transform of f(g), the Fourier transform of 
Kg") ts F'(—x), where F'(x) ts the dual of F(y). 

We now turn to the Fourier transform of f(g), defined by 


| Fe) Te) dg = [ F@)T 2) ae. 


But 7,(g) = T,(g), where % = (fi, , 7,). We thus obtain 


[ FT) de = [F@T eae = FQ). (4) 


Here F(X) operates on the functions of D, according to F(x)p(z) = 
FR)gla).* 

Thus if F(x) is the Fourier transform of f(g), the Fourier transform of 
fle) is FR). 

We may combine the last two results to obtain the Fourier transform 
of f*(g) = f(g-1). We then find that if F(x) ts the Fourier transform of f(g), 
the ods transform of f*(g) is F*(y*), where we have written F* = F’, 
and y* == (—/,, —%,). 


2.2. Fourier Transform as Integral Operator 


We shall now prove the following assertion. The Fourier transform 
of any rapidly decreasing continuous function f(g) is an integral operator 
of the form 


F(xoles) = 5 [ Ka, 295 x)e(2s) da de, (1) 


for each y. [We shall show moreover in Section 2.5 that the kernel 
K(z,, 22; x) is a continuous function of z, and 2, , and shall discuss its 


8 Let F be an operator on the functions of D,,. Then by F we denote the operator 
on Dz defined by 2 
F(z) = F(z) 
for every ¢(z)€ D, : 
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geometric meaning. Later, in Section 5, we shall discuss the analytic 
properties of this kernel.] 


Proof. By definition of the Fourier transform we have 


F(x)p(@1) = [fr (g)T\(g)p(21) 4g (2) 


for every g(z) € D,. This integral converges absolutely for every y if 
J(g) is a rapidly decreasing continuous function (see Section 1.4). We 
now insert 


and the expression for dg in terms of «, 8, and 8 into Eq. (2). This yields 
iW oer + 
Fool) = (5) [fC 8\Ba. + 8)4Ba, + Syrety (FEE) 1B I 
x da dx dg dB ds dB. (3) 


Let us now change variables according to 


A = Bz, +6 


and 
%_ = (az, + y)/(Bz; + 9). 


These equations can be inverted to give® 
8 =X Be, ve =a fe 
Then the Jacobian of the transformation is 
D(a, B, 8)/D(22, B, A) = B. 
In terms of these new variables, Eq. (3) becomes 
Poo) = (5) [£07 + Bae BA — Bas yo(eaa thn 
x dd dy dB dB dz, d2, . (4) 


* Recall that y = (a8 — 1)B-'. 
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This proves the assertion. We have in addition obtained an expression 
for the kernel, namely’? 


K(21, 05x) = (5) [ f0 + Beas B.A — Bayle dd dd dB dB. (5) 


2.3. Geometric Interpretation of K(z,, Z, ; x). The functions 
(Z,, Zz. ; A) and P(u, v; u’, v’). 


The kernel K can be calculated in two steps. First we use f(g) = f(«, 8, 8) 
to calculate the new function 


(21 5 225.4) = 5 [ f+ Bae, BA —~ Bay) dB dB, (1) 
and then the kernel is given in terms of this function by 
K (2 5 293 x) = 5 | e021» #05 AA AN dA dD, (2) 


The geometric meaning of (2, , 22 ; A) is quite simple. Let us think 
of f(g) as a function on the hypersurface whose equation is «5 — By = l. 
Then for each fixed z, , 2. , A the equations 


a =dA1 + fa, B=B, 


(3) 
y = (06 — 1B} = Az, — Atay — Bayz, 8 =A — Ba 


determine a (complex) line generator of this surface. It is easily shown 
that by changing the values of z,, 2,,A we obtain all of the linear 
generators of the surface that are not parallel to the 8 = 0 plane.' Thus 
y(2,, 225A) is the integral of f(g), g = («, 8, y, 8) along the linear 
generator 

a—A1  B_y—Azs,+A tz, 8—A 


Zo 1 —2125 —2, ° 


Obviously z, and z, determine the direction of this generator. 


10 Since the integral in Eq. (2) converges absolutely, it follows from Fubini’s theorem 
that the integral in Eq. (5) converges absolutely for all z, and for almost all z, and that 
the integral of Eq. (1) converges absolutely. 

11 Indeed, any straight line on the «5 — By = 1 surface which is not parallel to the 
B = 0 is given by equations of the form « = a + Bz,, 5 = A — B2,, where %, A, 21, 
and zg, are constants. By setting 8 = 0 and using the equation of the surface, we find 
that «A = 1. Then the expression for y in Eq. (3) follows immediately from the fact 
that y = («8 —-- 1)p'. 
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In this interpretation K(z, , 22 ; A) is, for given z, and 2, , the average 
of 9(z,, 223A) with weight factor A%~1\"2-1 over the set of linear 
generators corresponding to these fixed values of 2, and z,, that is, 
over a set of mutually parallel linear generators. 


Remark. The expression for the kernel in terms of (z,, 25; A) 
is analogous to the usual formula for the Mellin transform. For this 
reason we shall call K(2, , 2, ; A) the Mellin transform of (2, , 2,3). # 

It is sometimes convenient to designate the lines on the a — By = | 
surface not in terms of 2, , 22, A, but in terms of homogeneous coordinates 
u,v; u,v’ (as in Section 2 of Chapter II). Recall that we showed that 
every line on the a5 — By = 1 surface is given by the set of linear 
equations? 


ux + vy =u, 


4 
uB + vd =v, . 


where (u, v) ~ (0, 0) and (u’, v’) ~ (0, 0). The geometric meaning of 
these homogeneous coordinates is now evident. If (u, v) and (u’, v’) are 
the coordinates of two points in the plane, the first is carried into the 
second by the transformation whose matrix is 


, 


an 


and what we have been calling a line is the set of all transformations g 
that carry (wu, v) into (w’, v’). 

We may define the integral of f(g) along the line whose homogeneous 
coordinates are (u, v; u’, v') by 


Ou, 050, 0!) = 4 f fe)as, (5) 


where w = da/vu' == dB/vv' = —dy/uu' = —d8/uv'. Then © is a 
homogeneous function of u, v, u’, v' of degree (—2, —2); that is, 
(iu, tv; tu’, tv’) = tt D(u, v; wu’, v’) 


for every ¢t ~ 0. 
The relation between the homogeneous coordinates and z, , 2, , A, and 
thereby also the relation between @(u, v; u',v’) and o(z,, 223A), is 


12 In Section 2 of Chapter II we denoted the coordinates of the points not by «, 8, y, § 
but by 21], 22, 23, 2. 
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easily established. From Eq. (3) we find that the line on the «5 — By = 1 
surface is given by 


aae+y = Az, 


6 
zB+8=2X. ”) 


When we compare this with Eq. (4), we find that the relations between 
the two sets of coordinates may be written 


2, = ulv, z = u'/v’, A= v/v. (7) 

Further, o(z, , 22 ; A) is related to D(u, v; u’, v’), the integral of f(g) over 
this line, by 

pla » 245.2) = ANO(a, , 15 Azy A). (8) 


The inverse of this relationship, obtained in a simple way from (8), is 


P(u, v; u', v') = v'O-v'“lp" “1p (u/v, u'/v’; v'/v). (9) 


2.4. Properties of K(z, , Z2 ; X) 


In Section 2.1 we studied how the Fourier transform of a function on 
G behaves when the function f(g) is replaced by f(g~), f(g), or f(g). 
These properties can obviously also be stated in terms of the kernel K 
of the Fourier transform operator F(x). The results obtained are then 
the following. 

Let f(g) be a rapidly decreasing continuous function on G, and let 
K(z,, 225 x) be the kernel of its Fourier transform F(y). Then the 
Fourier transform of f(gg,) has kernel T_,(g,)K(21, 22 3 x), where T_,(g,) 
acts on K as a function of z, . Explicitly this new kernel is 


T (Go) (2 » 23x) = (Bot + 84)" MBole + By) AK (35 2: x). (1) 


The Fourier transform of f(gj'g) has kernel T,(g,)K(21, 225 x); 


where 7\(g,) acts on K as a function of z, . Explicitly this new kernel is 


T (8) K(21 » 223 x) = (Boz + Sg) (Beri = 5)" 1K (ee » %25 x). (2) 


The Fourier transform of f(g-1) has kernel 
K"(2 , 223 x) = K(2, 215 -x): (3) 
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The Fourier transform of /(g) has kernel 
K(z, 1 23. xX) = K(a 5 25 X)- (4) 
The Fourier transform of f*(g) = /(g~!) has kernel 


K*(x,, 293 x) = K(2_, 215 x*), (5) 


where y* = —¥ = (—*#,, —%)). 

Let K, and K, be the kernels of the Fourier transforms of f, and f, , 
respectively. Then the Fourier transform of the convolution f, * /,(g) 
has kernel 


z 2 
K(z,, 223 x) = 3 | Ky (2 , 233 x) Ko(23 , 223 x) 423 4%, « (6) 


All of these assertions can be proven simply on the basis of the results 
of Section 2.1 [for instance, Eq. (3) follows from the fact that the dual 
operator is obtained from the transposed kernel]. 


2.5. Continuity of K(z; ,Z2; xX) 


Let f(g) be a continuous rapidly decreasing function. Then the corre- 
sponding kernel K(z,, 22; x) 18 a continuous function of z, and z, for all 
values of x. 

To prove this all we need show is that the defining integral 


K(, 2x) = (3) [£04 + Bap, B.A — Bay)a"Aina-t da dh ap dB (1) 


converges uniformly in every bounded region of the complex 2, , z, plane. 
Now since f(g) is rapidly decreasing, the inequality 


Lf (g)atana# | <C | A P| g |e (2) 


holds for all m, where, as before, the norm of g is given by 
a=(lal?+/ Bi? +] yj? +182), and k = 4 Re(n, + n,) — 1. Let 
us derive some estimates for |X|. Recall that according to Eq. (6) of 
Section 2.3 


A = Bz, + 4, A% = az, + y. (3) 
Thus 


[A [2 las +y|?+|8% +67 
1 + | 8 |? ; 
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Then from the Cauchy-Bunyakovskii inequality we arrive easily at 


2el+ ia)? 


AP < =: 
IAP < |g area: 


(4) 


Let us now obtain a lower bound for 4. We first rewrite Eq. (3) in 
the form?® 


Aa — Ba) = 1, Aba - y) = a1, (3) 


from which we obtain 


Se gem ca 
| co — Ba |? + | 8% —y ? 
We may then use the Cauchy-Bunyakovskii inequality again to obtain 


1 1+iz? 
fg 1+ [a P" 


JAP < (4’) 
Now we apply (2), (4), and (4’) to be integral of Eq. (1). If k > 0, we 
find that 


i 


(3) | ; | f(A! + Ba, , B, A — Bx,)Am—1Ane} | dd dX dB dB 
: [B|?+1al2 >A 


l+laP yey yp c eee 

<Cc zh—2m dr dr ap dB. 
~ (AF) (>) eae = 

We have thus to show that in every bounded region of the complex 2, , 2, 

plane the integral 


4\2 ae ie 
KA) = (3) jeer [a Sana ae e 


converges uniformly to zero as A — oo for sufficiently large m. Let us 
write A = Bz, + 6. Then since | B |? + |A/? < (| B |? 4- 18/31 + | 2, |%), 
it follows that 
1 2 
WA<6)[., _, (BE +18 2) a8 dB ap dB. 
“ ipl?sl sl? >4a(4l 241") 
From this it follows immediately that if m > k +2, then /(A) ~0 
uniformly as A — 0 in every bounded region in z, . 
The case of k < 0 can be treated similarly. 


13 Multiply the first of Eqs. (3) by « and the second by —8 and add. This gives the 
first of Eqs. (3’), The second is ohtained similarly. 
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2.6. Asymptotic Behavior of K(z,, Z2 ; X) 


We wish now to study the behavior of the kernel as | 2, | —» 00 or 
| 22 | > oo. Let f(g) be a continuous rapidly decreasing function. We 
have seen that then K(2,, 2. ; x) depends continuously on 2, and 2,. 
Since f(go1g) is also a continuous rapidly decreasing function, the kernel 
K, corresponding to it is also continuous in z, and 3, . Now let 


7) 01 
w=) oll 
and use Eq. (2) of Section 2.4. We find that then 
Ky (2 5 295 x) == 3y'* 18]? 1K (1/2 , 225 x) 


is continuous in 2, and 2, for all finite values of these variables. This 
equation shows that asymptotically as | z,|—» oo the kernel behaves 
according to 


K(21, 25x) ~ Cyt, (1) 


where C, = (—1)"""?K,(0, 22 ; x). 
Similarly, by considering right translations of f(g), we find that 


K,(3 , 225 xX) = uae Fue Ceo , —1/22 5 x) 


is continuous in z, and 2, for all finite values of the variables. This 
equation shows that asymptotically as | z,|—» oo the kernel behaves 
according to 


K(% ’ Zo5 x) ian Caer t (2) 
where Cy = (—1)""Ky(2 5 05 ») 
Finally, by considering simultaneously left and right translations of 
f(g), we find that 


Ko(% 5 825 X) 55 By RYE ay RK (= 1/8, — 1/253 x) 


is continuous in z, and 2, for all finite values of these variables. This 
equation shows that as | 2, | — 00 and | z,|—> o the kernel behaves 
asymptotically according to 


K(2, 1%} x) ads Cag gtelgs mg ed (3) 


where C, = K,(0, 0; y). 
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2.7. Trace of the Fourier Transform 


From Section 2.6 we may derive the following property of the Fourier 
transform. 

Let f(g) be a continuous rapidly decreasing function and let K(z, , 22 ; x) 
be the kernel of its Fourter transform. Then the integral 


5 | K(x, 33 x) ds di (1) 


converges absolutely for every x. 
Proof. Equation (3) of Section 2.6 implies that as | z | — oo, 
K(z, 35 x) ~ Cl ai". 
Since ai oF | = |-* dz a2 converges, (1) converges absolutely. 


Remark. In Section 5 of this chapter we shall introduce the concept 
of an infinitely differentiable function f(g) on the group, decreasing 
rapidly with all of its derivatives. The kernel of the Fourier transform of 
such a function is not only continuous but also infinitely differentiable 
in z, and z,. If this kernel also had bounded support, we could conclude 
that F(x) has a trace for every x, and that this trace is equal to 


i ; 
5 | K(z, 23x) dz d3. 


In fact, however, K(z, , 22 ; x) does not have bounded support and may 
even have a singularity at z, = 00 or z, = oo. Nevertheless the Fourier 
transform operator F(y) of an infinitely differentiable function f(g) 
decreasing rapidly with all of its derivatives possesses a trace given by 
this integral. To prove this one must realize D, not as the space of 
functions of z, but as the space of functions defined on a compact 
manifold [e.g., the functions f(z,,z,) defined on the sphere whose 
equation is | z, | + | 2, |? = 1]. In this realization the kernel of F(y) is 
an infinitely differentiable function on this compact manifold, and 
consequently difficulties associated with the behavior of the kernel at 
infinity will not arise. # 

We may thus assert that if f(g) is an infinitely differentiable function 
decreasing rapidly with all of its derivatives, the operator 


M(x) — | Fe) Ta) de (2) 
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possesses a trace. This trace is given in terms of the kernel A(z, , 22; x) 
of F(x) by ; 
Tr F(x) = ; | K(z, 35 x) de da, (3) 


This trace can also be expressed directly in terms of f(g) by expressing 
the kernel in Eq. (3) in terms of f(g). The resulting equation (whose 
detailed derivation we leave as an exercise to the reader) is then 


Tr FQ) = [F@)QnX ; AMA IA A] 2 dg, (4) 


where A and A~! are the eigenvalues of g. 

By comparing Eqs. (2) and (4), we see that ‘l'r F(y) can be obtained 
from the expression for F(y) by replacing 7\(g) in that expression by 
(AmAn2 +. A-™A-"2)| A — A |? (where A and X are the eigenvalues of the g 
matrix), which we may therefore think of as the generalized trace of T,(g). 
[Note that 7\(g) has no trace in the ordinary sense.] It would be inter- 
esting to obtain the formula for the generalized trace of T,(g) by a more 
straightforward calculation. 


3. Inverse Fourier Transform and Plancherel’s Theorem for G 


3.1. Statement of the Problem 


In the preceding section we have defined the Fourier transform of a 
rapidly decreasing function on G. In the present one, we shall obtain the 
inverse Fourier transform formula, which expresses the function in 
terms of its Fourier transform. Further, we shall find the class of operator 
functions F(y) that are the Fourier transforms of square integrable 
functions (i.e., functions whose square modulus is integrable) and shall 
obtain the analog of Plancherel’s theorem. We shall use as a model the 
analogous formulas for the Fourier transforms of functions defined on 
the real line (or in n-dimensional Euclidean space). As is well known, if 
f(x) is a square integrable function on the line, it is given in terms of 
its Fourier transform by 


f(x) == (2m)? (ie P(A)e-™ dX. 


In addition, Plancherel’s theorem for this case is 


[ ireyedy ~ Qn [7 rayada 
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We shall see that there is a significant difference between these 
formulas and their analogs for G. Specifically, on the line we must know 
F(A) for all real values of A. These are precisely those values of A for which 
multiplication by e’*” is a unitary operation on the line. An analogous 
situation obtains in n-dimensional Euclidean space. One might have 
supposed that the inverse transform formula and Plancherel’s theorem 
for G would require knowing F(x) at those values y for which 7,(g) is a 
unitary operator. It is found, however, that if f(g) is a square integrable 
function on G, its expansion requires not all unitary representations of G, 
but only in those of the principal series (i.e., those for which n. = 7). 
Recall that in addition to these, the representations of the supplementary 
series, for which 


Ny = Ny = Pp, —-l<p<l, p#QO, 
are unitary. 


Remark. The case in which the square integrable functions are 
expanded in all the unitary representations is in a certain sense degenerate. 
It occurs for compact groups and Euclidean spaces (as well as for all 
spaces on which, for instance, a nilpotent Lie group operates), For 
semisimple Lie groups, however, there always exist many unitary 
representations that do not enter into the expansion of a square integrable 
function. # 

Let us proceed therefore to formulate our problem. Let F(x) be the 
Fourier transform of a square integrable function f(g) = f(a, B, 8) on G. 
Then F(x) is defined on the “real axis,’’ that is, for those y = (, , m2) 
which correspond to unitary representations of the principal series. We 
have seen in Chapter III that the points of the “‘real axis’? are charac- 
terized by the fact that 7, = —7, , or that 


m= a(n + ip), a= a(—n + tp), 


where p is a real number and 7 is an integer. 
Our goal is to express f(g) in terms of F(x), for y on the “real axis.” 
We may state this problem also in terms of the kernel of F(x). Recall 
that this kernel is given by 
12 


K(e, 245 x) = (3) [ F0°1 + Bee BA — BayytRt? ad dh dp dB. (1) 


Thus our problem is to invert Eq. (1), or to express f(g) in terms of 
K(2,, 223 x), with x on the real axis. 
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We shall solve this problem in two steps. First we shall consider the 
function 9(z,, 2, ; A) defined by 


1 a 


(21 » 5A) = 5 | fT + Bas, B.A ~ Ba) dB dB, (2) 
in terms of which K(z, , 22; x) is given by 
K(z,, 23x) = 5 | p(x, 5 95 AAA" M} A dA. (3) 


(Elsewhere we have called the integral on the right-hand side the Mellin 
transform of gy.) Then Eq.(l) may be inverted in two steps by the 
following procedure. 


1. Invert Eq. (3), that is, express g(z, , 2, ; A) in terms of K(z,, 22 ; x). 

2. Invert Eq. (2), that is, express f(g) in terms of (2, , 2, ; A). 

The first of these steps is relatively simple. Essentially all it involves 
is to write a function in terms of its ordinary Mellin transform. We shall 
do this in Section 3.2. 

It is the second step which presents the real problem. We shall solve 
this one in Section 3.3, discussing here only its rather simple geometric 
meaning. Recall that f(g) may be considered a function on the quadratic 
surface aS — By = | in a linear space of four complex dimensions. 
Then 9(z,, 2; A) is the integral of f(g) along a line generator of this 
surface, as we have seen in Section 2.3. The problem is therefore to 
express a function over the «5 — By = | surface in terms of its integrals 
along all the line generators of this surface. Stated in this way the 
problem is one of integral geometry. 

We have solved this problem in Section 2 of Chapter IT. The solution 
we obtained there may be written 


Fe) = ~8nty9(5) f LL (u, 0; ua + 0, w+ 08) 
xX (udv — v du)(u dv — v di), (4) 


where @(u, v; u’, v’) is the integral along a linear generator expressed in 
terms of the homogeneous coordinates u, v; u’, v’. In this equation the 
integral is along any contour I on the (u, v) plane which intersects 
every complex line passing through the origin just once, and 1, and L 
are the operators 


a o. 28 eo 
I= Cor (ae oe re Be"? (5) 
te, 2) 
ba es Gy ee (5’) 
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Geometrically, Eq. (4) means that in order to obtain f(g) we must first 
apply the infinitesimal parallel translation operators L and L to 
P(u, v; u’, v') and then average LL@ over the set of all the linear genera- 
tors that pass through g. 

Now let us rewrite Eq. (4) in terms of the inhomogeneous coordinates 
21, 2, A by transforming from @(u, v; u’, v') to o(z,, %_ ; A). According 
to Eq. (9) of Section 2.3, we have 


Pu, v; u,v’) = vle'-lo"“1e(u/o, ufo’; v'/v). (6) 


We choose the contour I’ in Eq. (4) to be the line v = 1, and then after 
some elementary operations we arrive at 


: 12 a. 
f(g) = — aa 5 | Om (2, a Bz + 5] dz dz. (7) 


In this chapter, however, we shall not rely on the results of Chapter II, 
and in Section 3.3 we shall go through an independent derivation of 
Eq. (7) based on the Fourier transform. This new derivation exhibits 
explicitly the one-to-one nature of the mapping of f to ». 

In order to avoid difficulties involving convergence of integrals and 
parameterization of G, we shall assume that f(g) = f(a, B, 8) has bounded 
support on the group and that it vanishes for sufficiently small values 
of | 8 |. This makes it possible to treat f(g) as a function of bounded 
support in the parameters a, 8, 5. We shall further assume that f 
is infinitely differentiable in these parameters, I.ater we shall drop these 
requirements. 


3.2. Expression for 9(z, , Z, ; A) in Terms of K(z, , 22 ; Xx) 


In this section we shall find the inversion formula for the Mellin 
transform 


K(z,, 25x) = £ fala » By AAM—1)"2-! dA dX, (1) 

The following result will be obtained. The inversion formula is 
(21 5 245A) = (4a?) [ 4 Ker as ern dy, (2) 
where X, is the ‘‘real axis,” that 1s, the set of points y = (4[n + ip], 


4[—n + ip]), where p is real and n is an integer. Integration with respect 
to x is understood as integration over p and summation over n. 
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Proof. The proof is based on the observation that Eq. (1) reduces to 
the ordinary Fourier transform. Indeed, on writing A == e’*'", we see 
that 


K(2 » 2} x) 
27 
fof les. as et) explr(m + ma] exp Lil, ~ maa] dr da. (3) 
If Re(m, + ng) = 0, that is, if y lies on the “‘real axis,” this becomes 


etn pw 
K(&, , 23. x) = | | (2, , Bo 3 et! M)etPtein~ dr da. (4) 
0 4% 
Thus K(z,, 23x) is the Fourier transform of 9(2,, 2; e7+*) with 
respect to 7 and « (more accurately, it is a Fourier transform with respect 
to 7 and a Fourier coefficient with respect to «). We may now use the 
ordinary inverse Fourier transform formula to obtain’ 


: 1S ; ntip —nN+1p\.. , 
(2, By3 E71) = 42 > | K (21 » ®5 5) is ’ 4) e-tPte—im« do, (5) 


nN=—O =< 


This equation is more conveniently written 


la 985A) — (An) f(a, 295 xm de, 


fy 


where X, represents the ‘‘real axis’’ of y and the integral is understood 
as integration over p and summation over 7. 


Remark. It can be shown that the Fourier transform of an infinitely 
differentiable function f(g) with bounded support is an analytic function 
of yx. In general, therefore, one may replace integration along the 
“contour”? X, (the analog of the real axis) by integration along some 
other contour. This means that ¢(z,, 2, ; A) can be expressed in terms 
of the kernel K(z,, 22 ; x) for values of y corresponding to nonunitary 
representations of G. However, we shall not go into this interesting 
question here. # 


14'We may apply the inverse Fourier transform formula because we have assumed that 
f(g) has bounded support. Specifically, under the assumptions we have made, (21 , 22; A) 
as defined by Eq. (2) of Section 3.1 has bounded support in A for fixed z, and z, and is 
infinitely differentiable in A and A. 
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3.3. Expression for f(g) in Terms of p(z,, z> ; A) 


We now wish to invert the integral transform 
i 5 
2 + 2259) = 5 | fQ + Bay B.A — Ba) dp dB. (1) 


Let us first introduce the new parameters 


Pp, = —8d/B, Po = a/B, Ps = 1/B 


in G. We shall denote by /,(p,, p2, ps) our original function f(g) = f(a, B, 8) 
expressed in terms of the p; . Explicitly, % 


F(«, B, 8) = fi(—8/B, «/B, 1/8). (2) 


In terms of these new parameters Eq. (1) becomes 


P(%, 35 A) = 5 | Ale — Aps , %_ + A™"Ps , Ps)| Ps |~* EPs ADs « (3) 


Our problem is now to invert this integral transform. 
Let us now obtain the Fourier transform ®(w, , w, ; A) with respect 
to z, and 2, of (21, 2 5A): 


i\? . = = s P 
P(w, , Wy; A) = (5) | ole , 8; A) exp[7 Re (2%, + 2% )] dz, dz, dz, d%,. (4) 
In terms of the p, this becomes 


i\8 3 m = 
(wy , 2055.0) = (5) f Alt: — APs, ae + APs 5 Pa) expli Re (21% + 24) 
x | ps |* dz, d2, dz, d&, dps dps - (5) 
Changing variables in the integrand, we write 


Pi = 2 —Ap,, Po = 2 + AMD, . 


' Note that by the assumptions made concerning f(g) at the end of Section 3.1, our 
new function f/f, is an infinitely differentiable function of the p; with bounded support 
and vanishes for sufficiently small values of | ps |. 

18 Note that under the assumptions we have made concerning f(g), the integral in (4) 
converges, so that the usual inverse Fourier transform formula may be used. Indeed, 
(21, 22; A) is an infinitely differentiable function of hounded support in 2, and z, for 
fixed A. 
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This yields 
1\3 
Pw, , 43) = (5) [ filPrs Pe» Ps) Pal # 
x exp{Z Re[p,i%, + poi, + pg(Aw, — A-1w,)]} 
x dp, dp, dp. dp, dp, dp, . (6) 


We see from this that ®(w,, w, ; 2) is simply related to the Fourier 
‘transform F(w,, we, ws) of fi( Pi, Po, Ps)| Ps |~*, whose formula is 


/\3 
F(w, , W, , Ws) = (5) [AG » Po» Ps)l Ps |~* explt Re (p,@, + Pod, + Pyids)] 


x dp, dp, Ape dpe dps aps « (7) 

Specifically, 
Pw, , Wy; A) = F(w, , wy , Aw, — A004). (8) 
This equation is the basic one relating f and q. It is obvious that it 
can be used to express F(w, , w, , w3) and therefore also f,(p, , P. , Ps) in 
terms of ®(w, , w, ; A). We may use the inverse Fourier transform to 


write 


Ai(P1 » Pe» Ps)i Ps \~* 
1\of : oe = a 
= (2m)-{5) | F(w, 5 1» , 9) exp[—i Re( pri, + Pots 4 Poida)] 
x dw, di, dw, dw, dw, di, . (9) 


Now writing w, = Aw, — A-!w, in order to transform in the integrand 
from F to ®, we arrive at!’ 


\3 
Aiba» Pas Pa)l Ba l-* = B(2m)-®(5) | Pleo, , 293 A)| B, + 9%, |? 


x exp[—i Re{p,@, + ppt, + p(Aw, — A~!H,)}] 
x dw, di, dw, di, dd dd. (10) 


7 The extra factor of } arises because when A runs once over the complex plane, zv, runs 
over it twice. 
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This gives f, in terms of the Fourier transform of (2, , 2, ; A) with 
respect to z, and z,. The next step is to insert Eq. (4) into Eq. (10), 
which then yields 


FilPs » Pas Ps)l Ps "4 = 3(2m)-S | p21 » 325 A) 
x exp[i Re{@,(z, — py — PsA) + Wa(%2 — Pz + PyA~1)}] 
x |B, + APD, |? do, (11) 
where dv = (i/2)> dw, dw, dw, dw, dd dd dz, dz, dz, dz, . 
This formula can be simplified by integrating over w, and w,. We 
make use of the fact that 
1\? : S S: 
(2n)-* (5) [ exp{i Re [ya — pr — Pad) + Ba(z— — Pe + PVT} 
x dw, dB, dw, di, 
= 8(2, — Pi — PsA, 22 — Po + Psd’). 


Differentiating this equation with respect to A and A, we obtain 


4 (27) | ps |? (3) [ expti Re [,(2, — P, — Psd) + Bo(% — Pe + PsA~*)]} 


X |B, + Aw, |? dw, dd, dw, di, 
a2 


er su a ae i 


Thus after integrating over w, and w, we reduce Eq. (11) to the form 


SilPi» Pes Ps) = ~-(27?)-" | pg (5): foe , 8g; A) 


° - 
a cK 5(21 — Pi — Pad, 22— Pp + Py“) dz, dz, dz, dz, dd dh 


= —(2n*)"1 pyl?(5) | paslPs + Pods Pe — Pad A) dr AA, (12) 
where 


Pri(Pr + PsA, Pp — Pg45 A) = 


Pop(z, , Xe: 2) 
Se eee : 13 
Pe a ee (13) 


This is the desired inversion formula. 
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All we need now do is state this in terms of our original parameters 
a, 8, 5. This is simply 


f(a, B, 8) = “saps | (ae A) dd dA. 


Now writing z = (A — 8)8"', we finally arrive at 


F(0B.8) = — x35 [ om (2 Gh fe + 8) de a. (14) 


Thus let f(g) = fia, 8, 5) be an infinitely differentiable function of bounded 
support on G, and let (2, , 2, ; A) be defined by Eq. (1). Then f is given in 
terms of p by Eg. (14). 

Recall that we have required that f(a, 8,8) vanish for sufficiently 
small values of |8j. Actually this requirement is not necessary (see 
Section 3.4). It will become clear in Section 3.5 that Eq. (14) remains 
valid for any square integrable function f(g) so long as the integrals of 
Eqs. (1) and (14) converge. 


3.4. Expression for f(g) in Terms of Its Fourier Transform F(x) 
We may now combine the results of Sections 3.2 and 3.3 to express 


F(g) =f(«, B, 5) in terms of the kernel of its Fourier transform. We shall 
use Eq. (14) of Section 3.3, namely 


+ 1 Z as 7 Y = 
f (8.8) = — 5255 | en (% gg: Be + 8) dz de, (1) 
and Eq. (2) of Section 3.2, namely 
Ca 205A) = Amey t fay aa5 xmidm dy (2) 


(recall that X, is the ‘‘real axis” of x),18 to derive the desired formula. 
Let us differentiate Eq. (2) with respect to A and \ and insert the result 
into (1). Then we arrive at the following result. Let f(g) = f(a, B, 8) be 


'§ Recall also that the integral over yx is to be understood as integration over p and 
summation over 7. 
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an infinitely differentiable function with bounded support on G. Then in 
terms of the kernel K\2, , 22 ; x) of its Fourier transform it may be written 


pests) ~~ gab f, frmb (Ex 


x (Be + 8)-m-1Be + 5) da di dy. 3) 


Here x == (nm, m,) = (4[n + ip], $[—- + ip]), where n is an integer and 
p is real; the integral over y ts understood in the sense of integration over p 
and summation over n. In a more explicit notation Eq. (3) may be written 


$8) =s54 P {G8 +e) dp 


az +y N+ip —n + ip 
x [K (ae aes amet 
x (Bx + 8)-Hette-1(Bg 4 §)8n-t0)-1 de dz. (4) 


We remark that we could have dropped the assumption that f(«, B, 8) 
has bounded support. This will be seen in Section 3.5. 

As a final step, let us now express f(g) directly in terms of its Fourier 
transform F(x). Note first that 


Kamps sa sx) (Bae + 8)" Ba, + 8)-m4 


is the kernel of F(y)T,1(g) (see Section 2.4). Hence 


5 | K (21 Fete sx) (Be + By Gs + Syne de 


= THFO)T,(8)1. (5) 


Inserting this into (3), we obtain!® 


f(g) = —(nAy"! | us CO) Ty (g)le(x) dx. (x) = mm - (6) 


When one is dealing with compact groups, the D, spaces are replaced by finite- 
dimensional spaces. In that case the coefficient c(x) is the dimension of this carrier space 
of the representation. This means that in the present case c(x) = mn is the analog of 
the dimension of a finite-dimensional representation. [Note, incidentally, that finite- 
dimensional representations of G are realized on the space of polynomials of z and Z 
of degree (nm, — 1, n, — 1) and that for these c(y) = mn, is indeed the dimension of 
the carrier space.] 
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Remark. The inversion formula (6) has been proved for infinitely 
differentiable functions with bounded support that vanish for sufficiently 
small values of | 8 |. In fact, however, this last requirement is unnecessary, 
as is immediately evident if we can prove the following assertion. If 
Eq. (6) is valid for some f(g) it is also valid for f,(g) = f(ggo), where gy is 
any element of G. That this is true is seen when we recall that it was 
shown in Section 2.1 that if F(y) is the Fourier transform of f(g), the 
Fourier transform of f,(g) is F,(y) = F(x)T, (go). Now since Eq. (6) 
holds for f(g), we have [using the fact that T;'(g) = T,(g-')] 


file) =f eee) = Bat" [THOT eee Mex) ax 


o 


= BMT THF) Ceo) Te Mex) x 


= (8a | THAT Mex) dx, 
Xo 


which proves the assertion. # 

We shall show in Section 3.5 that Eq. (6) will hold for any square 
integrable f(g) if Eq. (3) is understood in the sense of convergence in 
the mean. 


3.5. Analog of Plancherel’s Theorem for G 


We have constructed the Fourier transform for functions on G and 
have shown that infinitely differentiable functions with bounded support 
can be expressed in terms of the values of their Fourier transforms on 
the ‘“‘real axis’? X, of the set X of representations, which is given by 
the condition m, = —/,. We shall now extend the relation between 
functions f(g) and operators F(y) to all square integrable functions. 
Later, in Section 3.6, we shall define the class of operators F(y) corre- 
sponding to such functions. 

Let us start by establishing that the mapping f(g) — K(z,, 22; x) 
can be made isometric by suitably choosing the scalar product in the 
space of the f(g) functions and the space of the kernels. Specifically, we 
choose the scalar product 


(fs f) = [AleAle) dg () 
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for the functions on G, and 


(Ky, Ka) = ~(@nty (3) [Klaas 205 x)Kalar » 205 x)e(x) das d8, dy diy dy 
2) 


for the kernels, where as before c(y) = mn. = —| 7, |?. (As usual, the 
integral with respect to y is understood as integration over p and summa- 
tion over 7.) 

Let f\(g) and f,(g) be infimtely differentiable functions with bounded 
support, and let K,(2z,, 22; yx) and K,(z,, 22; x) be the kernels of their 
Fourter transforms. Then 


(A fa) ae (K, ’ K,), 


or more explicitly, 


[Aceves de = —mty5) ff Kuler 2012) 


x Ko(21, 25 x)e(x) dz, d2, dz, d3, dy, (3) 
which ts then the analog of Plancherel’s theorem. 


Proof. Consider the convolution f(g) =f, *f#(g) of fi(g) and 
fk(g) = F(g7!). This convolution is also an infinitely differentiable 
function with bounded support. Therefore the inverse Fourier transform 
formula is valid for it, and we may write, in particular, 


fle) = —(8nty5) [| Klas 23 ele) de de (4) 


where K(z,, 22; x) is the kernel of the Fourier transform of f(g). As 
was shown in Section 2.4, this kernel may be written 


: i > 2 
K (a 205 x) = 5 [ Kuler #95 x)Ka(@e » 253 x) dy dB. 
Therefore 
t z 
5 | K(2,, 213 x) dz, dz, 
1 


2 
= 6) i K,(2 5 223 x)Ka(z, , 293 x) dz, d2, dz, dz, . 
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On the other hand, from the definition of the convolution 


f(g) =A ¥fE@) = | Alefeei's) der 


= | AleiAlg ta) der 


we obtain 
F() = | Algdfle) der = (A f)- 


Thus it follows from Eq. (4) that 
iS : 
(Ashe) = - (8n4)-1(5) het Ky (2 , 223 x)Ko(21 , 223 x) 


X ¢(y) dz, dz, di, d?, dy = (K,, K»). (5) 


This completes the proof of Plancherel’s theorem for infinitely differen- 
tiable functions of bounded support. 

Consider now the space §, of all square integrable functions (i.e., 
those whose square modulus is integrable) on G. The infinitely differen- 
tiable functions with bounded support form an everywhere dense set in 
this space. This implies that the mapping f(g) —> K(z,, 2. ; x), so far 
defined only for infinitely differentiable functions with bounded support, 
can be extended to an isometric mapping of §, into the space 9, of all 
kernels K such that 

(K, K) < 0. 


This establishes the following analog of Plancherel’s theorem for square 
integrable functions on G: 


[ipeere dg = —8a)9(5) ff | Keer, ei eb) dey dB, dn din dy. (6) 


Remark. Equation (6) may also be rewritten for convenience by 
putting the right-hand side in terms of F(y). Now F(x) is a Hilbert- 
Schmidt operator, since its kernel satisfies 


p\2 
(5) i) | Kz » 225 x)? dz, dz, dz, dB, < ®. (7) 


Thus the operator F(y)F*(y) possesses a trace, which is given by (7). It 
follows then that Eq. (6) can be rewritten in the form 


[LF@)P de = Bry fe) THC dx. # (8) 
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3.6. Symmetry Properties of F(x) 


We wish now to establish which functions of the form K(z,, 22 ; x) 
are the kernels of Fourier transforms of square integrable functions 
on G. Recall for this purpose how we developed the transition from 
T(g) = f(a, B, 8) to K(z,, 223; y)- This was done by the sequence of 
mappings 


F(x, B, 8) > A(Pr » Pes Ps) > F(m, , wy , Ws) 


(1) 
—> P(wy , We; A) > p21» 225A) > Ka, 235 x). 
Explicitly, these mappings are given by the following formulas: 
fi(—8/B, o/B, 1/8) = F(a, B, 8), (2) 


43 
F(w, , wy, W3) = (65) [At » P2» Ps)| Ps |~* 
x exp{? Re(p,%, + poi, + psits)} dp, dp, dp, dp, dp, dp, , (3) 


P(w, , Wy; A) = F(w,, w,, Aw, — A-*w,), (4) 


ler s 203) = (2n)-* (4) [ P(e, w45 2) expli Re (a1, + 246,)} 


x dw, did, di, diy , (5) 
K (2 205 x) = 5 | ol@» 203 ANT dd dA. (6) 


Elementary calculation will show that these mappings are isometric 
with respect to the scalar products 


(fant) = [AC@ALG) de = (5) [ filou B, 8)fCe, B, 8) BI 
x do dx dB dB d8 dB, (7) 


(ha sfie) = (5) [far » Pa» Ps)| Ps |*} A i.2(P1 » Po » Ps)! Ps |~4}! Ps |? 
x dp, dp, dp, dp dps dps , (8) 


OF (uw, » Way Ws) 
Ow, OW, 


(FF) = Any (5) [Feo em ) 


x dw, di, dw, dit, dw, di, , (9) 
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3 a@, , Wy; A 
(2 5.) = —22ny*(5) J (es) AY 


x dw, di, dw, dw, dd dd, (10) 


“3 Bees , -X 
(ps2) = —(2my*(5) f ox(ar 252) PGBs) 


x dz, dz, dz, d&, dd dr, (11) 
1\2 > 
(K, , Ky) = —(8z*)"1 (65) I. [Ke » 223 x)Ko(2, , 223 x) 
x ¢(x) dz, dz, dz, dz, dy. (12) 


In this way we obtain the chain of mappings 


9, > Hy, >Dr—> Do > 9, > Dx, 


where the $,, $,, ... are Hilbert spaces of functions in which the scalar 
products are given by Eqs. (7)-(12). Now of these mappings 9, > 9-, 
$o—> §,, and §, — $x can be reduced to the ordinary Fourier trans- 
form, and are therefore one-to-one mappings onto the entire Hilbert 
space. Obviously $, — $,, as defined by Eq. (2) is also one-to-one. 

Now consider §; — §, , the mapping defined by Eq. (4). This is not 
a mapping onto all of §,, for the functions that can be obtained from 
it are only those satisfying the symmetry condition 


P(w, , WA) = P(w, , w; —B,/AW,). (13) 


The converse is easily established: every P(w, , w, ; A) satisfying this 
equation can be obtained from some F(w, , w, , Ws) in Hr. 

Thus we have proven that the kernels of the Fourter transforms of square 
integrable functions on the group are all functions K(z, , 22; x) such that 


i\? r ? : S 
~(804)* (5) ff | Ker 305 x)Pelx) day dy daa dy dy < 00 
and such that the function 
Dw, , W; A) 
1\2 ; = = 
= (2m)*(5) J | Klas #2: x) exp{ i Re (21, + 290,)}-™ 1" 
x dz, dz, dz, d%, dx (14) 


satisfies Eq. (13), t.e., remains invariant under replacement of d by -w,/(A®,). 
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This symmetry condition can be stated in terms of K(z,, 2, ; x). 
Without going through the derivation, we merely give the result: 


5 | (2, — 2-2, — Z)-™-1K(z, 293 x) dz dz 


= (-1)%-™ 6) (% — 2), ~ F)IK(z, , 8; —x) dz dz 
(tm, = —fM,). 


In Section 5 we shall discuss the group-theoretical content of this 
equation. It is related to the fact, established in Section 5.2 of Chapter III, 
that the representations on D, and D_, are equivalent. The geometric 
meaning has already been discussed in Section 2.7 of Chapter II, where 
we gave a geometric derivation of Eq. (13). 


3.7. Fourier Integral and the Decomposition of the Regular Representation 
of the Lorentz Group into Irreducible Representations 


We wish now to establish the relation between the Fourier integral 
expansion of a function f(g) on the Lorentz group and the expansion of 
the regular representation of this group in irreducible representations. 
The discussion in this section is not related to the material that follows. 

We start with some definitions. The regular (more accurately, right 
regular) representation of any locally compact group G is constructed 
on the Hilbert space H of functions f(g) on the group such that the 
integral 


fie = [if (@P de 


converges (where dg is a right invariant measure on the group). With 
everv element g, ¢ G we associate the operator R(g,), called the right 
translation operator on H, which transforms all the f(g) according to 


R(go) f(g) = f (ee). 
Obviously 
R(£182) = R(e)R(e2); 


so that R(g) is a representation of G. This is the so-called regular 
representation. Because dg is invariant under right translations, the regular 
representation is unitary. One may then ask for the decomposition of 
this representation into irreducible representations. 
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In proceeding, we shall need the concept of the continuous direct 
sum (or direct integral) of Hilbert spaces.2° Consider a set X with some 
positive measure uw. With every x € X let there be associated a separable 
Hilbert space H(x) of dimension n(x), where n(x) is either a positive 
integer or infinite, and assume n(x) to be measurable with respect to yp. 
We define the direct integral first for the case in which all of the H(x) 
have the same dimension n (a positive integer or infinity). In this case 
all the H(x) can be thought of as a single Hilbert space H of dimension n. 
For this space we construct the space § of vector functions (i.e., functions 
with values in H) € = h(x) over X such that 


1. For every A, €¢ H the ordinary function (A, , h(x)) is measurable 
with respect to » [where (/, , #,) is the scalar product in A]; 


2. The ordinary function || A(x)||? is integrable with respect to p: 
[ace du < +00. 


The linear operations in § are defined as follows. Let € = A(x) and 
n = g(x) be two vector functions. Then € + 4 = A(x) + g(x) and 
af = ah(x); the scalar product as defined by the equation 


(&0) = | Ge), 2) de. 


It can be shown that § is then a Hilbert space, and we shall call it the 
direct integral of the Hilbert spaces H(x) with respect to y, and shall 
write 


$ = | OH) m 


Assume now that the A(x) are of different dimensions. We then break 
up A into measurable subsets X,, ..., X,,, ..., on each of which n(x) = n 
is a constant. Then we use the above definition to construct the Hilbert 
spaces 


Sn = [ @H(#) du 


on 


and then take their direct sum 


n=1 


2° For more details, see Volume 4, Chapter I, Section 4.4. 
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This is called the continuous direct sum or direct integral of the A(x) 
with respect to the measure p, and is denoted by 


$= [ He) dp. 


A unitary representation T(g) of a group G can be decomposed by a 
direct integral, Let us define what we mean by this. Assume that- T(g) 
is a representation of G on a nuclear space ® (whose definition and 
properties will be found in Volume 4, p. 62). This representation is 
called unitary with respect to the scalar product (y, #) in ®, which we 
assume to be continuous with respect to both arguments, if for every 
y, # € @ and for every g € G we have 


(p, #) = (Te), T(e)). 


We now complete ® with respect to this scalar product, which yields a 
Hilbert space § on which 7(g) is extended to a unitary representation 
of G on §. Let us assume that § can be written as, or, as we shall say, 
expanded ina direct integral of Hilbert spaces H(x) with respect to some 
measure yz. Then the following result is obtained (the proof is similar 
to the proof of Theorem 1’ in Volume 4, p. 117). 

For every x © X there exists a nuclear operator P(x) mapping ® into 
H(x) such that for every » € ® the functions (x) and P(x)p differ only on 
a set of measure zero [where (x) is the vector function corresponding to 
the element » when § is realized in the form of the direct integral]. P(x) 
maps ® on an everywhere dense subset of H(x). 

Now assume that there exist unitary representations T,(g) of the 
group G on Hilbert spaces A(x) such that for every py ¢ ® 


T(g)P(x)p = P(x)T(g)e- 


We then say that T(g) is the direct integral of the T,(g), and we write 


Te) = | © Tale) du. 


Each T,(g) is called the component of T(g) in H(x). As a rule we shall be 
interested in the case in which the T,,(g) are irreducible, and we then say 
that T(g) is decomposed by the direct integral into its irreducible com- 
ponents. 

The simplest example of the decomposition of a representation by a 
direct integral of irreducible representations is the decomposition of the 
regular representation of the additive group of real numbers by means 
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of the Fourier integral. The regular representation of this group is 
constructed on L?, the space of square integrable functions f(t), and is 
defined by 


Rlty)f(t) = f(t + ty). 


Let F(A) be the Fourier transform of f(t), or 
F(A) = | f (the dt. 


Plancherel’s theorem implies that the correspondence f(t) — F(A) can be 
thought of as an expansion of L? in the direct integral of one-dimensional 
Hilbert spaces H(A). Under the translation f(t) — f(t + ¢,) the Fourier 
transform changes from F(A) to exp(—zAt,)F(A). Thus in each one- 
dimensional H(A) the translation operator R(t) reduces to multiplication 
by e~!, These operators then form (one-dimensional) representations 
of the additive group of real numbers, and we have thus decomposed the 
regular representation R(t) of this group into irreducible representations. 

In the same way, the expression for f(g) in a Fourier integral on the 
Lorentz group, derived in Section 3.4, gives rise toa decomposition of the 
regular representation of this group, as we shall now demonstrate. Let 
K(z,, 2; x) be the kernel of the Fourier transform of a square integrable 
function f(g) on the Lorentz group G. This kernel may be treated as a 
function of z depending on the parameters z, and y. Let X be the set of 
ordered pairs x = (2), x), where 


x = Gln + ip], s[—n + tp]), 


in which p is a real number and is an integer, and let the measure » be 
defined in this set by 


J Mess) de = (Bm (5) ff eey@le 2) day dB de 


« 


where X, is the set of admissible y (that is, what we have called the ‘‘real 
axis’) and the integral over y is understood, as usual, as integration over 
p and summation over n. As before, c(y) = —4(n? + p?). 

Now with each x € X we associate the Hilbert space H, , , consisting 
of functions ¢(z) such that 


lela. = : | | @(2)|? dz d? < 0. 
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Obviously each K(z, , z; y) can then be thought of as a vector function 
over X taking on values from H, ,. Then the analog of Plancherel’s 
theorem [see Eq. (3) of Section 3.6] implies that?! 


J FP de = [1 KG, a 018, de 


This shows that the correspondence f(g) — K(z,, 2; x) is an expansion 
of H, the space of the f(g) functions, in a direct integral of the form 


H = [.@ H,, , du. 


This expansion corresponds to a decomposition of the regular represen- 
tation of G by a direct integral into the irreducible unitary representa- 
tions 7,(g) of the principal series. To see this one need only recall that 
under the translation f(g) — f(gg,) the kernel transforms according to 


K (a 5 85x) (Bor + Bo) ABs + By) MK (25 GEFs x). 
Thus as a function of z the kernel transforms under such translations 
according to the representation T_,(g,) of the principal series. This 
shows that the expansion of the functions on the Lorentz group G in 
the Fourier integral defines the decomposition of its regular representation 
R(g) bya direct integral into irreducible representations of the principal 
series. 

To each y there corresponds a set of component spaces depending on 
the other parameter 2, , on each of which the same representation T_,(g) 
is induced. 

Actually the correspondence f(g) — K(z,, 2; x) defines also the 
decomposition of the left regular representation L(g) of the Lorentz group 
into irreducible components. This representation is defined by 


L(go)f(g) = f(g0'8): 


Equation (2) of Section 2.4 shows that to L(g,) corresponds the trans- 
formation of the kernel given by 


K(z, 23 x) > (Bom + 89)" "(Bok + by)" K (Gore 3) x). 


*! Here || K(z1, 23 xliz,,, denotes the norm of K(z,, 2; x) treated as a function of z, 
which is defined by 


. t 
|| K(2.. 23 Ik, y =S [ | K(x, , 23 x)|? dz di. 
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Thus under left translations the kernel K(z,, 2; x) transforms as a 
function of z, under the unitary representation 7\(g) of the principal 
series. This means that the Fourier transform of f(g) defines also the 
decomposition of the left regular representation into irreducible com- 
ponents. 


4. Differential Operators on G 
In Section | infinitely differentiable functions on G were defined by 
choosing local coordinates in G. We should like now to give a more 
convenient definition of such functions, basing it now on what we shall 
call differential operators on G, This definition was given previously in 
different terms in Section 2.7 of Chapter II. 


4.1. Tangent Space to G 


Consider the point 


1 0 
=lo al 
in G and “curves” of the form 
WO =| 20) aol 


that pass through it. Here ¢ is a complex parameter that we shall choose 

to be zero at e, that is, such that a(0) = d(0) = | and (0) = c(0) = 0. 

Assume a(t), b(t), c(t), and d(t) to be analytic in ¢ for small values of | ¢ |. 
We shall call the matrix 

pap __ | a’(0) 80) 

a= k(0)=| (0) @'(0) | 


the tangent vector of the curve A(t) at e = A(0). The vectors at e tangent 
to all possible curves passing through this point form a complex linear 
space”? which we shall call the tangent space to the group at e and shall 
denote by A. Obviously the tangent space is of the same complex 
dimension as G itself, namely of dimension three. 


22 Indeed, if h, and A, are vectors tangent at e to the curves /,(2) and (2), then A,hy + Aghe 
is the vector tangent to A(z) = h,(A,t)A2(A22). 
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It is easily shown that a matrix belongs to A if and only if its trace 
vanishes. Indeed, the matrix elements of A(t) are related by 


a(t)d(t) — B(t)c(t) = 1. 


When this equation is differentiated with respect to ¢ and evaluated at 
t = 0, we find that a’(0) + @’(0) = 0, which means that the trace of 
the tangent vector vanishes. Conversely, the matrices with trace zero 
form a complex linear space of the same dimension as J, namely three. 
Therefore they all belong to A. 


Remark, It can be shown that to every matrix h of the tangent space 
corresponds a unique one-parameter subgroup A(t) of G whose tangent 
vector at e is A. [A one-parameter subgroup is a curve A(t) such that 
A(t, + t.) = A(t,)A(t,) for all complex numbers t, andt,.] # 


4.2. Lie Operators 


To each matrix he A correspond two linear differential operators 
A, and A, on G. These are defined as follows. Let A(t) be a curve 
passing through e with tangent vector h. Then we make the definitions 

of [h(t a of [h(t 
t=0 Ot t=0 


It is easily shown that A, and A, do not depend on the choice of A(t) 

so long long as it has the proper tangent vector, and they are therefore 

completely determined by the tangent vector /,?3 We shall call A, and A, 

the left derivatives along the vector he A, or simply left Lie operators. 
An obvious calculation shows that 


Aytytighs = An, + Any » A yhythahs =. NA, ns NrAn, . 


23 To prove this let us parameterize the elements 


2 F 
oy | 
of G by «, 8, and 5. Then a simple calculation shows that 
of of of | [ of of of 
=a’ + + Ob’ } be 
Af = 40) [a5 + Bog — 835] + 4O[75, + 85g] + OBS 


A similar expression is obtained for A), . 
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Thus the A, themselves form a linear space, and the same may be said of 

the A, . It is convenient in these spaces to set up the following bases. 

In A we take as a basis the three matrices 

LQ 01 
s| =| 

=F 0 0 


/ ©=[1 ol 


These are tangent vectors to the one-parameter subgroups 


| ent 0 


a= [0 eu =|, ih 


- ao=[h | 


We then choose as bases in the two left-derivative operator spaces those 
operators A, and A, for which A is a,, a, , or a_, denoting them by 
A,,A,,A_ and A,, A, , A_, respectively. 

In addition to the left derivative operators we can define right derivative 
operators B, and B, for G by the equations 


of [gh(t)) 


Byf(e) = He Byf(g) - Leto) 


t-0” ot t=” 


where A(t) is any curve for which A(0) = e and h’(0) = A. As is true for 
the left derivative operators, these also form three-dimensional linear 
spaces, and in these spaces we choose our bases similarly: B,, B, , B. 
and B,, B., B. correspond to a,, a, , and a_, respectively. 

In terms of «, 8, 8, and y (we choose the first three as coordinates) 
these operators are given by 


é (2) 
A, Gq +? 5p? 
7) 
A.. = Bas» 
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The expressions for the barred operators are obtained from these by 
replacing «, 8, y,5 and differentiation with respect to them by their 
complex conjugates and by differentiation with respect to their complex 
conjugates. 


4.3. Relation between Left and Right Derivative Operators 


Since the elements of G are given by six real parameters, there exist 
on G exactly six first-order linear differential operators that are linearly 
independent over the reals. For this reason there must exist linear 
relations between the left and right derivative operators (in which the 
coefficients depend on g). These relations are conveniently written in 
matrix form in terms of the matrices 


A, 


Ao _ | Bo OB, 
eee ta P| 


—By 


whose elements are Lie operators. We then have 
gA = Bg’, (1) 


where g’ is the transpose of g. (In this notation Bg’ denotes symbolic 
matrix multiplication; that is, the elements of g’ are not differentiated. ) 
A similar relation exists for the barred operators. 
Derivation of Eq. (1). Consider the general linear group (i.e., of all 
non-singular matrices) 
_|* 8 
~ | y 6 | 


The tangent space at the identity of this group consists of all 2 x 2 
matrices, and we choose our basis in this tangent space to be 


' : 


: =o if 


01 
a2 =| o|P 


Let A,, and B;; (2,7 == 1, 2) be the corresponding left and right derivative 
operators. Then a simple calculation gives 


0 7 
A ere at Baan Ay = 243g 2B’ 
a a a 
Aagite tor Pog An = 75, + 855: 


4.3 Differential Operators on G 


In terms of the symbolic matrix 


e. . | 0/d« 90/oB | 
ie  \dley aes 
we may write 
| Ay Ay Ae 
Ay, Ax og 
and the similar expression 
| By By| _ ae 
Bo, Bop og 


Then it follows immediately that 


f Ay Axe 


aoe =| By ele 
Ao» 


Boy Ball 


251 


(2) 


Note that in terms of the A,, the left Lie operators on the unimodular 


group G may be written 


Ay = (Ay — Ag), A, = Ay, A_=Ay,,. 


We thus have 


Ay Aje|| _ | Ay A, 1 E 0 
| Ay Agi | A_ —A, + 3(An + Are) 0 El 
where E is the unit operator. In a similar way, 
By as L E @) 
| Bu =| B_ (By, + Boz) 0 E i 


Note now that 


2) ra) a) ta) 
Aut Aa = 8a Ba Seg TR ag to te ay 


which, together with Eq. (2), yields 


1A, Ay 
A. —A, 


t 


& 


B, | 
0 + 
fs =B, 1° 
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4.4. Commutation Relations for the Lie Operators 


Note first that the left Lie operators commute with the right Lie 
operators. This follows immediately from the fact that left translations 
commute with right translations on G. 

It is helpful to introduce the commutator [A, B] of two operators 
A and B, defined in the usual way by 


[A, B] = AB — BA. 
Then we have immediately 
[An, ’ B,,] =. 0, (An, ’ B,,] = 0, [An, ’ B,,] = 0, 
[An, , B,] —s 0. 


Further, because differentiation with respect to t commutes with differen- 
tiation with respect to 7, we have also 


[An, ’ An,] = 0, [Bn, , B,,] = 0. 
It may be shown for the left derivative operators that 
[A_, Ag] = —A_, (1) 
[A, ’ A_] = —2Ay . 


Similarly, for the right derivative operators we have 


[B,, Bo] = —B,, 
[B_, B.] = B_, (1’) 
[B, , B_] = 2B,. 


Derivation of Eqs. (1) and (1’). These relations can be obtained directly 
by making use of the definitions of A, and B, in Section 4.2. It is simpler, 
however, to obtain them from more general considerations. Let h, and 
h, be matrices in the tangent space A. Then [/, , A] is also in A, for 


Tr(hyh, — hyhy) = Tr(hyh,) — Tr(hgh,) = 0. 
Now it can be shown?! that 


[An » Ang] = —Apang [Bay » Bae] = Brry.ngi- 


24 See, for instance, Ref. (16). 
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Thus Eqs. (1) and (1’) can be obtained by first finding [a, , a], [a_ , a], 
and [a, , a_]. A simple direct calculation yields 


[4,,%] = —4,, [@_, a] =a, [4,,@.] = —2ay, 


from which (1) and (1’) follow immediately. 

The commutation relations can now be used to write any polynomial 
of Lie operators with constant coefficients as a linear combination of 
ordered products of the form 


Abi A’ ABU BBs Am Am As Bm Bro Brs . (2) 


4.5. Laplacian Operators 


Operators that commute with infinitesimal translations (that is, with 
Lie operators) are of particular importance to the study of functions on 
a given space. In Euclidean space, for instance, this property is possessed 
by the ordinary Laplacian.” 

Let us then turn our attention to those operators on G which commute 
with all Lie operators. It is seen from the commutation relations of 
Section 4.4 that there exist no first-order operators with this property. 
On the other hand, we shall show that the quadratic operator 


4=2A2+ A,A_ 4 A4_A, 


has this commutation property. 
We shall call 4 the Laplacian operator for G. It is clear from its 
definition that 


4=Tr A’, where A = | : Beal 


This equation can be used to express 4 in terms of the right Lie operators. 
We have seen in Section 4.3 that the left and right Lie operators are 
related by 


A == g’-1 Bg 
and it therefore follows that 


Tr A? = Tr B?, 


25 For this particular case we mean translation any transformation preserving the 
distance between two points. 
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and therefore that 
A = Tr B?, where B= | . B., 


—B, 


It is now easy to shows that 4 commutes with all the Lie operators. 
Indeed, since it can be written as a polynomial of the A, with constant 
coefficients, it commutes with all the B, . Onthe other hand, it can also 
be written as a polynomial of the B, with constant coefficients and must 
therefore commute with all the A, . It therefore commutes with all the 
Lie operators. 

Thé operator 4 on G defined by 


A=Tr2?=28+4+4,4 +44, 


also commutes with all the Lie operators. It can be shown, in fact, that 
every differential operator commuting with all the Lie operators is a poly- 
nomial (with constant coefficients) in A and A. 


4.6. Functions on G with Rapidly Decreasing Derivatives 


In Section 1.2 we defined infinitely differentiable functions on G. This 
definition can obviously be stated in terms of Lie operators: if every 
operator which is a polynomial of Lie operators can be applied to a 
function f(g), then f(g) is called an infinitely differentiable function on G. 
We shall call expressions of the form P(X)f(g) derivatives of f(g) 
for all constant-coefficient polynomials P(X) of Lie operators. The 
order of the derivative is defined as the degree of the polynomial when 
all the terms are written in the canonical form of Eq. (2), Section 4.4. 

With G we may associate the space S of functions with rapidly 
decreasing derivatives. This space consists of the infinitely differentiable 
functions on G, all of whose derivatives decrease rapidly asymptotically 
as | g|—> oo. This means that for every P(X) and for any n we must 
have 


lim | g "P(X)f(g) = 0. 


We introduce a topology on S by the sequence of norms 


fle = sup | g "| POF), 


where P(X) runs through all Lie operator polynomials of degree no 
greater than 7, whose coefficients, in the canonical form, are of modulus 
no greater than one. 
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Among the properties of S are the following. 


1. Sis invariant under left and right translations and under inversion 
[i.e., under f(g) > fle]. 


2. S is invariant under multiplication of f(g) by any polynomial P(g) 
of the matrix elements of g or their complex conjugates. 


3. The convolution f, * f,(g) of two functions in S also belongs to S. 


An example of a function in S is exp{—| g |?}. Also in Sis P exp{-| g |*}, 
where P is any polynomial (with constant coefficients) of matrix elements 
of g, of their complex conjugates, or of Lie operators on G. 


4.7, Fourier Transforms of Lie Operators 


In Section 1.3 we established the correspondence between every 
function f(g) and its Fourier transform, an operator function F(x). Let 
us now see how Lie operators transform under this correspondence. 
As was shown in Section 2.1, under the left translation f(g) — f(go'g), 
the Fourier transform F(y) of f(g) is transformed to T,(g,)F(x). It then 
follows that the Fourier transform of f [A(t)g] is the operator function 
T,[A(t) F(x). Therefore the Fourier transform of 


Ape) = LHe 


t=0 
is the operator function A,(x)F(x), where 
_ 87, TAQ) j 
n(X) a ot Ls 


We thus see that the left derivative along / of a function f(g) induces 
Pom amen of its Fourier transform F(x) on the left by the operator 

A,(x) defined by Eq. (1). In the same way it can be shown that the right 
derivative along h of f(g) induces multiplication of its Fourier transform 
on the right by A,,(x). 


Remark. The Fourier transforms of the left Lie operators corre- 
sponding to the basis a), a, , a_ in the tangent space are 


— | rs) 
0 ee 
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where E is the unit operator, 
AQ) =~ Net rg, 
AW=-2. # 
We now find the Fourier transforms of the Laplacians 4 and J. 


Theorem. When the f(g) are replaced by their Fourier transforms 
F(x), x == (1, m2), the Laplacian operators are replaced by multiples of the 
unit operator. Specifically, A goes over into n; — | and A goes over into 
ne — 1, 


Proof. Let us write 4(x) for the Fourier transform of J. It is easily 
shown that because 4 commutes with all the Lie operators, it commutes 
with all the translation operators.?* But the Fourier transforms of the 
translation operators are the 7\(g). Therefore A(y) must commute with 
all the 7\(g). But it was shown in Chapter III, Section 5.1 that all of the 
T,(g) are operator irreducible, so that 4(y) must be a multiple of the 
unit operator. We thus have 


A(x) = RE, 


where A(x) is a scalar. Similar considerations apply to the Fourier 
transform of J. 
A more direct calculation, in which one inserts into the relation 


Aly) = 242 + 4,A_ + 4A, 


the expressions for the operators on the right-hand side, gives the value 
of k(x). In this way we obtain 


R(x) = nm — 1, 


5. The Paley-Wiener Theorem for the Fourier Transform on G 


In Section 3.6 we established the necessary and sufficient conditions 
for K(z,, 223 x) to be the kernel of the Fourier transform of a square 
integrable function of g. We shall now establish similar conditions, but 
for f(g) € S, that is, for infinitely differentiable rapidly decreasing func- 


26 This is because the translation operators are obtained as integrals of the Lie operators. 
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tions on G. Necessary conditions are obtained in Sections 5.3 and 5.4, 
and sufficient conditions in Section 5.6, where the results are summarized 
in an analog of the Paley-Wiener theorem. 


5.1. Integrals of f(g) along “Line Generators” 


Recall that the transition from f(g) to the kernel K(z,, 2, ; x) of its 
Fourier transform may be broken up into two steps. First we transform 
from f(g) to ¢(2,, 2,3; A), defined by 


(2, 225 2) = 5 | FO? + Bap, BA ~ Bay) dB dB, (1) 
and then from this function to the kernel according to 


K(2, , 23x) = 5 | (21 » Zo} AA" AN 2! dd dA, 


(2) 
x =(m, Np). 


Now the second of these steps is essentially an ordinary Mellin trans- 
form, so that for our purposes we need only study the transition from 
F(g) to 9(2,, 2,3). We have seen in Section 2.3 that o(z,, z2 ; A) has 
a clear geometric meaning which may be described as follows. If f(g) is 
considered as a function defined on the quadratic surface a5 — By = 1 
in four complex dimensions, then ¢(z,, 22; A) is the integral of f(g) 
along a “‘line generator”’ of this surface. The variables z, , 2, , A, are then 
the coordinates or parameters specifying the generator. 

As elsewhere, it will be convenient to use the homogeneous coordinates 
of these generators. We choose them again as the coefficients of the set 
of linear equations 


ua + vy =u, 


3 
up + vd =v’, " 


which determine a line on the quadratic surface. 
The integral of f(g) along the line generator eee, by (3) is then 
defined as 


P(u, v; u,v’) = 5 S { Fle)axa (4) 


where 
w == dafvu’ = dB/vv' = —dy/uu' = —d8/uv’. 
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This defines (u,v; u’,v’) for all values of u,v, u’,v' other than 
u== v = Oandu’ = v’ = 0, andthe function so defined is homogeneous 
of degree (—-2, — 2), i.e., satisfies the equation 


Pou, ov; ott’, av") = aa? O(u, v; u’, v’) 


for all « ~ 0. Recall in addition that z, , 2, , A are related to the homo- 
geneous coordinates by 


z, = ulv, ZB = U' lv’, A = v'/v. 
Further, p and @ are related by 
(21 , 223A) = AAD(z,, 1; Az_, A), (5) 
P(u, v5 uw’, v') = |v |? | o | %p(u/e, u'/v’; v'/2), (6) 


as has been shown in Section 2.3. 
In Sections 5.2-5.4 we study the properties of ®(u, v; u’, v’). 


5.2. Behavior of P(u, v; u’, v’) under Translation and Differentiation of f(g) 


Consider the function f,(g) = f(go'g), where 


__ || % Bo 
amet | Yo 8 
and consider also the function 
(u,v; w’, 0’) = 5 | f(go'g)oa (1) 


associated with it. We wish to obtain a relation between ®, and ®. 
Let us write Eq. (3) of Section 5.1 in the abbreviated from 


(u, v)g = (u', v’), 


where g has matrixelements a, 8, y, 5, and (u, v) is understood asa row 
vector. According to this equation, then, the line consists of all the 
matrices g which carry (u, v) into (u’, v’). We wish to show that the 
integral in (1) is the integral of f(g) along the line 


(u, e)gog = (u', v’), 
that is, the line whose homogeneous coordinates are 


(uc + vyq, UBy + v8y3 U’, v’). (2) 
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To do this we replace gg by g in the integrand, which transforms the 
differential form w into 


w’ = do’/ou! = dB'/vv' = —dy'juu' = ~-d8'/uv’, 


where «’, 8’, y’, 8’ are the matrix elements of g,g. It is a simple matter 
to use these expressions to show that 


,  A(8ox’ — Boy’) _ do. 
(UBy + Wo)u’ ~~ (uBy + V8y)u’ * 


This demonstrates that w’ is precisely that differential form which defines 
integration along the line whose homogeneous coordinates are those 
given in Eq. (2), as asserted. 

This establishes that under the left translation f(g) — f(go'g) the function 
P(u, v; u', v’) is transformed into 


®,(u, v; u’, v’) = D(ux%y + vyq , UBy + V5; u’, v’). 


Similar considerations show that under the right translation f(g) — f(gg»), 
the function ®(u, v; u', v') is transformed into 


P,(u, v; u’, v') = P(u, v; u'ag + 079, U’By + 08h). 


With these results it can be found how ® behaves also when some Lie 
operator is applied to f(g). The corresponding operators acting on the 
® functions shall also be called Lie operators and shall be denoted by 
the same symbols A,, A, , A, etc. The equations of Section 4.2 can 
be used to obtain explicit expressions for these operators. One then finds 
that 


Ao 2 (u fi >) 
A, = ue, 

A_= —v a 

By = 3(u i ° =) 
B, =u ne 
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The expressions for the corresponding barred operators are obtained 
from these by replacing u, v, u’, v’ by their complex conjugates and the 
derivatives with respect to these variables by the derivatives with 
respect to their complex conjugates. 


Remark. Note that in the space of the ® functions the left derivative 
operators depend only on the unprimed variables u and wv and their 
complex conjugates and on the derivatives with respect to these, while 
the right translation operators depend similarly only on the primed 
variables. # 


5.3. Differentiability and Asymptotic Behavior of P(u, v; u’, v’) 


Let us now assume that f(g) is a rapidly decreasing infinitely differen- 
tiable function. This means that for every m > 0 and for every poly- 
nomial P(X) of Lie operators, the function 


| g "P(X)F(g) 


is bounded on G. Then the corresponding ®(u, v; u’, v’) will also satisfy 
certain differentiability and asymptotic conditions. We now turn to the 
problem of finding these conditions. 

We assert first that ®(u, v; u’, v’) ts infinitely differentiable with respect 
tou, v, u’, v' and thar complex conjugates everywhere except at u = v = 0 
and u' = v' = (0 (where the function is not defined). 


Proof. Consider a region of (u, v; u’, v’)-space such that one of the 
variables (u, v) and one of the variables (u’, v’) fails to vanish in this 
region. We shall assume, to be specific, that u 4 0 and v’ 4 0. Let us 
write the integral along a line (u, v; u’, v’), one whose coordinates are 
given by a 


ad — By = 1, 
ux + vy =U’, (1) 
uB + v6 =v’, 


using 6 for the variable of integration. From the equations of the line we 


find that 


PD(u, v; u’, v’) 


z uv + uv’ — ou’ v' —vd uw’d5 —u a8 dd 
5 {ff , ? y 8) eam ee (2) 


uv u v 
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This equation shows immediately that if f(g) = f(a, B, y, 8) is an 
infinitely differentiable rapidly decreasing function, then @ is infinitely 
differentiable in the region we have chosen. The same considerations 
hold for regions in which u 4 0, u’ 40; regions in which v 4 0, 
u’ ~ 0; and, finally, regions in which v 4 0,v’ #0. This completes 
the proof. 

We now assert that ®(u, v; u’, v’) has the following property. For any 
number k the function 


(we tlet 
[uP + lop 
is a bounded function of u,v, u', v'. The same is true of any derivative 


P(X)®, where P(X) is any polynomial of Lie operators with constant 
coefficients. 


(uP + lorie P+ le’ Py esu,e’) — B) 


Proof. By assumption, for all k > 0 we may write 


f(g) <Clal*. 


Hence ; : 
fous 1 wa 
[Pu v5 ue) <5 | oe, (4) 
where the integral is along the line of Eq. (1), on which the differential 
form w is 


w = dafou’ = dB/vv' = —dy/uu’ = —d8/uv’. 


Let us calculate the integral on the right-hand side of (4). Again, to be 
specific, we choose u 4 0,v’ #0. Then we may choose 6 to be the 
variable of integration, and the remaining variables are given by 


uv + u'v’ — u'vd v — vd us —u 


B= fA ae es (5) 


uv’ ; u v 


With these expressions we may write | g |? in the form 


lg? =|a +62 +] gy /%, 
where 
(| wi? + | 0 )*)( wu’ |? + | 2’ |) 


|u|? io’ |? bf 


|@|2 = 


and | gy | is the minimum value of | g | on the line. We then have 


Ef wo 1 a d8 dd 
2/ igi | ul?lo’ F2/ (| a5 + b |? + | gy |*)* 
7 | Zo jean 7 | Zo [-24-D 


k ltuPlo Pla? k-1l(uPtioPdw e+ ie 
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We thus establish that for every k > 0 
| P(u, v; u’, v’)| 
< Clu |e PH [+ | 0! PYM go PAO”. (6) 
Let us now find | g, |, the minimum value of | g| on the line. From 
Eq. (1) we have 
ju P+lorP<(juP+loPpelP, 
so that 
ju’ P+ )o'P 
julP+joP- 
On the other hand, the line of Eq. (1) can be given by the equivalent 
set of equations 


(7) 


lgo/? > 


ad — By = 1, 
u’8 —v'y = uy, (1) 
—u'B +0’ = v. 


from which in a similar way we obtain 


luP+loP<(wP+lo Pe? 
and hence 
ju P+ lo} , 
—.——; - 7 
we +leP Uf 

By combining Eqs. (6), (7), and (7’) we find indeed that for every k 
the function of Eq. (3) is bounded in uy, v, u’, v’, as asserted. 

Now consider P(X)f(g), where P(X) is a polynomial of Lie operators. 
We have already seen that to this function corresponds P(X)®(u, v; u’, v’). 
Since P(X)f is by assumption a rapidly decreasing function on the group, 
the result we have obtained for ® must hold also for P(X)®. 


lgol? > 


5.4. Conditions on K(z,, Z. ; X) 


It turns out that in addition to the differentiability and boundedness 
conditions established in Section 5.3, ®(u, v; u’, v’) satisfies also certain 
additional symmetry conditions.*” These conditions are most conveniently 


2? This is similar to the situation for the Radon transform /({, s) of a rapidly decreasing 
function in an affine space of x complex dimensions, for which the integral 
i2 fF, s)s*5" ds dé 


is a homogeneous polygonomial of degree (k, 1) in £, , where k, 1 = 0, 1,... (see Sec- 
tion 3.4 of Chapter IT). 
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formulated in terms of the kernel K(z,, 22 ; x) rather than in terms of ®. 
Recall that the kernel is defined by 


K(z, » 225 x) =o [oe > 1; AB_ > AAA" da dn, x= (m , M3) 


[see Eqs. (2) and (5) of Section 5.1]. Recall also that K is the kernel of 
the operator function 


F(x) = | f(@)T.(a) 4g, 


acting on D,. We have seen in Section 1.4 that F(y) is defined for all 
values of y. 

The relations satisfied by K are connected with the existence of 
intertwining operators for certain pairs of representations 7, (g) and 
T,,(g). We have found such pairs of representations and the correspond- 
ing intertwining operators in Section 5.1 of Chapter III. There we 
first established that for y = (m,, m,) and —y = (—”,, —n,), where n, 
and n, are not integers of the same sign, 7,(g) and T_,(g) are equivalent. 
This means that there exists a one-to-one bicontinuous mapping A of 
the carrier space of 7,(g) onto the carrier space of T_,(g) such that 


AT,(g) = T_{g)A. 
From this it follows that the operator function F(x) satisfies the relation 


AF(x) = F(—x)A. (1) 


This can be written as a condition on the kernel K of F(x). As was shown 
in Chapter III, A is of the form 


Ag(a) = 5 f (a — ay ME, — 8)" tg) dey de, (2) 


where the integral is to be understood in the sense of its regularization. 
Thus Eq. (1) can be written for the kernel of F(x) in the form 


5 | @ — zy — AK (ag, a3 m , m) de dB 
= 5 | (2 — 2) 1G, — 2K (a 23 —m, —m) de de (3) 


for nm, , m2 not integers of the same sign. As before, the integral of (3) is 
to be understood in the sense of its regularization.”8 


28 At points where m, and mp, are integers of the same sign, the integrals of Eq. (3), 
treated as analytic functions of 2, and m,, have singularities (see the Footnote 6 of 
Section 4.4, Chapter ITT). 
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We have thus obtained the conditions on the kernel K(2z,, 22 ; x). 
As was stated, these relations have to do with the fact that the represen- 
tations defined by (m,, m,) and (—m,, —m,) are equivalent. In fact we 
already obtained these relations when we were studying the Fourier 
transforms of square integrable functions on the group. We established 
them there, however, only for y = (m,,”,) such that nm, = —jA, (the 
analog of the real axis), since the Fourier transform of a square integrable 
function is defined only on the “‘real axis.” It can be shown that the more 
rapidly f(g) decreases, the broader the strip in which its Fourier transform 
is defined and the greater the number of relations it then satisfies. 

Recall now that intertwining operators may exist not only for equivalent 
representations, but also for partially equivalent ones with y, = (m, , m2) 
and y, = (—7,, m2), where 7, is a positive integer, as well as for represen- 
tations with y, = (m,, m,) and y, = (m,, —m,), where nm, is a positive 
integer. In the first of these cases the intertwining operator is of the form 
A = 6"1/0z"1 and in the second A = 6”2/03"2(see Section 5.3 of ChapterIII). 


Remark. The existence of intertwining operators A is related to the 
degeneracy of the representations at integer points x. Specifically, let 
x=(m, n,) be an integer point (that 1 is, let m, and n, be integers of the 
same sign, which we shall choose in this instance to be positive). Then 
we have seen in Chapter III that D, contains the finite-dimensional 
invariant subspace E,, and D_, contains the infinite-dimensional 
invariant subspace F_, . Further, D,/E, ~ Donjing & Dn,-n, &F-»- # 

Thus in addition to Eq. (1), F(x) = F(m , Np) satisfies the further 
relations 

A,F(m , m2) = F(—m, , M2) A, 


and 
A,F(m ’ Nz) = Fin, , —Nz) Ag ’ 
where A, = 0"1/02% and A, = 6"2/0z™ for n,, my = 1, 2,.... In terms 
of K(z,, 22; x), these relations are 
on on 
K(z, » %2, 1, , Ny) = rae (]O3 3. 7 K(z, » 2, —N,, Nz) 


Ozm 
(4) 
for nm, = 1, 2,...; 


one on 
Oars K(2,, 223%» M2) = (—1)™ azn K(21 , 323 % , Me) 


(4’) 


for m = 1,2,... 


As we have mentioned, these relations occur as a result of the degeneracy 
of T,(g) at integer points. 
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5.5. Moments of f(g) and Their Expression in Terms of the Kernel 


We wish to make a brief aside concerning what we shall call the 
moments of f(g). We define the moments of f(g) as integrals of the form 


[ F@)al) ag, 


where a(g) is a matrix element of a finite-dimensional irreducible repre- 
sentation of G. It will be shown that if f(g) is a rapidly decreasing func- 
tion, all of its moments are easily expressed in terms of K(z,, 22 3 1, Mo). 

First we shall need to calculate the a(g). We have constructed the 
irreducible finite-dimensional representations of G in Section 3.1 of 
Chapter III. Each such representation is specified by a pair of positive 
integers m,,m,, and is realized on the space E,.,, of polynomials of 
degree », — 1 and lower in z and of degree n, — | and lower in z. Then 
the representation of 


es I; sl 
is 
T,(g)p(2) = (Bz + 8)"-(Bz + 5) (s +%), 


It can be shown that up to equivalence these are all the irreducible 
finite-dimensional representations of G. 

We shall now introduce a basis into E,,,. Let the elements of this 
basis be the monomials 2*1z*2, where k; = 0, 1,....”, — 1. Then to 
each operator of the representation will correspond an 2,n,-dimensional 
matrix whose elements are conveniently denoted by index pairs k,, k, 
and /,,/,, where the J, take on the same values as the k,. Then 
A, ail, (8) 18 the coefficient of 242% in the polynomial 


T (gaa = (Bz + 8a“ -(Bz + d)yrerte ax + y)a(ae + 7)". 


A simple calculation then leads to 


1 
kykyih Le) = L!L! 


Olitl, 


x Sper [Be + By HABE + Ste haz + ys(E + F)MJeng- (1) 


We may now go on to express the moment 


[fe )4ey.ty:0,.20(8) 4 
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in terms of K(z,, 22; ™,, %,), which is defined, as before, by 
[ Fle) Tleyelen) de = 4 f Kee, 205m , mola) dey diy 
In this defining integral we now write (z,) = 241%. This yields 
| F@)Bar + 8y-h-1Ba, + Bret H(aay + y)(G, + 7) deg 
= : | K(z, 5 295 My , N2)5125? d2y d3, . (2) 
With this and Eq. (1) we arrive at 


[Flee wa:t,.n(8) 8 


1 i Ohthe 
E'lp! 2 dzh Ogle 


[Ke » Zo, mh, My) x91 dz, dz, le4=0 . (3) 


In particular, for 2, = n, = 1 this becomes 
i < 
[ Fle) dg = 5 | Kar, 295 1, 1) day diy 


(note that the integral on the right-hand is side independent of 2z,). 
It can be shown also that the moments of f(g) have similar expressions 
in terms of K(z,, 2, 3 —m,, —M2). 
As a by-product we have obtained the following interesting result. 
The integral 


i key sk 
5 | K (21 , 225 My , My)%2'F 2" dz, dz. , 


(where m, and nz are positive integers and the k; = 0, 1,...,;) is a 
polynomial of degree no higher than , — 1 in 2, and no higher than 
nm, — 1 in 3,. This result could also have been easily obtained from 
Eqs. (4) and (4’) of Section 5.4. Note that from those symmetry relations 
we could have deduced also that 


i iy sk = 
) | K(z, » Bq, Ny Ny) 8112," dz, dz, 


is a polynomial of degree no higher than m, — | in z, and no higher 
than n, — | in 2. 
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5.6. The Paley-Wiener Theorem for the Fourier Transform on G 


In the preceding few sections we established the correspondence 
between the infinitely differentiable rapidly decreasing functions on G 
and their integrals over all possible “line generators.” If such a 
generator is given by the set of equations 


op — yd = 1, 
ux +oy =u’, 
up + vd =v’, 


then the integral along this generator is defined by 
, , i - 
Ou, v5 v1, 0) = 5 | f(ghu, (1) 


where w = da/vu’ = dB/vv' = —dy/uu’ = —d6/uv’ [see also the equiv- 
alent statement in terms of g(z,, 22 ; A) in Eq. (1) of Section 5.1]. Now 
recall that in Sections 3 and 4 we showed that ®(u, v; u’, v’) is infinitely 
differentiable, found its asymptotic behavior, and showed that it satisfies 
certain additional conditions [which we formulated in terms of 
K(z,, 22; x)]. It turns out that all of these properties ‘together are not 
only necessary, but also are sufficient conditions in order that a function 
P(u, v; u’, v’) be representable by Eq. (1) where f(g) € S. In other words 
we may assert the following. 


Theorem. (Analog of the Paley-Wiener theorem). The necessary and 
sufficient conditions that a function ®(u, v; u’, v') have an integral represen- 
tation of the form of Eq. (1) where f(g) is an infinitely differentiable rapidly 
decreasing function on G, are the following. 


1. B(u, v; u’, v') is homogeneous of degree (—2, —2), or in other words 


Dou, ov; ott’, av") = aa? B(u, v; u’, v’) 


for alla #0. 
2. B(u, v; u', v') is infinitely differentiable in u,v;u',v' and thar 
complex conjugates everywhere except atu = v = 0 and u’ = v' = 0. 


3. For every number k the function 


f 2 4 |2\k 
(Er) (ia + le Pw P+] 0’ PO, ow, 0!) 
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is bounded in u, v; u', v’, and so are all of its derivatives of the form P(X)® 
where P(X) is a polynomial of Lie operators with constant coefficients.”® 
In addition, ®(u, v; u’, v’) must satisfy certain symmetry relations 
which are more conveniently formulated in terms of the kernel 
K(2, » 25} ™% 5%) = ; f @(z, , 15 By, AYAMA"2 dA AN. (2) 
4. K(z%,, 23x), where y = (m,, n2), satisfies the symmetry relation 
5 | (2 — 271718, — &)-"2 1 K(z, 293 M, , Ny) dz dz 


= s{ (2 — &) 1-13 — %) "2-1 K(z,, 2; —N,, —M,) dz dz. — (3) 


5. If n, is a positive integer, then 


on 
Oz" K(2 , 823 4 , M2) = (1m 2 we Klas » %g3 —M, , Ng). (4) 
1 
5’. If n, is a positive integer, then 
"2 ‘ & : 
0am K(2z, » %2, My, , Ny) = = (=) 2 Sn era , Ka » %2, mh, —N). (4 ) 


The symmetry relations expressed by Eqs. (3), (4), and (4') are satisfied 
also by the kernels corresponding to derivatives of the form P(X)®. 


Proof. The necessity has already been established in Sections 5.3 and 
5.4. We now prove the sufficiency. Let ®(u, v; u’, v’) satisfy the conditions 
of the theorem. 

We show first that a square integrable function of g exists such that 
its integrals along the linear generators give P(u, v; u’, v’). As elsewhere, 
we transform to the homogeneous coordinates z, , 2, , A and write 

P(21 5 223 A) = MP(z, » 1; Az, , A). (5) 


Then Condition 3 implies that the integral 


vo 
(5) | | pi(21 » 225 »)/ dz, dz, dz, dz, dA dy (6) 


2® Recall that these Lie operators are 


j ( é é a a 
= —~—v joo. ye 
7 ou a év’ e Ou 
and similar operators in u’ and v’ and the complex conjugates of all these variables (see 
Section 5,2). 
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converges. Indeed, it is easily seen that 
Oep/ OA = AG,(z, > 1; ARe ’ a), 


where ®, also satisfies Condition 3. Now consider 


fi eiens #05 AP do = f LAL | O(a, 15 dey, AYP do 
(7) 
= | (2, > 1; zo ’ Ay? dv, 


where dv = (i/2)3 dz, dz, dz, d%,di dX. We break up the region of 
integration into a region I where | + | 2, |? < | 2, {2+ |A|? and 
another II where | z, |? +- | A |? < 1 + | 2, |? Then Condition 3 implies 
that 


dv 
. 2 ee ee 
[|G ti we, MRdo < Cy | Tae 


dv 
; 2 Sys 
[| PG 1 09) ee i. (ja. |? + It" 


Obviously the integrals on the right-hand sides converge. 

To proceed we make use of the results of Section 3.5, where we 
found the conditions under which (z, , 22 ; A) is the integral of a square 
integrable function f(g) along a line generator. These conditions were 
two. The first is that the kernel defined in Eq. (2), which we now write 
in the form 


K(z, , 23 My, Me) = 5 | (2s » Bs AA 1)"a-1 AA dA, 


be such that the integral 


> [+e 


n=~—00 


x fea | | K (x, » 23 . 5 i > an 'e) | dz, dz, dz, a,| do (8) 


converge. In our case this condition is fulfilled since this integral, as 
is easily shown, differs from Eq.(7) only by a factor. The second 
condition is that y(z,, 2, ; A) have a certain symmetry property which, 
when stated in terms of K(z,, 22; x), is just Eq. (3) (see the end of 
Section 3.6). 
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We thus see that (2, , 22; A) is the integral along a line generator 
of some square integrable f(g). According to Section 3.3, f(g) is given in 
terms of ¢(z, , 22 5 A) by 


f(g) = - aa Jom (3s Bz + 8) dz dz. (9) 


This formula may conveniently be written in the homogeneous coordi- 
nates. It then becomes*? 


F(g) = —Qn*)*(5) f Mla, as an + ve Bar + 822) 
X (% d%_ — % dz)(%, d%, — %, d3,), (10) 


where 
g2 


Wu, v;u',v’) = Ae 


[AG(u, vu’, )jacd - 


The integral here is along any contour I" in the (z,, 2,) plane that 
crosses each line passing through the origin exactly once (see Volume 1, 
Section B2.5). Equation (9) is obtained from (10) if I is chosen to be 
eal be 

The integral in Eq. (10) converges. This is because it is independent 
of the choice of I’, which may then be chosen to lie within some bounded 
region. Then the integral is taken over a compact set, and its convergence 
follows immediately from the fact that the integrand is bounded on 
this set. 

What remains is to show that f(g) as defined by Eq. (10) is infinitely 
differentiable and rapidly decreasing (with all of its derivatives). The 
infinite differentiability follows immediately from Conditions 3 and 4 
imposed on ®(u, v; u’, v’). Let us then show that f(g) decreases rapidly. 


30 Equation (10) can also be written in the form 


fla) = —8my*(5) [ LEO, 295 om + 90) Ber + 82) 
X (21 dzy — 22 dz,)(%, d%, — 2, dz), 
where 
Pag ag gia ee 
ou dv du’ dv’ 
This is the form in which we obtained it in Section 2.4 of Chapter IT, where it is Eq. (9). 
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We first write g in the form g = k,g.k, , where k, and k, are unitary 
matrices,?! and 


yO et 
gee 0 
We then have | g |? = | « |? + | e |-1, so that as | g | > oo, either e > 0 


or | «| — oo. Without loss of generality we may assume that « — 0, so 
that what we must show is that in this limit the function f(k,g,k,) decreases 
faster than any power of | « |. Now the properties of ®(u, v; u’, v’), and 
therefore also those of f(g), are preserved under right and left translations. 
Therefore we need only show that f(g.) decreases rapidly as « > 0. 

Let us now apply (9) to g,. We then have 


f (8) = —(27*)-1 (5) | oaxta, —e®g-l; —e71z) dz dz 
; (11) 
= —(2n*)-1eé (65) | ea(—ez, e271; 2) dz di. 


It is easily shown by using Conditions 2 and 3 of the theorem that this 
integral is an infinitely differentiable function of ¢ in the neighborhood 
of « = 0. We may therefore expand f(g.) in an asymptotic Taylor’s 
series about this point, writing 


eft+1gl+1 


] fe a] 
f(g) ~ — oy ae | a (12) 


where 


Fr =5(- oa eee ie y( - pe x) 


X yaq(O, 0; z) dz dz. (13) 


We shall now show that all the a,, vanish, which is then a proof 
that f(g.) is rapidly decreasing. For this purpose we expand out the 


31 Tt is always possible to write g in this form, This is because any matrix can be written 
g = ka, where k is unitary and a is positive definite. Further, there exists a unitary 
matrix kg which diagonalizes a, that is, such that a = ky*8k, , where 8 is diagonal. Then 


& (kk, Ss )(s8) ke , where 
ia | | 


This is obviously the required form. 
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differential operators in the integrand and integrate by parts. This leads to 


a,= >, (-1%(p —Q)(p, — g,)C?CP 
P+O=K,Pytqy=1 
GPP H9,(0, 0; 2) 


tA 2" dz dz 4 
Oz? Ox% OP 08% aed (14) 


x 5 J aetencact 


where C? and C?1 are binomial coefficients. In terms of K(2, , 22 5 7 5 M2) 
this may be written [see the relation between the kernel and ¢ just above 


Eq. (8)] 
a,= >, (—1)*(p — g)(p, —q)C?Cr 


P+g=k.Py+q=1 
OPTED 


x ba? Ong Ozh Omg SO 032? —4,P1 — %)- 


We now combine each term that has a given p > g and p, > q, with all 
those terms obtained by interchanging the indices p and g and the 
indices p, and g, . The terms come in groups of four: 


024420, 


Ce 
2a q @ 4x OxF 
O29 dxf d8u 03h 


ONT, 


nn Sn 
oz ot 2 


[(—1y K(O, 05m , ms) 


Onitne, 


2 
Ozh oxi 


(1) K(0, 0; —m , ne) 


Om, 


1. 
n Sn 
O21 ORS 2 


( 1)" K(O, 0; mM, —N) 


Omtne, 


+ > K(0, 0; —nN, —n,)], 


n Sn 
Ozh ORS 2 


where Cpg = (—1)**( p — 9) pi — H)CECT, m = pp — 9, M2 = Pi— N- 
Then from Conditions 5 and 5’ of the theorem it follows immediately 
that the expression in square brackets vanishes, and therefore that 
a, = 0. This completes the proof of the rapid decrease of f(g). That 
the derivatives P(.X)f are also rapidly decreasing may be seen as follows. 
Recall that P(.X)f corresponds to P(X)®, and the latter function also 
satisfies the conditions of the theorem. Therefore P(X)f(g) is also a 
rapidly decreasing function. This completes the proof of the analog of 
the Paley-Wiener theorem. 


CHAPTER V 


INTEGRAL GEOMETRY 
IN A SPACE OF CONSTANT CURVATURE 


In this chapter we shall study the analogs for a Lobachevskian and 
imaginary Lobachevskian space of the Radon problem for a Euclidean 
space, which was discussed in Chapter I. 

Whereas previously with every /(x) we associated its integrals on all 
possible hyperplanes [the Radon transform of f(x)] we shall now associate 
with every f(x) defined on a Lobachevskian or imaginary Lobachevskian 
space its integrals over all possible hypersurfaces that are analog of 
hyperplanes, which we shall call horospheres. The geometry on the 
horospheres is Euclidean, and it is for this reason that they can be 
treated as analogs of hyperplanes in a Euclidean space (another analog 
would be actual hyperplanes in the Lobachevskian space). It is in this way 
that we extend the Radon transform to Lobachevskian and imaginary 
Lobachevskian spaces (Sections 2.1—-3.5). We call the reader’s attention 
to our method for averaging a functional over a noncompact manifold 
(hyperboloid) even when the formal averaging procedure gives rise to 
divergent integrals. The method of analytic continuation in the coor- 
dinates developed for this purpose is described in Section 3.2. It is our 
feeling that this averaging procedure will be fruitful also in very many 
other applications (for instance, in the theory of the representation of 
noncompact groups). 

In the same way as the Radon transform is closely related to the 
Fourier transform in a Euclidean space, the analogous transform in a 
Lobachevskian or imaginary Lobachevskian space is related to the 
expansion of functions defined on this space in Fourier integrals. We 
shall use the results of Chapter V to develop these Fourier integral 
expansions in the next chapter. 
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1. Spaces of Constant Curvature! 
1.1. Spherical and Lobachevskian Spaces 


We shall start by stating the basic facts concerning spaces of constant 
curvature, 

The simplest model of an #-dimensional space of constant positive 
curvature k is the n-dimensional sphere 


x2 4 x? 4 oe 4 x2 = RY, R = Ik, 


imbedded in an (m +- 1)-dimensional Euclidean space E,,,, . The distance 
p between points on the sphere will be defined by p = Ra, where « is the 
angle subtended at the center of the sphere by the arc of the great circle 
connecting these two points. In other words the distance between points 
on the sphere is defined as the arc length of the great circle connecting 
the points. 

It is convenient to identify diametrically opposite points on the sphere 
and to define the distance between two points then as the shorter arc 
length. This defines a new space of constant positive curvature k = 1/R, 
and this space is called an elliptic space or a Riemannian space. 

Now instead of pairs of diametrically opposite points on the sphere, 
let us consider the lines passing through these points. Then a Riemannian 
space can be defined as the space of all lines passing through the origin 
in E,,,. The coordinate (x, , x, , ..., %,) of the points on these lines may 
then be treated as homogeneous coordinates in the Riemannian space. 
The distance r between two lines, one of which passes through a point 
M(x) and the other through a point N(y), will be defined by 


2 
cos? kr = — I)" O<k <7, ] 
x55) 7S () 
where 
(2, ¥) = XyVq + HY +. + Man (2) 


is the scalar product in E,,, . 

Mappings of a space onto itself which preserve the distances between 
points (and do not change orientations if the space is orientable) are 
called motions of the space. It is easily verified that the motions of the 


1In what follows we shall use the generally accepted terminology “‘a space of constant 
positive (or negative) curvature.’”’ We shall, however, not have to make use of the concept 
of curvature itself, but use the term as a synonym for a spherical (or eliptical) space and 
a Lobachevskian space. 
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n-dimensional sphere and the n-dimensional Riemannian space are 
induced by orthogonal transformations of determinant one in E,,,. 
(The transformations g and —g induce the same motion in a Riemannian 
space of odd dimension, and must therefore be identified.) 

Let us now define a space of negative curvature by analogy with one 
of positive curvature. For this purpose consider the (7+-1)-dimensional 
linear space E,,, with the bilinear form 


[x59] = XV — Ya — 1 — In (3) 
defined on it. Consider further the set of all lines passing through the 
origin of E,,,, and lying inside the cone whose equation is 

[x, «] = x2 — x? — ++ — x? = 0, (4) 


that is, all lines whose points satisfy the inequality [x, x] > 0. We shall 
define the distance r between two lines one of which passes through a 
point M(x) and the other through a point N(y) by 


[x y}? 

[x, ][y,¥]’ ” 
the analog of Eq. (1). It is easily shown that for lines in the interior of the 
[x, x] = 0 cone the right-hand side of this equation is greater than or 
equal to one, being equal to one if and only if the two lines coincide. 
This means that as defined by Eq. (5), 7 is a real nonnegative number 
equal to zero if and only if the two lines coincide. A direct calculation 
shows simply that this distance 7 satisfies the usual axioms required for 
a distance function, namely symmetry and the triangular inequality. 

The metric space obtained in this way is called an n-dimensional 
hyperbolic space or a Lobachevskian space. Then is called the curvature of 
the space. 

Note that as a line approaches the [x, x] = 0 cone the distance between 
it and any fixed line increases without limit. Thus the lines on the cone 
are the points at infinity in a Lobachevskian space. The set of all 
points at infinity is called absolute of the space. Thus the absolute 
of a Lobachevskian space is the set of all lines on the [x, x] = 0 cone. 

We shall denote by hyperbolic rotations the linear transformations of 
unit determinant in H,,,, which preserve the quadratic form [x, x] and 
which transform the absolute into itself. Obviously hyperbolic rotations 
do not change the distance between lines, and therefore induce motions 
of the Lobachevskian space. It can be shown that every motion of a 
Lobachevskian space is given by a hyperbolic rotation of E,,, and that 
the group of motions of a Lobachevskian space is transitive, that is, every 
point of the space can be transformed into any other by some motion. 


cosh? kr == 
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1.2. Some Models of Lobachevskian Spaces 


We have defined Lobachevskian n-space by identifying its point with 
the lines passing through the origin of £,,, and lying inside the 
[x, x] = 0 cone. Let us now go on to discuss some other models of 
these spaces. 

Consider any surface inside the upper half of the cone such that 
every line passing through the origin intersects this surface at one and 
only one point, and associate with every such line its point of intersection 
with this surface. This gives rise to a model of the Lobachevskian 
space as the set of points on the surface. The two most common models 
obtained in this way are the following. 


1. The set of points on the upper sheet of the two-sheeted hyper- 
boloid 


[x, x] = 1. 
The distance ry between any two points and y is then given by 
cosh kr = [x, y], (1) 


where we have used the fact that on the upper sheet of the hyperboloid 


[x,y] > 1. 
From this formula we immediately obtain the expression 


RE ds? = —dx® + de® 4 ++ 4 de® (2) 


for the differential element of arc length, where the differentials 
dxy,...dx, are related, in view of the fact that [x, x] = 1, by the 
equation 


Xy Axy — x, dx, — +++ — x, dx, = 0. 


Although at first glance Eq. (2) does not seem to be positive definite, 
the relation between the differentials guarantees that it is in fact positive 
definite. 


2. The set of those points on the xy = 1 plane that lie within the 
[x, x] = 0 cone. Obviously this plane intersects the cone in a (hyper-) 
sphere of unit radius, so that the Lobachevskian space may be inter- 
preted as the interior of an n-dimensional sphere of unit radius (the 
ball of unit radius). Since a linear transformation on the cpace of the 
lines corresponds to a projective transformation of the x) = 1 plane, 
the motions of the Lobachevskian space in this model are realized as 
projective transformations in m-dimensions that preserve the unit ball. 
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Note that for this case the set of points at infinity (the absolute) is the 
unit sphere. Equation (5) of Section 1.1 can be used to show that in this 
model the distance r between two points M and N is given by 


M. M. 
r= 350 (Qa Ne) 


where A and B are the points of intersection of the chord MN and the 
sphere of radius k=}. 


1.3. Imaginary Lobachevskian Spaces 


We have been discussing the lines passing through the origin and 
lying within the [x, x] = 0 cone in E,,,. Let us now consider all lines 
passing through the origin in E,,,,. We shall define the ‘‘distance” r 
between any two such lines (assuming they are not on the [x, x] = 0 cone 
by the same formula used in the Lobachevskian space, namely by 


[x, y]? 
[x e191" (1) 


This ‘‘distance” is an invariant of a pair of points under linear trans- 
formation in E,,,, which preserve the bilinear form 


cosh? kr — 


[x,y] = %o¥9 — 11 — 8 — Xn 


The set of all lines passing through the origin breaks up into three 
families, on each of which these transformations are transitive. The 
first of these consists of those lines for which [x, x] >0, which form the 
Lobachevskian space discussed above. The second consists of lines such 
that [x, x] = 9, which form the absolute of the Lobachevskian space. 
There is, finally, the third family consisting of lines such that [x, x] < 0, 
and we shall call this space, with the given definition of distance, 
an zmaginary Lobachevskian space. In other words, an imaginary 
Lobachevskian is the set of lines in E,,, that pass through the origin 
and such that [x, x] < 0 (i.e., those lying outside the [x, x] = 0 cone). 
As before, the distance ry between two lines in this space is defined by 
Eq. (1). 

Unlike the situation in a Lobachevskian space, in an imaginary 
Lobachevskian space the distance 7 is no longer necessarily positive. In 
fact Eq. (1) shows that cosh &r can take on any value from zero to infinity. 
Therefore the distance between two points in an imaginary Lobachevskian 
space can be either real and nonnegative (if 1 < cosh kr < 00) or 
imaginary in the interval [0, 72/2k] (if 0 < cosh kr < 1). 


278 INTEGRAL GEOMETRY IN CONSTANT CURVATURE SPACE Ch. V 


Let us find the motions of an imaginary Lobachevskian space. Con- 
sider the linear transformation of unit determinant in E,,, which 
preserve [x, x] and transform each sheet of the [x, x] = 0 cone into 
itself. These transformations obviously induce distance-preserving trans- 
formations in the imaginary Lobachevskian space, and we shall call them 
the motions of this space. The group of motions of this space is isomor- 
phic to the group of motions of ordinary Lobachevskian space. According 
to our definition of an imaginary Lobachevskian space, the coordinates x 
(that is, xg, ....x,) of the lines are homogeneous coordinates in the 
space, and we shall later find occasion to specialize to particular cases 
by normalizing in one way or another. Different normalizations will give 
different models of the imaginary Lobachevskian space. The most 
convenient of these are the following. 


1. If we normalize the coordinates according to [x, x] = —l, the 
model is the surface of a single-sheeted hyperboloid whose diametrically 
opposite points are identified. The distance r between two points x and y 
of the hyperboloid is given by 


cosh? kr = [x, y]?. (2) 


2. If we set x» = 1, the points of our imaginary Lobachevskian space 
are given by m coordinates such that x7 +--*- + x2 > 1. This is a 
realization of an imaginary Lobachevskian space on the exterior of the 
unit sphere in 7 dimensions. In this model the motions are the projective 
transformations of the entire n-dimensional space that transform the 
exterior of the sphere into itself. 


1.3a. Isotropic Lines of an Imaginary Lobachevskian Space 


We now wish to define what we shall call zsotropic lines in an imaginary 
Lobachevskian space. Since a point in such a space is defined as a line 
passing through the origin in E,,,, , it would be natural to call a ‘‘line” 
in such a space a two-dimensional plane passing through the origin of 
E41. Hence a line inan imaginary Lobachevskian space is the set of 
of points of the form x = sa + tb, where a and 6 are fixed vectors 
and s and ¢ are arbitrary numbers. We may without loss of generality 
assume that the basis vectors a and b are normalized according to 
[a, a] = [b, b}] = —1. A line in an imaginary Lobachevskian space is 
called isotropic if the distance between any two points on it vanishes. 
We may then ask for the equation of an isotropic line. 

Let an isotropic line be given by x = sa + tb, where a, b are 
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fixed vectors normalized as above, and —% <s,t < o. Since the 
distance between a and b must vanish, it follows from the fact that 
cosh kr = |[a, b]| that |[a, b]| = 1. We may now asume that 
[a, b] = —1, changing, if necessary, the direction of b. Recall also that 
[a, a] = [b, b] = —1. 

It is more convenient to use the basis vectors a and ¢ = b — a, 
rather than a and b. For these vectors we have [&, €] = [a, €] = 0. 
Thus an isotropic line is a set of points x = sa + té such that 
—o <s,t < 0, and a, € are fixed vectors, for which 


[é€] =[a,é] =0, [4,4] = —1. (1) 


The converse is obvious: every set of points x = sa + t& such that 
Eq. (1) is satisfied forms an isotropic line? (since the distance between 
any two such points vanishes). We shall call € the direction vector of the 
isotropic line. 

Since [&, €] = 0, the direction vector lies along one of the generators 
of the [x, x] = 0 cone. The vector a, on the other hand, is seen from the 
relation [a, £] = Oto lie in a tangent plane to the cone. Thus in imaginary 
Lobachevskian space the isotropic lines correspond to, and in fact are 
two-dimensional planes tangent to, the [x, x] = 0 cone. The converse 
is easily verified; namely each such plane is an isotropic line of imaginary 
Lobachevskian space. 

The various models we have discussed which arise from specializations 
of the x coordinates lead to particularly helpful geometrical interpreta- 
tions of isotropic lines. Consider, for instance, x» = 1. Obviously the 
% ) = 1 hyperplane intersects the [x, x] = 0 cone in a sphere (the 
absolute) and therefore intersects two-dimensional planes tangent to the 
cone along the lines tangent to the sphere. Thus in this model on the 
xX) = 1 hyperplane, isotropic lines are represented by lines tangent to 
the unit sphere (the absolute) in 2 dimensions. Consider now the model 
on the hyperboloid whose equation is [x, x] = —1. Ifa point of the form 
x = sa + t€ belongs to this hyperboloid, then [sa +- tg, sa +. t€] = —1 
and then Eq. (1) implies that s? = 1. Without loss of generality we may 
take s = 1. Consequently on a single-sheeted hyperboloid an isotropic 
line is simply a line generator given by 


=a-+té, where [a,a] = 1, [€, 4] = [a, 6] = 0. 


It can be shown conversely that every line generator of the [x, x] = —1 
hyperboloid is an isotropic line of the imaginary Lobachevskian space. 


2 This implies, in particular, that through any two points of an imaginary Lobachevskian 
space such that the distance between them is zero there passes one and only one isotropic 
line. 
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1.4. Spheres and Horospheres in a Lobachevskian Space 


We shall call the set of all points x at a distance r from some point a of 
Lobachevskian space the sphere of radius r with center at a. Equation (1) 
of Section 1.3 then implies that 


[x, a]? = c[a, a][x, x] (1) 


is the equation of this sphere* where we have written ¢ = cosh? kr, and 
where [a, a] > 0. We remark that if the Lobachevskian space is realized 
on one sheet of the hyperboloid whose equation is [x, x] = 1, Eq. (1) 
simplifies to 

[x, a] = cosh kr. (2) 


Let us now allow the center of the sphere to move off to infinity, still 
requiring the sphere to pass through a given fixed point 5. Then in the 
limit the sphere becomes a sphere of infinite radius, which we shall call 
a horosphere. Obviously this horosphere is uniquely determined by b and 
by the point € on the absolute which is the limit of the center point. 


Remark. Horospheres in a Lobachevskian space are interesting for 
many reasons. First, the intrinsic geometry of a horosphere in an n-dimen- 
sional Lobachevskian space is identical with the intrinsic geometry 
of an (m— 1)-dimensional Euclidean space. Thus horospheres in 
Lobachevskian spaces are the analogs of planes in Euclidean spaces. 
Further, the set of horospheres itself forms an interesting and a relatively 
simple space which will later be of fundamental importance. Horospheres 
can be defined also in another way. Consider the set of lines of a 
Lobachevskian space. If a point on such a line is allowed to move off to 
infinity, remaining on the line, it will in the limit become some point & on 
the absolute. We then say that the line passes through the point € of the 
absolute. We define the set of lines parallel to a given line in a 
Lobachevskian space as all lines passing through the same point of the 
absolute as the given line. It turns out that each horosphere is a surface 
orthogonal to one such set. Two horospheres may be called parallel if 
they are orthogonal to the same set of parallel lines. It can then be shown 
that two parallel horospheres cut segments of equal length on all parallel 
lines orthogonal to them. The length of these segments may naturally 
be called the distance between the two parallel horospheres. # 

Let us now find the equation of a horosphere. To do this we first 
realize the Lobachevskian space as the pencil of lines passing through the 


+ 
3 Recall that x = (x, 1, .+) Xn) are homogeneous coordinates in the Lobachevskian 
space. : 
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origin and lying inside the [x, x] = 0 cone of E,,,. Again we use the 
homogeneous coordinates x = (xg, ..., Xp), with [x, x] > 0. As we have 
seen, in these homogeneous coordinates the equation of a sphere is 


[x, a]? = c[a, a][x, x], 


where a = (a, ..., @,) are the homogeneous coordinates of its center. 
Now let this center move off to infinity. In our realization this means that 
a approaches some vector € of the cone, that is, such that [€, €] = 0. 
We shall approach this limit keeping c[a, a] constant. Then in the 
limit we obtain the equation 


[x, g]? = a [x, x] (3) 
of the horosphere. We assert that in this equation c, >0. This is because 
[x, €]? > 0 and [x, x] > 0, so that c, > 0. But in addition ¢, can not 
vanish, since there exists no point x in a Lobachevskian space such 
that [x, €] = 0.4 

Thus in homogeneous coordinates the equation of a horosphere in a 
Lobachevskian space is given by Eq. (3) with c, > 0, and with & a 
point on the absolute. We shall call the direction of this horosphere the 
generator of the cone that passes through &. 

Let us now turn to the equation of the horosphere in the model on 
the surface of the [x, x] = | hyperboloid. In this realization Eq. (3) 
becomes 

[x, €P? = A’, (4) 
where again [€, £] = 0 and A #0. This equation remains invariant 
under replacement of € by —&, and we shall therefore consider € to lie 
on the upper or positive sheet of the [£, | = 0 cone. Now note that if x 
belongs to the positive sheet of the hyperboloid and é to the positive cone, 
then [x, €] > 0, and hence Eq.(4) can be written 


[x, 4] =A, (5) 
where A > 0. 


4 Tf [x, 4] = 0 for some x, then it would follow that 
Xoo = Mid, tot + Xnba- 
According to the Cauchy-Bunyakovskii inequality we then have 
woe < (xp to + mal t+ + &). 
Now [€, £] = 0 implies & = € + - + &, so that 
mm Sato tx, 


which contradicts [x, x] > 0. 
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Now it is obvious that if we replace € by «€ and A by aA in Eq. (5), 
with « > 0, we obtain the same horosphere. This means that (&, A) 
may be thought of as homogeneous coordinates of the horosphere. In 
particular, the equation can be normalized by setting A=1. Then it 
becomes 


[x, é] =1, (6) 


where € is a point on the positive [£, £] = 0 cone. Consequently every 
horosphere of a Lobachevskian space is given bya point € on the upper 
sheet (€) > 0) of the cone. 


Remark. Another important class of surfaces in a Lobachevskian 
space is the class of planes. These can be defined as follows. Let us 
consider again the realization in terms of the pencil of lines inside the 
[x,.x] = 0 cone passing through the origin of E,,,. Now consider a 
hyperplane passing through the origin of E,,, and intersecting the cone. 
We shall say that the lines of the Lobachevskian space that lie on this 
hyperplane form a plane in the Lobachevskian space. Consider the equa- 
tion of such a plane. Every hyperplane in E,,,, passing through the origin 
and intersecting the cone is given by an equation of the form 


[x, €] = 0, 


where [€, €] < 0. Thus this equation is also the equation of a plane in the 
Lobachevskian space, given in terms of homogeneous coordinates. Note 
that € in this equation is arbitrary up to an arbitrary multiplicative factor. 
This means that the manifold of planes of a Lobachevskian space is 
identical to the set of lines of E,,, passing through the origin and lying 
outside the [€, €] = 0 cone, or to the set of points of an imaginary 
Lobachevskian space. The planes of a Lobachevskian space can, inciden- 
tally, be defined without using any particular realization. In fact they 
are the surfaces that may be characterized as follows: if a geodesic line 
has two points on the surface then it lies entirely in the surface. In this 
sense the planes of a Lobachevskian space are the analogs of the 
(n — 1)-dimensional hyperplanes of an n-dimensional Euclidean space. # 


1.5. Spheres and Horospheres in an Imaginary Lobachevskian Space 


A sphere of radius r and with center point a in an imaginary Lobachev- 
skian space shall be the set of points x at a distance 7 from a. Recall that 
in an imaginary Lobachevskian space the distance may be a positive 
real number, an imaginary number, or zero. Therefore there are three 
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types of spheres in such a space, namely those with real radius, zero 
radius, and imaginary radius. We remark that in the latter case, the radius 
lies in the interval (0, 77/2]. 

In homogeneous coordinates the equation of a sphere of radius 7 with 
center at a is of the same form as it is for the case of an ordinary 
Lobachevskian space, namely 


[x, a}* =, cla, al[x, x], [a, a] <0, (1) 


where c = cosh? kr. The difference from the ordinary Lobachevskian 
space is that now c need not be greater than one, but can take on any 
positive value. If c > 1, the sphere has real radius, if c < 1 the sphere 
has imaginary radius, and if c = | the sphere has zero radius. By 
definition the sphere of radius zero with center at a is the set of points 
whose distance from a vanishes. We have seen in Section 1.3a that 
through any two points separated by a distance zero there passes an 
isotropic line. Thus the sphere of radius zero with center at a is the 
surface generated by the isotropic lines passing through a. This surface 
may also be called an isotropic cone of an imaginary Lobachevskian 
space. 

We now wish to introduce the concept of a horosphere in an imaginary 
Lobachevskian space. As in the ordinary case, we allow the center to 
move off to infinity, requiring that the sphere continue to pass through 
a given fixed point b, and we call the limit obtained in this way a horo- 
sphere in an imaginary Lobachevskian space. The equation of such a 
horosphere is obtained by allowing a in Eq. (1) to approach a point € on 
the cone [&, £] = 0 while the product c[a, a] remains equal to some 
constant c,. Thus in the limit we arrive at the equation for a horosphere 
in an imaginary Lobachevskian space, 


[x, g = a[x, x], (2) 


where [£, €] = 0, c, <0. Recall that the equation of a horosphere in an 
ordinary Lobachevskian space was of the same form. The difference is 
that in the ordinary case c, + 0, whereas now c, = 0 is allowed. We 
shall say that if c, < 0 the horosphere is of the first kind, and that the 
equation 


[, é] = 0 (3) 


describes a horosphere of the second kind. 
A clear picture of horospheres of the second kind can be obtained 
in the model on the x)= 1 hyperplane, so that the imaginary 
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Lobachevskian space becomes the set of points outside the unit sphere 
in n dimensions. Then Eq. (3) becomes 


Ey — &x) aa EnXn = 0. (4) 


This is the equation of a hyperplane tangent to the absolute at the point 
(£1/€ » «+» €n/&). In other words, in this model a horosphere of the 
second kind is a hyperplane tangent to the absolute. But we already 
know that all the lines tangent to the absolute are isotropic lines. Thus 
a horosphere of the second kind in an imaginary Lobachevskian space is 
composed of isotropic lines. 

We shall later be dealing with integral geometry in three-dimensional 
imaginary Lobachevskian space. For this case we shall deal not with the 
horospheres of the second kind but with the lines of which they are 
composed. For certain rather general reasons it is more convenient to call 
not the hyperplanes, but these isotropic lines the horospheres of the 
second kind.5 

Let us turn to horospheres of the first kind. We wish to put the 
equation of such a horosphere, namely Eq. (2) with c, < 0, in canonical 
form. Now this equation is invariant under replacement of € by a€ and 
c, by o?c,, where « # (0. Thus it is possible to normalize to c, = —1. 
On the other hand, since the equation remains invariant also when € is 
replaced by —é, we may consider € to be a point on the upper sheet of 
the [€, £] = 0 cone, and hence the canonical form of the equation becomes 


[x, gp = —[x, x], (5) 


so that such a horosphere is uniquely determined by a point on the positive 
cone whose equation may be written [€, &] = 0, & > 0. 
In particular, consider the realization of the imaginary Lobachevskian 


5'The general definition of a horosphere in the homogeneous space X whose trans- 
formation group G is the group of complex unimodular 2 x 2 matrices (see Chapter VI, 
Section 1.6) is the following. A horosphere of X is the trajectory of any point under the 
subgroup whose elements are matrices of the form 


lo il 

0 1 

(or any conjugate subgroup). It can be shown that in three-dimensional imaginary 
Lobachevskian space these trajectories are just the surfaces which we have here called 
the horospheres of the first kind and the isotropic lines. In Section 1.6 of Chapter VI 


we shall give a definition of a horosphere for the case of any complex semisimple Lie 
group of transformations. 
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space on the hyperboloid whose equation [x, x] = —1. Then Eq. (5) 
becomes 


ILx, f]| = 1, (6) 


again with [€, €] = 0, & > 0. 

It is easily shown that there exists a hyperbolic rotation of E,,, which 
will carry any given point € of the positive sheet of the [&, ] = 0 cone 
into any other given point of the same sheet. But this then implies that 
every horosphere of the first kind can be carried by a hyperbolic rotation 
into any other horosphere of the first kind. Similar considerations show 
that horospheres of the second kind, given by [x, €] = 0, also have 
the property that any one can be transformed into any other by 
some motion of the imaginary Lobachevskian space. As we have 
pointed out, these horospheres of the second kind are composed of 
isotropic lines, and it is moreover true that the isotropic lines themselves 
have this property. 


1.6. Invariant Integration in a Space of Constant Curvature 


We now wish to discuss the integrals of functions over a space 
of constant curvature. We shall require, as we did for group integrals, 
that these integrals have the invariance property 


[F) de = | flag) de. (1) 


Here xg designates the point into which x is carried under the motion g. 
Thus our problem is to define a volume element which is invariant 
under the motions of the space. 

It is well known that on the n-dimensional sphere xf + -+: + x2, = R? 
this invariant element of volume (invariant measure) is given by 
_ Rdx, +++ dx, R dx, +++ dx, 


= n : (2) 


d. 
Tg | [RP fp HF 


In order to deduce the analogous expression for the Lobachevskian space, 
let us take the model on the hyperboloid 


2 
0 


[x, x] = x xe — x = |, Xy > x, 


in E,,,, . Now the element of volume dv = dxg -:: dx, in E,,, remains 
invariant under all linear transformations with unit determinant, among 
which are the hyperbolic rotations. We may introduce the new set of 
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coordinates x, ,...,X,,7 = [x, x]? in the region [x, x] > 0, x) > 0. In 
these coordinates dv becomes 


1 dr dx, *** dxXy x dy dx, ++ dx», 


dv = 
Xo (1 + xt + + 99) 


Hyperbolic rotations in E,,,, leave both dv and 7 invariant, and therefore 
also 
dx, +++ dX, dx, +++ dx, 


dx = = —. 
Xo (ected ae eae) 


(3) 


This gives an invariant measure in a Lobachevskian space. In addition 
to this one, we may use any of the similar expressions 


Ax ++ xy AXy 4 °** dXy 


| X% | 


dx 


$B een: (3) 


The invariant integral over the hyperboloid [x, x] = | can be written 
in terms of the generalized function 4([x, x] — 1). Specifically, it is 
easily shown® that 


| f(x) dx = 2 | F (2)8([x, x] — 1) do. (4) 


The invariance of the integral on the right-hand side of this equation 
follows immediately from the invariance of dv and [x, x] under hyperbolic 
rotations in E 


n+1° 
Let us now turn to an imaginary Lobachevskian space. This time we 
take the model on the single-sheeted hyperboloid [x, x] = —1. Then the 
invariant element of volume will be given by 
dx, *** dx, dx, +++ dx, 
ax = 1 n 1 n >; 5 
| 6 | (+o +x, 1 ” 


whose derivation is quite analogous to that of Eq. (3). It is easily shown 
also that 


[ F(e) dx = 2 | £(@)8(Lx, x] + 1) de, (6) 


where the integral on the left-hand side is taken over the entire 
[x, x] = —1 hyperboloid; in taking the integral one should bear in 
mind that f(—x) = f(x). 


6 The generalized function 8(P) is discussed in Volume I, Chapter III, Section 1.3. 
It is self-evident that the f(x) on the right-hand side of Eq. (4) represents a continuous 
extension to all of E,,, of the function defined on [x, x] = 1. 
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Later we shall need to integrate functions not only over Lobachevskian 
and imaginary Lobachevskian spaces (the upper sheet of the [x, x] = | 
hyperboloid and the [x, x] = —1 hyperboloid, respectively) but also 
over the [x, x] = 0 cone. The measure on the cone invariant under 
hyperbolic rotations of E,,,, is given by 


dx, *** dxXy dx, +++ dx, 
[ml Ge aye 


dx = (7) 


whose derivation is analogous to that of (3) and (5). 


1.7. Integration over a Horosphere 


We now go on to discuss integration over a horosphere in a Lobachev- 
skian and imaginary Lobachevskian space. Recall that for the realization 
of an ordinary Lobachevskian space on the upper sheet of the [x, x] = 1 
hyperboloid, the equation of a horosphere is [x, £] = 1, where [€, ] = 0 
(see Section 1.4). 

We define the integral of f(x) over the horosphere w whose equation 
is [x, ] = 1 by 


[ f@) do = | F@)8s 4 — 1) de, (1) 


where dx is the invariant measure. Since both dx and [x, €] remain 
invariant under simultaneous motion of x and &, the integral defined 
in this way is invariant under displacement of the horosphere. This means 
that under a motion g of the Lobachevskian space mapping w into the 
new horosphere wg, we obtain 


[ Fees) do = fF (e) doy, (2) 


where do, is the measure on ag. If, in particular, g transforms w into 
itself, then 


fe) do = | fe) do. 


We can define integration over a horosphere of the first kind in an 
imaginary Lobachevskian space by analogy with Eq. (1), namely by 


[ FO) do = J F(~)9(U[x, | — 1) ae. 3) 
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Here dx is the invariant measure in the imaginary Lobachevskian space. 
Integrals on horospheres of the first kind also remain invariant under 
motions of the imaginary Lobachevskian space. 

We now define integrals along isotropic lines in an imaginary 
Lobachevskian space. For this purpose we use the realization of the 
space on the hyperboloid 


[x, x] = —1. (4) 
Then an isotropic line / (a generator of the hyperboloid) is given by 
x — +6, (5) 


where b is some fixed point on the generator, and € is its direction vector 
([é, €] = 0). We then define the integral along the line of Eq. (5) by 


(6) = [fee +6) de (6) 


Obviously this definition depends not only on /, but also on the normal- 
ization of €. 

It is notable that unlike the integral on a horosphere of the first kind, 
the integral along an isotropic line is not in general invariant, but is 
multiplied by some constant factor under the motions of the space. 
This is because there exist hyperbolic rotations of E,., which carry a 
vector € into another vector of the form Ag, where A 4 0. 


1.8. Measures on the Absolute 


We wish now to discuss measures on the absolute of a Lobachevskian 
space, namely on the set of linear generators of the cone [€, €] = 0. 
Since the generators of this cone are uniquely determined by any single 
point on them other than the origin, the definition of a measure on the 
absolute requires only the definition of a measure do on any manifold M 
on the cone that intersects each generator at one and only one point. 

It can be shown that there exists no measure on the absolute invariant 
under all Lobachevskian motions. It is easy, however, to construct 
one which is invariant under rotations about some point M (that is, 
under hyperbolic rotations leaving this point fixed). Recall that a point 
of a Lobachevskian space is a line passing through the origin of E,,,, 
and lying inside our cone. Consider some line M and let x be a point on 
this line (other than the origin). Consider fi -ther the points € on the 
cone such that [x, €] = | (the intersection of the cone and hyperplane). 
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It is easily seen that these points lie on one sheet of the cone and inter- 
sect each of its generators at one and only one point. Therefore this is 
the kind of set we need to define the measure on the absolute. We make 
this definition according to 


[#@ do = [FOAM A — 1) a8, (1) 


where dé is the invariant measure on the cone and /(€) is a function on 
the absolute, that is, a function on the cone, constant on each generator. 

We assert that dé is invariant under rotations about M, i.e., hyperbolic 
rotations of E,,,, leaving M fixed. Such rotations will also leave fixed 
the point x on the line, and therefore [xg, ég] = [x, &] for every 
rotation g about M. Since dé is invariant under Lobachevskian motions, 
it then follows that do as defined by Eq. (1) is invariant under rotations 
about M. In other words, for every f(é) defined onthe absolute and for 


every rotation g about M we have 


[F(ée) ao = [ f(€) do. 


Obviously if we had chosen some point other than x on M, we 
would have obtained a measure on the absolute differing from this one 
by a constant factor. All measures on the absolute invariant under 
Lobachevskian rotations about M are of this type. Indeed, such rotations 
form a transitive group of transformations (of the absolute), and therefore 
the measure on the absolute invariant under this group is uniquely 
defined up to a constant factor 


Remark. A measure on the absolute invariant under rotations about 
M is called a harmonic measure. This is related to the fact that for the 
realization of the space in the unit ball (see Section 1.2) the measure of 
a fixed set on the absolute invariant under rotations about MM is a har- 
monic function of the coordinates of M. # 

We now wish to repeat what we have just done, but for an imaginary 
Lobachevskian space. By definition, the points of such a space are the 
lines passing through the origin of E,,, and lying outside the [£, £] = 0 
cone. Consider a line M and let x be a point on this line. We define a 
measure do on the absolute by the equation 


[f@do=eaf fH A- Na +al OMS 1-1 dé @) 


where V, is the upper sheet of the [€, €] == 0 cone, and V_ is the lower 
sheet. Ordinarily we shall write c,; = c, = 1. This measure do is 
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invariant under rotations about MM, for such rotations leave invariant 
both dé and the expression [x, €], and transform each sheet of the cone 
into itself. 

The presence of two terms instead of one in Eq. (2) is related to the 
fact that the generators of the cone that intersect the [x, ] = | hyper- 
plane break up into two subsets 2, and 2_ on each of which the group 
is transitive. The first of these consists of the generators intersecting the 
hyperplane at points of V,, and the other is defined similarly. 

Actually the set of generators of the cone contains a third subset 
{2 ) on which the group of rotations about M is transitive. This 
consists of those generators lying in the [x, £] = 0 plane, i.e., those 
parallel to the [x, €] = | plane. There exists no measure on 929) which is 
invariant under rotations about M. If, however, one chooses some point N 
of the Lobachevskian space (not the imaginary Lobachevskian space), 
one can construct a measure invariant under all motions which leave 
M and N fixed. This measure is defined by the equation 


[F(E) doy = [ FO3(x, 4 Ly, 41 — 1) ae, 


where dé is the invariant measure on the [&, €] = 0 cone, and y is a 
point of E,,,, lying on the line N.’ 

In order to visualize 2, , 2_, and {29 more clearly, let us turn to the 
realization of the imaginary Lobachevskian space outside of the unit 
sphere 2. Consider the isotropic cone whose vertex is at M. In this 
realization the isotropic lines are the lines tangent to (2(that is, tangent 
to the absolute). Therefore the isotropic cone with vertex at M is 
tangent to 2 along a certain “circle of constant latitude.” This ‘‘circle of 
constant latitude” is 2). It divides 2 into two regions, 2, and 2_. 
Obviously under rotations of the imaginary Lobachevskian space about 
M the absolute is transformed into itself, as is each sheet of the isotropic 
cone with vertex at M. At the same time each of 2,, Q_, and Q, is 
also transformed into itself. 


2. Integral Transform Associated with Horospheres 
in a Lobachevskian Space 


In Chapter I we discussed the Radon transform on a Euclidean space. 
This transform involved associating with every f(x) of bounded support 


? Recall again that the points of a Lobachevskian space are the lines through the origin 
lying inside the cone. 
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its integrals over all possible planes. We shall now turn to the analog 
of the Radon transform for Lobachevskian spaces, in which we associate 
with every f(x) of bounded support its integrals over all possible 
horospheres.8 

Just as in Euclidean space the Radon transform is closely related to 
the Fourier integral expansion of a function, so in Lobachevskian space 
the integral transform with which we shall be dealing is related to the 
Fourier integral. This relationship will be established in Section 3.2 of 
the next chapter. In general, it is often convenient to relate the Fourier 
integral of functions defined on homogeneous spaces to a preliminary 
transition from the function to its integrals over the horospheres of the 
space. 


2.1. Integral Transform Associated with Horospheres 


Let f(x) be a function of bounded support on a Lobachevskian space, 
and let us associate with every such function its integrals over horo- 
spheres 


hw) = | F(2) do, (1) 


where do is the measure on w defined in Section 1.7. This then associates 
with every f(x) a function A(w) defined on the set of horospheres of the 
Lobachevskian space. Let us call this association the integral transform 
associated with horospheres; that is, we say that h(w) is the integral 
transform of f(x). 

Now we may think of A(w) as a function defined on the upper sheet 
of the [€, €] = 0 cone by realizing the Lobachevskian space on the upper 
sheet of the [x, x] = 1 hyperboloid. In this realization each horosphere 
is uniquely specified by some vector € on this positive cone through 
an equation of the form [x, £] = 1. Therefore we may write A(é) in 
place of h(w) and use Eq. (1) of Section 1.7 to write 


hE) = [ f(®)8((x, €] — 1) de, (2) 
where dx is the invariant measure in the Lobachevskian space. 


8 Since the intrinsic geometry of the horospheres in a Lobachevskian space is Euclidean, 
they form one of the analogs of hyperplanes of a Euclidean space, Other analogs of such 
hyperplanes are the actual hyperplanes of a Lobachevskian space. The integral transform 
corresponding to such hyperplanes is also of some interest, but it is not related to the 
analog of the Fourier integral on Lobachevskian space (see Chapter VI, Section 4.6). 
We shall not deal with this transform, but call the reader’s attention to an interesting 
paper by Helgason [see Ref. (24)]. 
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We now assert that if f(x) is an infinitely differentiable function with 
bounded support on the [x, x] = | hyperboloid, then A(€) is infinitely 
differentiable, has bounded support (on the cone), and vanishes in some 
neighborhood of the vertex. 


Proof. That h(€) is infinitely differentiable is obvious. To show that 
it vanishes in a neighborhood of the vertex, consider the inequality 


I[x, €]] < | xo€ | + (@2 + + PE toe + GF, 


If x lies on the [x, x] = 1 hyperboloid and € on the [£, €] = 0 cone, 
this inequality becomes 


I[x, €]] < | €01(1 01 + [x — 14). (3) 


Now recall that f(x) has bounded support. There exists, therefore, an 
N > 1 such that f(x) = 0 for | x,| > N. Therefore the only nonzero 
contribution to the integral in Eq. (2) comes from the region in which 
| %y | < N. But Eq. (3) shows that in this region |[x, €]| < 1 as long as 
| o| < (N+ [N? — 1]*)-, so that for small enough | &, | the integral 
will vanish. This proves that A(€) vanishes in a neighborhood of the 
vertex of the cone. That its support is bounded can be proven similarly 
with the aid of the inequality 


Ix, I] > | €o1(| ¥o | — [x6 — 1), 


which can be obtained in the same way as was (3). 

The main problem we shall be concerned with in these sections will be 
to derive the inversion formula for the integral transform of Eq. (2) 
[Eq. (17) of Section 2.2 for dimension » = 3 and Eqs.(7) and (8) of 
Section 2.3 for general n]. The method by which this will be done is 
closely related to the plane-wave expansion of the 8 function in a 
Euclidean space (Volume 1, Chapter I, Section 3.10) in which the 6 
function is written in terms of functions that remain constant on planes. 
In outline, the procedure is the following. 

To obtain an expression for f(a), we first multiply both sides of 
Eq. (2) by a certain function g(a, €; «) depending on a, the point € on 
the cone (or, equivalently, the horosphere w), and a complex parameter yp. 
Then integrating both sides of the equation so obtained with respect to 
the invariant measure dé on the cone, we obtain 


| (a, & yng) aé = | O(x, a; wf (x) dx, (4) 
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where 
P(x, a5 2) = | (a, £5 w)8((x, €] — 1) dé. (5) 


Note that the integrand in (5) is concentrated on those points ¢ of the 
[é, €£] = 0 cone for which [x, ] = 1; these points correspond to the 
horospheres passing through the point x. This means that ®(x, a; 1) is 
the integral of g(a, €; 4) over the set of horospheres passing through x. 
Further, the measure 8([x, €] — 1) d& with respect to which this integra- 
tion is taken is, as we have seen in Section 1.8, invariant under those 
motions g which leave x fixed (i.e., under rotations about x). 

Now let g(a, €; ) be invariant under simultaneous motion of a and , 
i.e., let 


p(a, €5 uw) = p(ag, &g; #). 


Then the kernel ®(x, a; 1) is invariant under simultaneous motion 
of a and x. But the only invariant of a pair of points in a Lobachevskian 
space is the distance between them, so that ®(x, a; «) must be a function 
of » and of the distance r between a and x. 

Let us assume further that y(a, €; ») as a function of € has the same 
singularities as does |[a, £] — 1|#. It can then be shown that ®(x, a; ) 
as a function of ry behaves in the neighborhood of a as Cr“. Thus for 
p. = —-n, this kernel has a delta function singularity concentrated at a. 
But then Eq. (4) becomes the desired inversion formula at » = —n, 
namely an expression for f(a) in terms of h(£). 

We shall go through this derivation in detail first for m == 3 in Section 
2.2 (this special case will be needed in the next chapter). The case of 
general n will be discussed in Section 2.3. 


2.2. Inversion Formula for n = 3 
Let f(x) be an infinitely differentiable function with bounded support 


on a Lobachevskian space (realized on the upper sheet of the [x, x] = | 
hyperboloid). We define h(é) by 


he) = | f@)8((x, 4] — 1) dx, (1) 


where dx is the invariant measure in the Lobachevskian space, and wish 
to obtain an expression for f(x) in terms of h(€). Recall that h(€) is 
defined by Eq. (1) on the [€, €] = 0 cone, that it is infinitely differ- 
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entiable, has bounded support, and vanishes in a neighborhood of the 
vertex of the cone. Therefore if Re» > —1, the integral 


| ila, 2] — 1 Hae) ae 


converges, where dé is the invariant measure on the [€, €] = 0 cone. 
Clearly for Re » > —1 the formula 


(,f(#)) = f Ila, 4] — 1 HA(e) dé (2) 


defines a linear functional on the infinitely differentiable functions of 
bounded support. Our first step is to obtain an explicit expression for 
this functional, that is, to find a function ®(x, a; ~) such that 


f ita, 4) — 1 ae) aé = f Oe, a; pf (@) de. 3) 
Equation (1) implies that this function is given by 
P(x, a; 2) = [ [La 1 — 1 [#8((x, €] — 1) dé, (4) 


or in other words that it is the integral of |[a, £] — 1 |# over the set of 
horospheres passing through x. 


Remark. Note that ([x, €] — 1) d€ is a harmonic measure on the 
absolute, invariant under rotations about x (see Section 1.8). It is thus 
seen that the same factor 8([x, | — 1) that is used to define the 
measure on the [x, €] = 1 horosphere leads also to the correct 
measure on the set of horospheres passing through x. # 

In order to evaluate the integral of Eq. (4), note that the integrand 
does not change under simultaneous motion of a and x, since such 
transformations leave invariant both the measure dé and the expressions 
[a, €] and [x, £]. We may thus write 


P(xg, ag; w) = P(x, a; 1), 


where g is any Lobachevskian motion. But every pair of points x,a can be 
moved by Lobachevskian motions to the points x’ with coordinates 
(1, 0,0, 0) and a’ with coordinates (cosh kr, sinh kr, 0,0), where r is 
the distance between a and x.® Thus we need calculate ®(x, a; ») only 
for a = a’ and x = x’. 


® Indeed, there certainly exists a motion g which carries x to the point x’ whose coordi- 
nates are (1, 0, 0,0). Let this motion carry @ into some point a*, Since Lobachevskian 
motions leave distances invariant, the distance between x’ and a* is r. Now rotate the 
[x, x] = 1 hyperboloid about the x» axis until a* is on the x , x; plane. Its coordinates 
are then obviously (cosh kr, sinh kr, 0, 0), which are the coordinates of a’, This proves 
the assertion. 
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We thus find that 


D(x, a; je) = D(x’, a’; pw) 
(5) 
= | | &y cosh kr — é sinh Ar — 1 |+8(Eq _ 1) dé, 


where &, €,, &, €; are the coordinates of &. Now recall (Section 1.6) 
that the invariant measure on the [€, ] = 0 cone is given by 


_ 48 db, dé 
gL” 


where é, = + (& — & — &)?. Thus Eq. (5) may be written 


dg 


1 (1—¢) dé, dé 
D(x, a; p) = 2 cosh kr — &, sinh kr — 1 |+ 2 i, 6 
(an) =2] | & \ adce- a © 


This integral converges for Re » > — 1. A simple calculation shows that 


1 
O(, a; p) — eon HE a (7) 
(u + 1) cosh«+! dkr 

Thus we have shown that for Re » > — | we may write Eq. (3) with 
kernel ®(x, a; x) given by Eq. (7) if f(x) is an infinitely differentiable 
function with bounded support. The definition of (®, f) by means of 
Eq. (2) is meaningless for Re » < — 1. But since h(€) is of bounded 
support and vanishes in a neighborhood of the vertex of [£, €] = 0 cone, 
the right-hand side of Eq. (2) is an analytic function of » for Rep» > — 1, 
which makes it possible to continue (®, f) analytically into the region 
Rep» < — 1. This analytic continuation yields, since the [a, €] = 1 
surface has no singular points, a functional which has only simple poles 
at p = —1, —3, —5,... (see Volume 1, Chapter III, Section 4). Then 
uniqueness of the analytic continuation preserves Eq. (3), in which the 
right-hand side is also understood in terms of its regularization. 

We can now proceed to solve the fundamental problem of this section, 
namely to derive the inversion formula for the transform of Eq. (1), that 
is, to express f(x) in terms of h(£). To do this we consider Eq. (3) as 
pp —> —3. As we have already mentioned, for this value of » both sides 
of the equation have simple poles. It is by studying the residues at these 
poles that we shall obtain the desired inversion formula. 

Consider the left-hand side of Eq. (3), namely the integral 


fila, 1 — 1 eae) ae. 
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At » = —3 this integral has residue 
res, { Ila 4] — 1 HACE) a€ = [ 8°(Ca, €] — INh(E) a. ) 
es 
This result may be obtained as follows. Recall that the generalized 
function | ¢ |“ of the single variable ¢ has a simple pole at » = —3 with 
residue 
reg | t |# = 8"(t). (9) 
p=—3 


Now the intersection of the [€, €] = 0 cone and the [a, €] = | planeisa 
compact manifold with no singular points. This fact may be used with 
Eq. (9) to arrive at 


res, I[a, €] — 1 |* = 8"((a, £] — 0), (10) 


from which (8) follows immediately. 
Let us now consider the right-hand side of (3), namely the integral 


[ Pe a; wif) de, 
where ®(x, a; x) is given by Eq. (7). We assert that at » = —3 the 
generalized function ®(x, a; ~) has a simple pole with residue 


res, P(x; a; pw) = —8n°5,(x), 
ies 


where 6,(x) is the 6 function concentrated at a, i.e. where 


(84(*), f(x) =f (4). (11) 


Now the only factor in Eq. (7) that is singular at » = —3 is sinh” kr, 
so that we need find the residue only of this function. In obtaining it, 
further, we may use the fact that this function is invariant under 
Lobachevskian motions, and thus without loss of generality we may take 
the coordinates of a to be (1, 0, 0, 0). With this in mind, we see that 7 is 
determined by the equation 


cosh? kr = [a, x}? = 3°. (12) 
Because x lies on the [x, x] = 1 hyperboloid, this means that 
sinh? kr = xt + x2 + x2. (13) 


Thus sinh" kr becomes (xj + x3 + x2)*. 
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To find the residue of this generalized function at ~» = —3, we 
recall that the invariant measure on the Lobachevskian space is 
ea dx, dx, dx, ie dx, dx, dx, 
Xq (1 + x} + x2 4 x2)# 


We then have 
((x? + x3 + x2)44, f(x)) 


I (%, , Xz, %y) dx, dx, dxy 


(ptt ab pot ) 


= [@ + x2 + x2)2e 


Now it was established in Volume 1, Chapter I, Section 3.9 that the 
generalized function (xj + x} + x3)" in Euclidean 3-space has a simple 
pole at » = —3 with residue given by 


re, (x? + «2 + x2)44 = 478(x, , xq, Xg). 
Inserting this into (14), we arrive at 
Tes, ((x3 + 23 + 98)! F(x) = 4nf (0, 0,0) = 4af (a), 
from which it follows that for any a 


res sinh” kr = 478,(x), 
p=—3 


where 6,(x) is the generalized function in Lobachevskian space defined 
in Eq. (11). 

Recall that sinh” kr is the only factor in Eq. (7) that has a singularity 
at 2 = —3. We may thus set r = 0 and » = —3 in all the other factors, 
to arrive at the result 


Tes, B(x, a; pw) = —8n°5,(x) (15) 
or 
Js, | P(x, a; w)f (x) dx = —8n°f (a). (16) 


This expression was obtained for a with coordinates (1, 0, 0, 0). But since 
@(x, a; 4) is invariant under simultaneous motion of x and a, the 
equation holds for all a. 

This essentially completes the derivation of the inversion formula. 
By combining (3), (8), and (16) we arrive at 


F(a) = —(8n?)+ [ 8%((a, €] — I)ALE) dé, (17) 


298 INTEGRAL GEOMETRY IN CONSTANT CURVATURE SPACE Ch. V 


which gives f(a) in terms of h(€). Summing up, we have established the 


following result. 
Let f(x) be an infinitely differentiable function with bounded support on 
a three-dimensional Lobachevskian space, and let 


We) = | f(@)8(x, 4] — 1) ae 


be the integral of this function over the horosphere whose equation is 
[x, €] = 1. Then f(a) is given in terms of h(€) by Eq. (17). 
Equivalently, we have 


a(x) = ~(80?)* [ 3"([a, £] — 1)8((x, ] — 1) dé. 


Because this inversion formula is so important, we should like to write 
it in still another form. Equation (17) may be written as the double 
integral 


f(a) = —(8n?) [fae — 1)8"((a, 4] — HACE) dé a. 
0 
Integrating over ¢ twice by parts, we arrive at 


f(a) = —(8n2)-1 | 5"(t — 1)H(@, t) dt = —@n)1HK(@,1) (17) 
where 


H(a, t) = | h(E)8((a, &| — #) dé. (18) 


Thus H(a, t) is the integral of h(€) over the intersection of the [£, €] = 0 
cone and the plane whose equation is [a, £] = t. The measure 
8({a, €] — t) dé used in this integral is invariant under Lobachevskian 
rotations about a. In other words, it is a harmonic measure on the absolute 
invariant under rotations about a. It is easily established that the measure 
of the entire absolute is 47. 

In order to establish the geometric meaning of H(a, t), let us find 
the distance 7 from a to the horosphere w whose equation is [x, €] = 1.1° 


10 By the distance from the point to the horosphere we mean the shortest distance from 
a to any x on the horosphere. It is equal to the length of the perpendicular dropped from 
a onto the horosphere. 


2.2 Integral Transform in a Lobachevskian Space 299 


This distance is an invariant of the points a and £, and must vanish when 
a lies on the horosphere, that is, when [a, ] = 1. We assert that this 
distance is given by 


7 =k"|In[a, é]]. (19) 


Proof. ‘The value of 7 does not change under simultaneous motion 
of aand the horophere w. But the equation of the transformed horosphere 
wg is [x, €£g] = 1; thus 7 is invariant under simultaneous transformation 
of a and €. If a lies on the positive [x, x] = 1 hyperboloid and 
€ lies on the positive [€, &] = 0 cone, there exists a motion such 
that these points are carried into a’ and &’, where the coordinates 
of a’ are (1,0, 0,0) and the coordinates of €’ are (t, t, 0,0), with 
t = [a, £]. Thus we need only calculate the distance between a’ and the 
horosphere w’ whose equation is [x, €’] = 1 = tx, — tx,. Now from 
the definition of the distance between a point and a horosphere it follows 
that this distance is the radius of a sphere centered at a’ and tangent 
to w’. But every sphere centered at a’ is the intersection of the [x, x] = | 
hyperboloid with some plane of the form x, = C. Such an intersection 
is tangent to the tx, — tx, = | horosphere at the point where x, takes 
on its minimum value on the horosphere. It is easily seen that this point 
has coordinates (cosh kr, sinh kr, 0, 0), where = k-1| In? |. Since the 
distance from a’ to y is 


7 =k4|Int| = k4|In[a, 4], 


the distance from a’ to the horosphere w’ is also 7, as is therefore also 
the distance from a to the horosphere w whose equation is [x, €] = 1. 
This proves the assertion. 

This result shows that the horospheres corresponding to points € on 
the cone such that [a, ] = ¢ are separated from a by the distance 7. 
In other words the integration in (18) is over the set of horospheres whose 
distance from a is 7, or in other words H(a, t) is the integral of A(&) 
over this set of horospheres. Since all these horospheres are tangent to 
the sphere of radius 7 centered at a,we may also say that the integral is 
taken over this sphere. Then the measure with respect to which the 
integration is performed is invariant under rotations about a and has the 
property that the total measure of the entire sphere is 4at. This result 
can be restated in the following way. 

Let f(x) be a function of bounded support on Lobachevskian 3-space, 
and let the integrals 


h(E) = | F(®)8([x, £] — 1) dx 
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of this function over the horospheres [x, §] = 1 be known. Then the value 
of f(x) at some point a is given by 


f(a) = —(80?) Hi, 1), 


where H(a, t) is the integral of h(€) over the set of horospheres tangent 
to the sphere Q(a, r) of radius tr = k- | ln t | centered at a. This integral 
reduces to the integral over Q2(a, 7) with respect to a measure invariant 
under rotations about a and such that the total measure of the entire 
sphere is 47t.4 
In conclusion, we wish to establish the fact that H(a, t) has the 
symmetry property 
H(a,t) = H(a,t). (20) 


This can be seen simply from the fact that, according to Eqs. (1) and (18), 


H(a,t) = | h(€)8((a, ] ~ t) dé 
(21) 


= | FB, 4 ~ N8((a, € — 2) dé de. 


Obviously the kernel f 8([x, €] — 1) 8([a, €] — t) dg is invariant under 
simultaneous motion of a and x; in particular, it is invariant under 
interchange of a and x. This implies that it is invariant also under 
interchange of ¢ and ¢—! (specifically, this requires a change of variables 
in the integral from € to ¢£). Then Eq. (20) follows immediately. 

It can be shown that the kernel formed by the integral of the two 
5 functions is the characteristic function of the region [a, x] > $(t + t7). 
This fact also exhibits the symmetry property of the kernel and hence of 
F(a, t). 


2.3. Inversion Formula for Arbitrary Dimension 


So far we have dealt in detail with the case in which the dimension of 
the Lobachevskian space is 3. We now briefly describe the case of 
arbitrary dimension. In general outlines the derivation of the inversion 
formula for the integral transform, 


we) = | f(@)8(Cx, £] — 1) ax (1) 
11 Since the horospheres tangent to this sphere are determined by their point of tangency 


with the absolute, the integral can be treated also as the integral over the absolute with 
respect to the harmonic measure invariant under rotations about a. 
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remains the same. It is only the calculation of ®(x, a; ~) which will be 
somewhat more complicated. 
In this case the kernel is given by 


D(x, an) = | |[a, £] — 1 8((x, €] — 1) a€ 


dy den 
(8-8) 


This integral can be expressed in terms of the hypergeometric function. 
Specifically, for Re » > — 1 we obtain 


=) | | cosh kr — €, sinh kr — 1 | (2) 


Qarhin—D (sh 1 
P(e, a; p) = — BED sik kr F(—3p, | — $[p + ml]; 35 tanh? Zr), 
P(gp + 27) 3) 


where r is the distance between a and x, and F(a, B; y; x) is the hyper- 
geometric function. 

The rest of the derivation of the inversion formula is the same as for 
the case n = 3. The following results concerning residues of generalized 
functions from Volume 1 are used. At » = —n the generalized function 
(x? +. +++ +. x2) has a simple pole with residue 


Qin 


res, (x2 + +++ + xB) iH = Fad (x1 5 «++, Xp). (4) 


The generalized function | ¢ |* of a single variable has a simple pole at 
pe = —n for n = 2m + | odd. The residue is 


tied | , E 252) (2) 


param! | Tm + 1)’ (5) 


For n = 2m even, the generalized function | ¢ |" is regular and equal to 
i” at » = —n. With these facts we arrive at the following result. 

The inversion formula. Let f(x) be a function with bounded support on 
an n-dimensional Lobachevskian space, and let 


n(2) = | F)B((x, €] — 1) ae (6) 


be integrals of f(x) over horospheres [x, €] = | in this space. If the dimension 
n == 2m +- | of the space ts odd, the inverse of (6) ts 


f(@) = Fapqpw | Bas £1 — Whe) ae. 7) 
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If n = 2m is even, the inverse of (6) ts 


fla) = FE" fa, 1)-2mn(e) a. 8) 


Here the integral is understood in terms of its regularization, specifically 


f(a 4 — 1pm ae = [f if, 41-1 ome a] 


Remark (added in proof). If (a, €; u) is chosen as 
(4, & #) = [a ge |[a, 1-114, 


rather than equal to |[a, ] — 1 |#, the kernel ®(x, a; ») can be written 
in terms of elementary functions: 


Qnkm—v (dy zi 3) sinh# kr 


D(x, a3 p) = : 
GU) Ta aba com ode 


2.4. Functions Depending on the Distance from a Point to a Horosphere, 
and Their Averages 


The kernel ®(x, a; 2) introduced in the last few sections is obtained when 
\[a, €] — 1 |# is integrated over the set of all horospheres whose equations 
are [x, €£] = 1; these horospheres all pass through the given point x. 
In Section 2.2 it was shown that [a, &] is simply related to the distance 
from a to the horosphere w whose equation is [x, €] = |. Specifically, 
this distance is given by 


t(a, w) = k | in [a, €]|. 


It follows then that |[a, €] — 1 |# is a function of +r. We now wish to 
turn to the more general case of an arbitrary function g(a, w) of the 
distance from a to w, and to study the integral of such a function over the 
set of horospheres passing through a given point x. 

Thus let y(a, w) depend only on the distance 7 from a to the horo- 
sphere w whose equation is [x, €] = 1. This function may also be 
written as a function of [a, é] in the form 


(4, ») = (7(4, »)) = #([4, €]). (1) 
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Now consider any function x of our Lobachevskian space, and let us 
integrate % over the set of horospheres passing through x. We shall choose 
the measure on this set to be invariant under rotations about x. Then 
obviously the desired integral will be given by 


(x, a) = | Y(la, €]) do = [ W(Ca, EN3(Ex, £] — 1) ae, 2) 


where dé is the invariant measure on the cone whose equation is 
[é, £] = 0 (see Section 1.6). As in the special case in which (a, €) was 
equal to |[a, €] — 1 |*, it is easily verified that ®(x, a) is invariant under 
simultaneous motion of a and x, and therefore depends only on the 
distance y between them. 

Let us write O(r) = P(x, a) in the form of a single, noniterated 
integral. For this we choose the coordinates of x to be (1, 0, ..., 0) and 
those of a to be (cosh &r, sinh kr, 0, ..., 0); the distance between x and a 
is then 7. For this special case we obtain 


Qriln-l) 


CO Fin) 


| * (cosh kr — &, sinh kr)(1 — £2) 4-9 dé, . 


In order to find the kernel of this integral transform, we write 
cosh kr — €, sinh kr = 4, obtaining 
Qn Hn-1) er 


= AVA — e-kr)i(n-3)(ekr —_ Q)i(n-3) Qh, 3 
Fae pane |» OOM al id ila @) 


P(r) 
This implies that the kernel of the integral transform from (A) to 
@(r) vanishes if kr <|InA|, while for kr >|InA| it is given by 


Qriin—-) 


I(3n — 4)sinh” kr 


(A e*r) Hn—8)(pker sas A)itm3), (4) 
Equation (3) is particularly simple when n = 3. It then becomes 


7 at 
00) = Fe [yaa @') 


It is a simple matter, using Eq. (3), to obtain the form of the integral 
transform from ¢(7)to ®(r). One need only use Eq. (1) in the definition 
of J. Then setting X = e* in (3), we arrive at 


4(n-1) r 
O(n) = Qn Rk f e(r)(ek? — evr) in-B)(ekr _ pkr) Hn—B)ekr dr, (5) 


T(4n — 4) sinh" hr J - 
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In particular, for 7 = 3 this becomes 


2rk . , 
27) = | (ret dr. (5’) 


Thus we have obtained the integral transform from (7), a function 
only of the distance from a to w, to ®(r), which depends on the distance 
between a and x. This was done, as we have already said, by integrating 
g(r) over the set of all horospheres w passing through x. 


3. Integral Transform Associated with Horospheres 
in an Imaginary Lebachevskian Space 


3.1. Statement of the Problem and Preliminary Remarks 


We shall now study an integral transform associated with horospheres 
in a three-dimensional imaginary Lobachevskian space. As was shown 
in Section 1.5, in such a space there exist two sets of horospheres 
on each of which the group of Lobachevskian motions is transitive. 
The first consists of horospheres of the first kind, which have 
dimension .two and are analogous to horospheres in an ordinary 
Lobachevskian space. The second consists of isotropic lines. 

Let f(x) be a function of bounded support on an imaginary Lobachev- 
skian space. We shall associate with it the two functions A(w) and ¢(2). 
The first of these is defined on the horospheres of the first kind by the 
formula 


h(w) = | f(%) do, (1) 
where do is the invariant measure on the horosphere w. The second of 
these is defined on the isotropic lines (we take the model of the imaginary 


Lobachevskian space on the hyperboloid whose equation is [x, x] = —1) 
by the formula 


o) = | f@)a= i fb + #8) at (2) 


(see Section 1.7). In order that this equation define ¢(/) uniquely, ‘we 
shall assume the vectors € and b normalized in accordance with & = 1 


12'This section may be read after Sections 1-3 of Chapter 6. 
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and by = 0. Thus (J) is a function of the vectors € and b which satisfy 
conditions 


[é€] =90, [4] =90, [44]= 1, &S=1, bb =0 


(see Section 1.3a). 

The association of f(x) with the pair of functions {h(w), p(/)} will be 
called the integral transform associated with horospheres in an imaginary 
Lobachevskian space. The basic problem to which we direct our attention 
in the present section is to derive the inversion formula for this transform. 
The final result giving f(x) in terms of these two functions will be found 
at the end of Section 3.4. In Chapter VI the result will be used to expand 
a function on an imaginary Lobachevskian space in a series of functions 
transforming according to irreducible representations of the Lorentz 
group (in other words, to decompose a representation of the Lorentz 
group on an imaginary Lobachevskian space into its irreducible com- 
ponents). 

It was shown in Section 1.5. that every horosphere w is determined 
by an equation of the form [x, ] = 1 for €on the positive sheet of the 
cone, that is, for [, £] = 0, & > 0. Therefore h(w) may be considered a 
function defined on this positive cone, and we may write h(&) instead 
of h(w). By making use of the invariant measure on the horosphere 
defined in Section 1.7, Eq. (1) can be rewritten in the form 


he) = | F)B(IL%, €]] — 1) de. 3) 


Here dx is the invariant measure on the hyperboloid whose equation is 
[x, x] = —1. Thus the correspondence f(x) —- h(£) associates with each 
j(x) defined on this hyperboloid an A(é) defined on the upper sheet of 
the [£, £}] = 0 cone. We may ask what properties A(£) has if f(x) is 
infinitely differentiable and has bounded support. In answer, it is first 
seen immediately from Eq. (3) that A(€) is infinitely differentiable. 
Second, it can be shown in exactly the same way as fora real Lobachevs- 
kian space that (£) vanishes in a neighborhood of the vertex of the cone. 
Unlike the real case, however, A(€) does not in general have bounded 
support. Its asymptotic behavior is in fact given by the following. 


Proposition. Let f(x) be an infinitely differentiable function with 
bounded support defined on an imaginary Lobachevskian space (that is, on the 
hyperboloid whose equation is [x, x] = ~-1), and let h(€) be a function of 
the cone obtained from f(x) by Eq. (3). For each & on the positive cone, 
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consider the function h(t€). Then as t > +- © this function has the asymp- 
totic expansion 


hte) ~ Da,(@-", (4) 


where a,(€) is a homogeneous function of degree —n in € and is infinitely 
differentiable on the intersection 2 of the [, €) =0 cone and the plane 
whose equation is £5 = |. Further, this asymptotic expansion is term-by- 
term differentiable in t. 


Proof. According to Eq. (3) we have 
h(te) = | f(@)8(Cx, 18] — 1) de. (5) 


Now §(t) is a homogeneous generalized function, so that this may be 
written in the form 


hte) = # | f()8([x, £] — 74) dx. (6) 


We now expand 4([x, €] — t-') in powers of t-! and integrate term by 
term. The resulting asymptotic series is 


hte) ~ Ds a,(@t-*, 
n=1 


where 
anf) = FO [F098 Cs, ED de. (7) 


These integrals converge because f(x) is infinitely differentiable and 
has bounded support. Thus we have arrived at Eq. (4). The fact that 
the a,(&) are homogeneous and infinitely differentiable in € on 92 also 
follows directly from (7) and from the bounded support and infinite 
differentiability of f(x). To prove the term-by-term differentiability, 
one need only differentiate (5) with respect to ¢ and then again expand 
the right-hand side in powers of t-!. This then proves the proposition. 

It should be remarked that the class of A(€) functions, obtained by the 
integral transform of Eq. (3) from infinitely differentiable functions f(x) 
with bounded support, is not exactly the class of functions on the cone 
that is infinitely differentiable, vanishes in a neighborhood of the 
vertex, and has the asymptotic behavior given by Eq. (4). This is 
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because the A(é) functions have certain additional symmetry properties, 
as do the Radon transforms of functions with bounded support on a 
plane (see Chapter I, Section 1.6). 

We shall derive the inversion formula for the integral transform 
associated with horospheres in an imaginary Lobachevskian space in 
roughly the following way. As in a real Lobachevskian space, this deriva- 
tion is based on the equation 


[ Pee a5 wpe) de = | (La, €] — NEE) a, (8) 


where dx is the invariant measure in an imaginary Lobachevskian space, 
dé is the invariant measure on the cone, and (x, a; )is defined by 


P(x, a5 ) = | (Ifa, £1 — Ne 8(L, €]] — 1) a. (9) 


This last equation is the analog of Eq. (3) in Section 2.2. In that 
section we derived the inversion formula by finding the residue of 
P(x, a; x) at p = —3, and established that this residue is equal to the 
Sfunction concentrated at ato within a constant factor. In this way we 
obtained f(a) in terms of h(£) for a real Lobachevskian space. 

Now for the imaginary Lobachevskian space we shall again find the 
residue of D(x, a; ) at » = —3. In this case, however, we shall obtain 
a different result; in addition to the 6 function concentrated at a, another 
term arises, and this term differs from zero only for 


I[@, x]| <1, 


or in other words for values of x such that 
r(a, x) <0. 


To put it differently, the residue of the left-hand side of (8) is, to within 
a constant factor, the sum of f(x) evaluated at a and the integral of f(x) 
over the region given by 7r*(a, x) < 0. In Section 3.4 we shall see that 
this integral can be written in terms of (J), the integrals of f(x) over 
isotropic lines. Thus in the case of an imaginary Lobachevskian space, 
f(a) is specified not only by A(€), but also by ¢(/). 

The derivation in the case of imaginary Lobachevskian space meets 
with the following complications. Recall that in the real space the 
integral in the analog of Eq. (9) which defines ®(x, a; 1») converged for 
Re » > —1, so that analytic continuation in » could be used to define 
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this function for general . But in the imaginary space the integral on 
the right-hand side of (9) may diverge at all values of » for certain special 
pairs of values of a and x [to be specific, for r°(a, x) < 0]. In just the same 
way, because A(£) does not have bounded support the integral on the 
right-hand side of (8) may also diverge at all values of 4.1% We therefore 
must somehow give meaning to these divergent integrals. Sections 3.2 
and 3.5 are devoted to this problem. In them we develop the method 
of analytic continuation in the coordinates. 


Remark. We saw in Section 2.2 that the real-space analog of Eq. (9) 
has a simple geometric meaning: it is the integral of (|[@, €]| — 1)¥ over 
the set of all horospheres passing through x and with respect toa measure 
invariant under rotations about x. The situation is similar for Eq. (9), 
except that the direction vectors through « now form a noncompact set, 
and therefore the invariant measure on this set is unbounded. Difficulties 
associated with integrating a function over a noncompact set of such 
lines arises also in other problems. They arise, for instance, in attempting 
to calculate the convolution of functions on a locally compact Lie 
group when these functions are constant on left and right cosets with 
respect to a noncompact subgroup; another example is in the study of 
the analog of spherical functions for noncompact subgroups; there are 
others. For this reason the method by which we shall define the integral 
of Eq. (9) would seem to be of greater interest than just in its application 
to the present problem. We may remark also that Eq. (9) may be thought 
of as the Radon transform of the function which is concentrated on the 
[é, €] = 0 cone and given by (|[a, €]| — 1)¢ for € on the cone. Thus in 
attempting to give meaning to the integral of Eq. (9) we are dealing with 
problems similar to those studied in Sections 2 and 3 of Chapter I. In 
fact the methods developed in our present chapter may be considered 
supplementary to the methods of those sections of ChapterI1. # 


3.2. Regularizing Integrals by Analytic Continuation in the Coordinates 


Consider the functional defined on the space of infinitely differentiable 
functions f(x) on an imaginary Lobachevskian space by 


(,f) = [ Oe, a wif (e) dx, (1) 


18 The integrand in Eq. (9) is constant on the manifolds which form the intersection 
of the [€, €] = 0 cone and each of the two-dimensional planes [x, £] = 1 and [a, £] = c. 
But if 77(a, x) < 0, these manifolds are unbounded and the integral diverges for all mu. 
The situation is similar in Eq. (8). 


3.2 Integral Transform in an Imaginary Lobachevskian Space 309 


where dx is the invariant measure on the imaginary Lobachevskian 
space. Here (x, @; x) is a function of the points a and x in the space 
and of a complex parameter y, and is formally defined as follows. 
Consider the model of the imaginary Lobachevskian space on the hyper- 
boloid whose equation is [x, x] = —1 and write 


D(, a; w) = | (\[a, £1 — 1 8(I[x, &]] — 1) de 
= | (la, ll — 4 8, €] ~ 1) dé 


+ | (Ila 1] — D4 8x, 41 +1) ae 
== D(x, a; w) + ®,(x, a; p), (2) 


where dé is the invariant measure on the [€, £] = 0 cone and both 
integrals are over the upper sheet of this cone. As has been mentioned in 
Section 3.1, for certain pairs of values of a and x the integral on the 
right-hand side of (2) may diverge for all values of ». We wish therefore 
to give it meaning for such points, or in other words to regularize the 
integral. To this problem we devote this section. 

We turn first to the somewhat simpler problem of regularizing the 
integral 


Je, 5 ) = f(b, EM (Lx, ] — 1) ae. (3) 


In fact the problem of Eq. (2) can be reduced to this one. Indeed, if we 
were to treat the integrals of Eq. (2) as though they converged, we could 
write 


(x, a; w) = | {([a, 4 — NE . 
+ (La, 4] ~ 13 5(ls, €] — 1 a. 2’) 


Since the integrand is concentrated on the [x, €] = | plane, this may be 
written in the form 


(x, a5 w) = | [a — x, BH 8([x, €] — 1) dé 
+ f [-a — x, &H &([x, 4] ~ 1) dé 


from which we arrive at 


B(x, 4; p) = J,(x,a — x5 p) + J,(x, —a — 5p). (4) 
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We shall now consider Eq. (4) to be the definition of ®,(x, a; 1). Then 
@,(x, a; «) is defined analogously, and finally Eq. (2) may be used to 
define ®(x, a; »). Thus the regularization of the integral of Eq. (2) is 
reduced to a study of the integral of Eq. (3) for all real points 6 and x. 
We turn now to this problem. 

Consider Eq. (3) first for points b such that [b, b] > 0 and b, > 0. 
We shall call the set of these points the interior of the positive cone, and 
we shall denote the fact that a point 5 lies inside the positive cone simply 
by b > 0. Now let 6 > 0 and let € lie on the upper or positive sheet of 
the [€, €] = 0 cone, the boundary of the interior of the positive cone. 
Then it is easily seen that!# 


[b, €] > (by — [bi + 53 + 55)*)E, > 0. (5) 
Then for b > 0 it follows that J,(x, 5; ~) coincides with 
Js, 85 2) = | 1b, E8(Lx, €1 — 1) dé, (6) 


an integral which converges for Rew < —1. 

This then defines J,(x, 6; 4) for Rew < —1 and for 6 > 0. We 
wish to extend this definition to arbitrary b € E, , and accomplish this by 
analytic continuation in the coordinates bo, b,, bz, bs of b, as described 
in the discussion of the generalized function P* of Chapter III, Volume | 
(Section 2.3). 

We introduce the four-dimensional complex linear space Z, con- 
sisting of points z whose coordinates are (%, 21, %, 23). Consider those 
% = 6+ ic for which c > 0 (that is, for which c lies in the positive 
cone). Let the set of all such z be called the “upper half-plane” in Z,. 
Similarly, we call the set of ¢ = b — ic such that c > 0 the “‘lower 
half-plane” in Z,. 

We now assert that J(x, b; ») as defined by Eq. (6) for b > 0 can be 
continued analytically into the upper and lower half-planes of Z,. 
This analytic continuation will be defined by 


Jie, 2; ») = | Le, €P8([x, €] — 1) dé, (7) 


4 This follows from the fact that 


[B, €] = Bofy — bid: — bade — Daks > doko — (dr + ba + da)? (E+ & + EF. 


But since € lies on the upper sheet of the cone, 


f= (+ & + Fy 
which leads directly to Eq. (5). 
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where raising a number to the complex power p» is understood in the 
sense that 


i# == exp{ywin|t| + zwarg th, —n <argii<n. 


To prove this we show first that J(x, 2; «) as defined by Eq. (7) depends 
analytically on the coordinates of z for 2 in the upper half-plane. To see 
this, note that for z = b + ic,c > 0, and € on the upper sheet of 
the [€, €] = 0 cone, we have Im[z, £] = [c, €] > 0. Hence for Z in the 
upper half-plane [z, €]“ is single valued. It is easily shown also that the 
integral of Eq. (7) converges uniformly in } within any region such that 
z=6+ ic, where c >c’ >0.% Hence Eq.(7) defines an analytic 
function of the coordinates of z in the upper half-plane. 

In exactly the same way one proves that Eq. (7) also gives the analytic 
continuation of J(x, b; ~) into the lower half-plane. 

We have thus defined J(x, 2; «) for all z in the upper or lower half- 
planes. It is now a simple matter to define J,(x, b; 4), or rather the value 
of the integral of Eq. (3), for any real 5. For this purpose we write 


I(x, b + 105 w) = lim J(x, 6 + ic; ») 


(8) 
= lim | [6 + ic, £1 8([x, £] — 1) dé 
and 
T(x, b = 105 1) = lim, I(x, b ~ ies w) 
(9) 


= lim | [b — ic, €#8([x, £] — 1) dé 

(where c — + 0 denotes that c approaches zero from inside the positive 

cone). The existence of these limits will be established in Section 3.5. 
Now to define J,(x, b; ~) we make use of the formula 


eun(t — 10)" — e~tum(t + 70) 


t= ae 
* 27 Sin je 


(10) 


established for generalized functions of a single variable (see Volume 1, 
Chapter I, Section 3.6). Accordingly the integral J,(b, x; 1) is defined 


by 


Jo, 63 p) = [etm J(a, 6 — #05 p) — et” J(x, b + 10; J (11) 


27 sin per 


18 By c > c’ we mean c — c’ > 0. 
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This definition holds for Re » < —1 and for arbitrary real x and 6. But 
it has been stated [see Eq. (4)] that 


P(x, a, #) = Jifx, a— Xx; #) + J4(%, A — xX; H). (12) 


Thus the value of the integral 


P(x, a; ») = | (\[a, 1] — 1) 8x, | — 1) dé (13) 


is defined for Re » < —1 with the aid of Eqs. (11) and (12), in which 
J(x, b + 10; ») and J(x, b — 20; ») are given by Eqs. (8) and (9). Then 
®,(x, a; w) is defined similarly, and thereby P(x, a; »). As a result we 
arrive at the expression 


a a 2i a par i im, | (lL; aly) 


x {e*[([a — tc, €] — 1)" + ([—a — te, €] — 1] 
— etl (fa + ic, €] — 1)" + ([—a + tc, §] — 1)4]} ag, (14) 


which we take for a definition of ®(x, a; n) for Rep < —1. It is easily 
shown thar for c > 0 this integral converges absolutely and uniformly 
in x, 

Later we shall need an explicit expression for P(x, a; 44) in terms of 
the distance between a and x. We give the results here without the 
proof, which will be found in Section 3.5. 

Let a and x be points of an imaginary Lobachevskian space (realized, 
as usual, on the hyperbolotd whose equation is [x, x] = —1). Then 
P(x, a; ) ts given for Re» < —1 by the following formulas. 

If \[a, x]| > 1, then 


Qretlut+Dkr . 
O(x, a; ph) = sinh? kr. (15,) 
(u + 1) cosh ($hr) 


where cosh kr = |[a, x]|. 
Tf \[a, x]| < 1, then 


Ox, a5 B) = To at — [oos{(u + 1)(* — kp)} cos ™\($kp) 
+ cos{h(u + 1)kp} sin-#-1(Bkp)] sin kp, (15,) 
where cos kp = |[a, x]]. 


Recall that if x is such that |[a, x]| > 1, then the distance between 
x and a is real. If, on the other hand, x is such that |[a, x]| < 1, the 
distance r = ip from a to x is imaginary. 
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Having defined ®(x, a; ») for Re » < —1, we define it for Rep > —1 
by analytic continuation in » and hence also by Eggs. (15,) and (15,). 

Let us now finally define the generalized function (®, f), where 
f(x) is an infinitely differentiable function of bounded support on an 
imaginary Lobachevskian space. For Re » > —1 the generalized func- 
tion is given by 


(Pf) = | P(x, a; wf (x) dx, (16) 


where O(x, a; 4) is given by Eqs. (15,) and (15,). For fixed f(x). this 
is an analytic function of » and can therefore be extended by analytic 
continuation in » to Re p» < —1. Now recall that 


f PG, a; wif (e) de = | (La, 1] — sA(E) ae (17) 


was the basic equation used in deriving the inversion formula for 
the integral transform associated with horospheres of an imaginary 
Lobachevskian space, where for Re » < —1 the function ®(x, a; ») 
is defined by Eq. (14). Note that the integral on the right-hand side of (14) 
converges absolutely and uniformly in x. We now multiply both sides 
of (14) by f(x) and integrate over x (after changing the order of integration 
on the right-hand side). By using the fact that 


[F@)8(IEx, 1] — 1) de = HCE), 
we arrive at 


[Oe 4; wif) de = 


27 sin per Ae i) 

x {etmr[([a — te, 4) — 1 + (a — te, ] — 1) 
—em*l([a + ic, £]-1)* + ([-@ + te, €]- Ve] dé (18) 
(where, as before, c > + 0 denotes that c approaches zero from inside 
the positive cone). If ¢ > 0 and if € lies on the [&, €] = 0 cone, 


then [c, £] > 0. Hence we may again use Eq. (10) to take the right- 
hand side of (18) as the definition of the integral 


f (la, 4) — Iyencé) ae. 


This proves Eq. (17) for ®(x, a; ») defined by (14) and the integral on 
the right-hand side defined by the right-hand side of (18). 
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Let us now return to our original goal, namely to express f(x), a 
function of bounded support on an imaginary Lobachevskian space, 
in terms of 


h(E) = | f()8(I[x, €]1 1) dx 


and 
ol) = [fds [fe +18)de 


which are its integrals over horospheres of the first kind and over iso- 
tropic lines. 

As already mentioned, this formula will be derived by using the 
relation 


fC, 45 wif (x) dx = f (Ia, 1] — DEAE) a8, (1) 


which was developed in Section 3.2. We shall obtain the desired inversion 
formula by finding the residues of both sides of Eq. (1) at » = —3. 
Consider first the expression on the left-hand side, that is, let us find 


res, | P(x, a; w)f(x) dx. 


Equations (15,) and (15,) of Section 3.2, according to which this is a 
function of the distance between a and x, imply that without loss of 
generality we may choose a to have any given coordinates so long as 
x is chosen at the proper distance; thus let the coordinates of a be 
(0, 0, 0, 1). Then [a, x] = —x, , and the distance r between a and x is 
given by cosh? kr = x3. Now x lies on the hyperboloid whose equation 
is [x, x] = —l, so that we obtain 
sinh? ky = x2 — x2 — x2, 

Obviously sinh? kr > 0 if | x,| > 1, and sinh* kr < 0 if | x3| < 1. 

For the latter case, therefore, we may write 


sintkep = —xi +2843, 


where 7 = pi. We now insert these expressions for sinh? kr and sin? kp 
into Eqs. (15,) and (15,) of Section 3.2. Then with a chosen as above, 
@(x, a; 4) is given by the following two expressions. 
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If | x, | > 1, then 


a utLker 


(u + 1) cosh Fer) 


P(x, a; p) = (x2 — x? — xe) 34, (21) 


where cosh kr = | Xz |. 
If | x, | < 1, then 


4 
D(x, 5) = Ca Fy sim paw COOL He + INC — Bp] cos" Bhp) 
+ cos[d(u + 1)kp] sin U(Zhp)}(a8 + a8 — 98), (2) 
where cos kp = | x; |. 


The residue of the left-hand side of Eq. (1) at 1 = — 3 is found on the 
basis of the following assertion (see Volume 1, Chapter III, Section 2.2). 
The generalized function («3 — x? — x9)!" has a simple pole at » = —3 
with residue 


res, (x9 xp —~ x3) = —48(xq, x, , X2). 
a 


The generalized function (x? + x} — x$)# has no singularity at » = —3. 
Further, the factors multiplying these functions in Eqs. (2,) and (2,) 
have the following properties. At ~ = —3 the factor in Eq. (2,) is 
continuous and equal to 7 at y = 0, and the factor of Eq. (2,) has a 
simple pole with residue —2 cos? kp. Note also that with the special 
choice we have made for the coordinates of a, namely (0, 0, 0, 1), we 
have 
cos? kp = x2 = [a, x] 


and 
sin? kp = xt + x3 —x§ = 1—x*#2 = 1 — [a, x}. 


In accordance with these remarks we arrive easily at 


p=—3 


Tes, | P(x, a; p)f (x) dx = res | B(x, a; p)f (x) dx 
fe a.e]|>1 


+ res P(x, a; pw) f (x) dx (3) 


w=—3 J taal <1 
= -8nif(a)-2f vagy exh PC = [a aPY AFG) de 


To obtain the first term we have used the fact that f(—a) = f(a). In the 
second term the integral is understood in terms of its regularization, 
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which is obtained by replacing the exponent — 3by 3y and by evaluating 
the analytic generalized function of » so obtained at » = —3. Although 
Eq. (3) was obtained on the assumption that the coordinates of a are 
(0, 0, 0, 1), the invariance of ®(x, a; ~) under simultaneous motion of 
a and x implies that the result is valid for all a@ in our imaginary 
Lobachevskian space. 

We now turn to the residue at » = —3 of the right-hand side of 
Eq. (1). Recall that the integral involved is an abbreviated notation for 
the right-hand side of Eq. (18) of Section 3.2. Because sin yz vanishes at 
p = —3, we have 


izes, { (\[a, ll — Nad) dé 
= (2m) Tim | h(E){([a — ie, 4] — )-* + ((-a — ie ] — 1) 


— ([a + te, €] — 1)°* — ([—a + te, €] — 1)°9} dé. (4) 


It is easily shown that the integral whose limit is being taken on the 
right-hand side is absolutely convergent. Let us, then, take the limit 
under the integral sign. [We omit the detailed justification of this pro- 
cedure which is related to the asymptotic behavior of A(té) as t > ©0.] 
Bearing in mind that for c in the positive cone and € on its boundary, 
[c, €] > 0, and that 


(¢ —70)-3 — (¢ + i0)-3 = 7mi8"(t) 


(see Volume 1, Chapter I, Section 3.6) we arrive at 
res, | (Ila El — Eh) dé = Ff ESM, 4 — 1) ae. (5) 


Remark. This equation could also have been obtained directly in a 
formal way from the relation 


low 
has it == 98"(t). # 


We may now compare Eqs. (3) and (5) for the residues of both sides 
of Eq. (1). After some simple operations we arrive at 


f(a) = —(4n)* | h(2)8"(\[a, £1] — 1) ae 
—Qnye fla xPC = (a, a) ECs) de (6) 
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In the first term the integral is over the upper sheet of the [€, €] = 0 
cone, and in the second it is over the region defined by |[a, x]| < 1 on 
the [x, x] = —1 hyperboloid. Further, the second integral is understood 
in the sense of its regularization. 

We have now completed the second important step in obtaining the 
inversion formula [the first was the derivation of Eq. (17) of Section 3.2]. 
Let us analyze the result we have obtained. 

The first term in Eq. (6) is similar to the right-hand side of the 
inversion formula for the case of an ordinary Lobachevskian space [see 
Eq. (17) of Section 2.2]. The second term involves integrating f(x) over a 
region in which |[a, x]| < 1, that is, over a set of points whose distance 
from a is imaginary. We shall show later that we can write this in terms 
of the integrals of f(x) along isotropic lines, that is, in terms of ¢(/), thus 
obtaining the final form of the inversion formula. 

The reason for the difference between the inversion formulas for 
the real and imaginary Lobachevskian spaces may be seen in the fol- 
lowing way. At the basis of the derivation for both cases lies the calcula- 
tion of the residue of sinh” kr at » = —3. For the real Lobachevskian 
space sinh“ kr goes as (x? + x} + x2), and thus at » = —3 it has a 
simple pole with residue proportional to the 6 function. In the imaginary 
Lobachevskian space, however, r may be real or imaginary, and therefore 
we must deal not only with sinh" kr but also with sin“ kp. The first of 
these functions behaves as (xj — xi — x3), and thus also has a simple 


pole at » = —3 with residue proportional to the 6 function. But 
sint kp behaves as (xj + x3 — x@)#, which is regular at p = —3. 


The only singularity arises from the coefficient multiplying this 
function. For this reason the derivations and results differ in the two 
cases. 


Remark. We have not yet shown that the first term in Eq. (6), 
namely the integral 


fea, 41 — 1) ae, (7) 


converges absolutely. We shall do this here. For this purpose we rewrite 
(7) in a form in which the integration is over 2, the sphere which is the 
intersection of the [€,€] =O cone with the & = 1 hyperplane. 
Let € lie on the [£, €] = 0 cone. Consider one of its generators ] and 
let » be the point where / intersects 2. We may thus write in general 
£ = qn, where q = &,. Let us take g and 7 to be new parameters 
specifying €. In these parameters the invariant measure dé on the cone 
may be written d = qdq dw, where dw is the Euclidean measure on 2. 


318 INTEGRAL GEOMETRY IN CONSTANT CURVATURE SPACE Ch. V 


Then changing variables by writing € = qn in Eq. (7), we arrive after 
some elementary operations at16 


[ M8"(\a, £1] — 1) ae 


= f | eue | 4 Pht) 
_ at? td, at at? 


| de. (8) 


t=—[a,n] 


Thus what we need to prove now is that the integral on the right- 
hand side of this equation converges absolutely for every h(£) of the form 


hE) = [ f()8(ILx, | — 1) dx, 


where f(x) is an infinitely differentiable function of bounded support on 
an imaginary Lobachevskian space. Obviously this integral can have 
singularities only on the set of 7 such that [a, 7] = 0. But it can be shown 
that the integrand is bounded even in a neighborhood of this set. For 
this purpose we recall the asymptotic expansion 


h(t) ~ Ss a(n)e", (9) 


n=1 


for t > 0 [see Eq. (4) of Section 3.1]. In this expression the a,(y) are 
infinitely differentiable functions on 2. Now it was established in 
Section 3.] that this asymptotic expansion may be differentiated term 
by term with respect to t, and we thus find that 


h(n) 


Co ~ Donn — Vaglnlay a 


t=[a,7] n=2 


This expansion shows that the first term in the integrand of Eq. (8) is 
bounded in the neighborhood we are considering. Similarly, the same can 
be shown for the second term. Thus the right-hand side of (8)is theintegral 
of a bounded function over a compact set and hence it converges abso- 


lutely. #f 


16 In the case of an ordinary Lobachevskian space one can obtain a similar formula, 
namely 
@h(t-!y) 
ot? 


da, 


t-[a-n] 


f@erda a a= fe 
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3.4. Derivation of the Inversion Formula (Continued) 


We are left still with the problem of writing the integral 


r= f [a, xP(1 — [a, x])-# f(x) dx (1) 
ILa,a]| <1 


in terms of the integral of f(x) over isotropic lines, that is, in terms of 
¢(l). We now turn to this task, 

Note that [a, x]?(1 — [a, x]?)-? is constant on the planes whose 
equations are of the form [a, x] = p. We shall therefore perform the 
integration in Eq. (1) by first integrating f(x) over the intersection of 
such a plane for | p| < 1 with the [x, x] = —1 hyperboloid and then 
integrating the result so obtained over p. We may thus write 


r={ is pal — pt dp ff) do. (2) 


Here do denotes the measure on the intersection of the hyperboloid and 
plane, and is defined by dx = dp do. 

Now the integral 

Kp)={ f(x) do 
a,e)=p 

can be expressed in terms of integrals over isotropic lines. This is because 
the intersection of the three-dimensional hyperboloid [x, x] = —1 with 
the p plane is a two-dimensional hyperboloid which is single sheeted if 
|p| <1 and may thus be decomposed (in fact in two ways) into its 
line generators, that is, into isotropic lines. Then J(p) can be expressed 
in terms of g(/) if |p| < 1.” 

Let us obtain this expression first for the special case in which a has 
coordinates (0, 0, 0, 1). Then [a, x] = x,, and hence 


f(x) do = | f(x) do. (3) 


a.cl=p r3=D 


Kp) = J 


Now let us use 6, defined by p = cos @, instead of p as our parameter. 
(The geometric meaning of this parameter is discussed in Section 3.4a.) 


17 In terms of the geometry of the imaginary Lobachevskian space, |[a, x]| < 1 implies 
that the points x lie at an imaginary distance from a, this distance being given by r = pi, 
where cos? kp = [a, x]*. Thus when the space is realized on a single-sheeted hyperboloid 
(with diametrically opposite points x and —«x identified), two-dimensional single-sheeted 
hyperboloids become spheres of imaginary radius and the two-sheeted hyperboloids 
(|p | > 1) become spheres of real radius. What we have seen above is that the spheres 
of imaginary radius can be decomposed into isotropic lines. 
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We may now establish which isotropic lines will lie in the plane whose 


equation is x3 = cos 9. For the model on the [x, x] = —1 hyperboloid, 
the equation of an isotropic line is x = b + t£, where 
[4,5] = —1, [443 =9, [&, 4] =9, (4) 


and b and € are normalized so that b, = 0, & = 1 (see Section 1.3a). 
Since / lies in the x; = cos @ plane, the coordinates of € will be 
(1, &, &, 0) and those of b will be (0, 5, , 52, cos 0). Then from Eq. (4) 
we obtain 


er + e = 1, bF + b5 = sin? 6, bg, + bo, = 0, 
so that 
£ = (1, cos a, sin a, 0) (5) 


and 
b = (0, +sin @ sin a, sin 4 cos «, cos 6), (6) 


where the parameter « defining the isotropic line can take on values from 
0 to 27. The two possible signs in Eq. (6) occur because there are two 
possible ways of decomposing the [x, x] = —1 hyperboloid into line 
generators. We shall use only the upper signs, thus using only a single 
family of isotropic lines for each 0, this family covering the two-dimen- 
sional hyperboloid whose equations are [x, x] = —1, x, =, cos 0.8 

To proceed, we change variables of integration in the integral on the 
right-hand side of Eq. (3). Note that if 6 and € are given by Eqs. (5) 
and (6), the point x = b + t€ runs once over the whole two-dimensional 
hyperboloid when « goes from 0 to 27 and t goes from — 0 to +00. We 
shall thus take « and ¢t to be the new variables of integration. In terms of 
these variables 


x» = t, 
x, = sin@sina + tcosa, 
; ie (7) 
xX, = —sin@cosa + tsina, 
x3 = cos 8, 
and hence do == dx, dx, | x) |~! = dt dx. Then Eq. (3) becomes 
Qa oO 
Koos) =[ —_f(x)do =f daf f(b +48) dt, (8) 
&g~COSO 0 wo 


18 Actually we do not lose the second family of generators. They are obtained when 
cos @ is replaced by —cos 9, for the intersection of [x, x] = —1 with xg = cos @ is the 
same as its intersection with x, = —cos 6 (recall that x and —~ are identified). 
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where € = &(«) is given by Eq. (5) and b = (8, «) is given by (6) with 
the upper signs. But by definition of the integral over the isotropic line 
x = b +. té we have 


[FO + #8) at = 96,8) = 90. 9) 


Summing up, therefore, if the coordinates of a are (0, 0, 0, 1), the integral 
of Eq. (8) may be written 


(cos 6) = f : p(E(a), 6(8, «)) dev (10) 


We now wish to generalize this formula to the case of arbitrary a. 
To do this we first write (10) in an invariant form. Note that the integrand 
actually depends only on &(«), since for fixed @ the vector 5(6, «) is 
uniquely determined by &(«). We shall therefore write this integrand 
henceforth simply as 9(€, 6). Then Eq. (10) becomes 


(cos 6) = [ o(E(a), 6) da. (11) 


Now for any a the point é(«) lies on the intersection of the sphere 2Qgiven by 
[é, €] = 0, & = 1 with the plane whose equation is £, = [a, €] = 0. 
This means that we may write (11) as the integral over € along this 
intersection. This can also be written as an integral over the entire sphere 
Q if we use the usual 5-function notation, namely 


(cos 6) = f o£, 6)8(la, £1) de, (12) 


where dw is the Euclidean measure of the sphere. In order to write this in 
invariant form we shall replace the integration over 22 by integration over 
an arbitrary ‘‘contour” I’ on the [€, €] = 0 cone. 

So far we have assumed that € is normalized according to £ = |. 
Let us drop this condition and now let € be any vector on the [€, £] = 0 
cone, while b as before satisfies the conditions [b, b] = —1, [6, €] = 0, 
and b, = 0. Also as before, we define 9(€, 5) by 


w(éb) =f fb + 18) ar. (13) 


If the isotropic line x = b +- té lies in the x, = [a, x] = cos @ plane, 
as we have seen, b is uniquely determined by €é and is independent 
of its normalization. Therefore we can again replace 9(€, 6) by 9(€, 4). 
This function is obviously homogeneous in € of degree —1. 
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As a result the integrand of Eq. (12) is now defined on the entire 
[é, €] = 0 cone. It is obviously homogeneous of degree —2 in €. We are 
now able to replace the integration over 2 by integration over an arbi- 
trary surface I intersecting each generator of the cone. 

We define the integral over I” by 


[CE 0)8(Ca, €1) deo, (14) 


where 


dw = | & |" 8, df, d&s — & dé, dé, + &, dé, dé,). (15) 


This integral is independent of I”. Indeed, the integrand is homogeneous 
of degree —2 and the differential form dw is homogeneous of degree 2. 
This means that the entire expression under the integral sign (that is, 
the integrand plus the differential form) is homogeneous of degree zero 
and is thus invariant when € is replaced by «€ for « > 0. This in turn 
implies that (14) is invariant under arbitrary deformations of I.1° It is 
easily seen, in particular, that if I’ is chosen as 2, (14) reduces to (12) 
[for when €, = 1, Eq. (15) defines the Euclidean measure on the sphere]. 
We have thus arrived at the result 


I(cos 6) = | 


f(x) do = [{_o(€, 0)8([a, £]) der, (16) 
[e.2]=cose r 
where I is any surface on the [£, £] = 0 cone crossing all of its genera- 
tors, and the differential form dw is defined by (15). This is the invariant 
form of Eq. (10), invariant in the sense that it does not depend on the 
choice of coordinates for a. To see this we need only apply (16) to the 
function f(xg) and recall that both [a, x] and [a, €] are invariant under 
simultaneous motion of a, x, and € and that the integral on the right-hand 
side of (16) is independent of the choice of I’. Thus the result is valid 
for any a in the imaginary Lobachevskian space. 

Let us now return to Eq. (2), set p = cos @, and insert the expression 
we have obtained for J(cos @). Then (2) becomes 


1—f ; cot? 6 dé { _ (6, 8)8([a, £)) de, a 


19 Compare this with Volume 1, Appendix B2.5, It is useful to point out that if I’ is 
defined by an equation of the form P(£) = 1, the differential form dw satisfies the relation 
d& = dP dw on TI. Equation (14) is the residue of the homogeneous function ¢(£, 8)8([a, €]) 
defined on the surface whose equation is [£&, €] = 0. 
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which represents the solution of the problem we have set out to investi- 
gate, namely to write Eq, (1) in terms of integrals of f(x) over isotropic 
lines. This completes the derivation of the inversion formula, which 
we Now summarize below. 

Let f(x) be an infinitely differentiable function of bounded support on an 
tmaginary Lobachevskian space. We form the integrals of this function 
over the horospheres of the first kind and over the tsotropic lines; these 
integrals are defined tn the following way (in the realization of the space 
on the hyperboloid [x, x] = —1). The integral over the horosphere of the 
first kind whose equation is |[x, €]| = | ts 


n(£) = [ F)B(ILx, €1l — 1) ae, (18) 


where [€, £] = 0, & > 0; the integral over the isotropic line x = b + té 
is 


HE 0) = fo fb +18) dt, (19) 


where [b, b] = —1, [b, €] = [&, €] = 0, & = 0. 
Then the value of f(x) at any point a of the imaginary Lobachevskian 
space ts given in terms of h(€) and o(€, b) by the inversion formula 


F(@) = —(4ny* {| h(2)8"(\[a, €1l — 1) a€ 
+ Qn)? f : cot? 6 a6 { (8, 8) de (20) 


Here df = | &, |-! d€, df, dé, is the invariant measure on the [£, €] = 0 
cone; o(€, 9) denotes the value of ¢(€, 5) for an isotropic line x = b + t& 
lying in the [a, x] = cos @ plane (that is, such that [a,b] = cos @).?° The 
second integral in the second term is over any surface I on the [€, &] = 0 
cone that intersects all generators of the cone; the measure dw is defined 
by 

dw = | &) |g, d& dé, — & d&, dé, + &, dé dé). 


Remark. In conclusion we point out that A(é) and 9(€, 6) satisfy 
certain symmetry relations. The symmetry relation for h(é) in the 


20 ‘We choose a single family of generators on each of the intersections of [a, x] = cos 0 
with the [x, x] = ~—1 hyperboloid. This choice was made at Eq. (6) for the case in which 
the coordinates of a were (0, 0, 0, 1), and it is uniquely specified for other a by continuity 
in a, Once a is given, the generator b | t€ is uniquely determined by € and 8. 
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present case is similar to the case of an ordinary Lobachevskian space. 
It may be written in the form 


H(a,t) = H(a, t), (21) 
where?! 


H(a, t) = { R(E)8(\[a, Il — 2) a. (22) 


We shall not, however, go into this derivation here. The other symmetry 
relation is 


| eE, 698(La, €1) doo =f o(E, » — 8)8(Ca, 1) de. (23) 
To prove it we need only note that the intersections of [x, x] = —1 
with [a, x] = cos 6 and with [a, x] = cos(7 — @) = —cos @ coincide, 


since x and — x are considered the same point on the hyperboloid. # 


3.4a, Parallel Isotropic Lines 


We wish to consider in more detail the second term in the inversion 
formula (20) of Section 3,4. As we have seen, the integral in this term is 
over the set of isotropic lines lying on all possible spheres of imaginary 
radius with center at a (that is, on two-dimensional single-sheeted 
hyperboloids, in the realization on [x, x] = —1). This set of lines has 
also another geometrical description, and it is to this description that 
we now turn. 

We first define parallelism of isotropic lines. We shall call two isotropic 
lines parallel if their direction vectors are proportional. In the two 
realizations of an imaginary Lobachevskian space this concept is repre- 
sented in two ways. Recall (see Section |.3a) that an isotropic line may be 
thought of as a two-dimensional plane in E,,, tangent to the [x, x] = 0 
cone along one of its generators and that the direction vector of the line 
lies along this generator. Thus parallel isotropic lines are represented by 


21 Note that the situation here differs from that in the ordinary Lobachevskian space 
in that the integral of Eq, (22) diverges and must therefore be understood in the sense 
of its regularization. This may be defined by noting (see the Remark at the end of 
Section 3.3) that the integral 


H1(a, t) = { We) 8°(\la, All — 8 ae 


converges absolutely. Then H(a, t) is uniquely determined by H/(a, t) and the initial 
conditions H(a, 1) = H’(a, 1) = 0. 
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two-dimensional planes tangent to this cone along the same generator. 
It then becomes obvious that for the realization on the [x, x] = —1 
hyperboloid parallel isotropic lines are parallel generators of this hyper- 
boloid. Similarly, for the realization on the x, = | plane, that is, outside 
the unit sphere, parallel isotropic lines are lines tangent to the sphere 
(that is, to the absolute) at the same point. 

We assert that every isotropic line lying on a sphere of imaginary 
radius centered at a is parrallel to one of the generators of the isotropic 
cone with vertex at a (that is, to one of the isotropic lines passing through 
a). To prove the assertion, we realize the space on the [x, x] = —1 
hyperboloid. Then the isotropic lines are given by equations of the form 
x = b + té, where [b, b] = —1, [b, €] = [€, €] = 0. It is easily seen 
that all the points of this line lie at a fixed distance from a if and only if 
[2, €] = 0. But then x = a + 2€ is also the equation of an isotropic 
line, and this line passes through a and is parallel to x = b + ¢€. 

The converse will also obviously hold: every isotropic line parallel 
to one of the generators of the isotropic cone with vertex at a lies on some 
sphere of imaginary radius with center at a. 

We have thus shown that the integration in Eq. (20) of Section 3.4 
is over a set of isotropic lines parallel to the generators of the isotropic 
cone with vertex at a. 

Furthermore, the parameter 6 appearing in that equation also has a 
simple geometric meaning. This is because r = 0:2/k is the radius of the 
sphere with center at a on which lies the isotropic line 1] = ((&, 0). 
In other words 7 is the distance from a to any point on J. 

Hence the integral 


| | cot? p(&, 8)8(La, £]) dO dn (1) 


may be calculated by the following sequence. Consider the isotropic 
cone with vertex at a. With each generator /’ of the cone we associate the 
set of isotropic lines parallel to it. Then y(/) = 9(€, @) is integrated first 
over the set of these lines with weight function cot? 6, where r = 62/k 
is the distance from a to J, This results in a function defined on the 
set of generators of the isotropic cone with vertex at a (or, equivalently, 
on the set of points of tangency of this cone with the absolute). Then 
expression (1) is the integral of this function over the set on which it is 
defined (with the appropriate measure). 


Remark. To define the distance between parallel isotropic lines 
we prove that the distance between any two points of parallel 
isotropic lines is independent of the choice of points. Indeed, consider 
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the parallel isotropic lines x = a-+ t&é and y=b-4 2'&. Because 
[a, | = [b, €] = [€, €] = 0, we have [x, y] = [a, b]. Now the distance 
r(x, y) between x and y is defined by cosh? kr = [x, y]?, so that 
r(x, y) = r(a, b) and is thus independent of x and y. Hence we shall 
define the distance between parallel isotropic lines as the distance 
between any two points on them. Let r = 02/k be the distance between 
two parallel isotropic lines. Then @ is the angle between the representa- 
tions of these lines when the imaginary Lobachevskian space is realized 
outside of the unit sphere, which may be seen as follows, Recall that 
parallel isotropic lines in this realization are represented by lines tangent 
tot the absolute ata given point. The imaginary Lobachevskian motions 
are then represented by the projective transformations of the three- 
dimensional space which map the absolute (that is, the unit sphere) into 
itself. It is easily shown that these are conformal mappings and thus 
preserve angles between lines tangent to the sphere at a given point. 
Further, the distance between parallel isotropic lines remains invariant 
under imaginary Lobachevskian motions. Thus we need only prove the 
assertion for a single pair of parallel isotropic lines separated by a given 
distance 7. The reader will easily verify that the assertion is valid for the 
pair of lines tangent to the absolute at the point whose coordinates are 
(1, 0, 0, 1) and passing, respectively, through (1, 1, 0, 1) and (1, cos 6, 
sin 8,1). # 


3.5. Calculation of P(x, a; y) 


In deriving the inversion formula we made use of the function defined 
formally by 


(x, a5 w) = | (([a, £1) — 1k (IL, &li — 1) dé, (1) 


where a and x are points on the [x, x] = ~—1 hyperboloid, and € is a 
point on the upper sheet of the [€, €] = 0 cone. Since for some a and x 
this integral may diverge for all ., we defined it in the following way. 
We write 


P(x, a; p) = P(x, a; w) + P(x, a; p), 
where 


D(x, a, #) = Ti, a— x, B) + T(%, —a— xy #), (2) 
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and, in turn, 
Je, 5 wo) = [ [b, EH 8(Lx, €] — 1) dé 
oe eee ey f a(x, 1 — 1) «ferme — ac, & 


27 sin pm c>+0 
— e~tu[h 4 tc, EH} dé 


= Spang (ete sb — 105 w) — I(x, 6 +1054) G) 
[see Section 3.2, Eqs. (4), (8), (9), and (11)]. The notation c—» + 0 
denotes that c approaches zero from inside the positive cone, that is, 
so that [c,c] > 0 and c, > 0. The function ®,(x, a; 4) is defined simi- 
larly. What we wish to do now is to obtain an explicit expression for 
@(x, a; ») in terms of the coordinates of a and x (an expression we have 
already used in Section 3.3). 
Since the integrals on the right-hand side of (3) are invariant under 
simultaneous motion of 6 and x, we have 


P(x, a; w) = D(xg, ag; p). 


But any point on the [x, x] = —1 hyperboloid can be moved to the point 
with coordinates (0, 0, 0, 1), so that we need calculate ®(x, a; ») only 
when «x has these coordinates. 

Now Eq. (2) implies that we actually need only calculate the integral 


Hes, 5) = [ [2, €#8((x, €] ~ 1) dé (4) 


for any complex point z = (2, 21, %,, 83) on the upper or lower half- 
planes (that is, such that either z = b + tc or x = b — ic, where 
c > 0). Further, as we have already mentioned, we may restrict our 
considerations to the case in which the coordinates of x-are (0, 0, 0, 1). 
Then Eq. (4) becomes 


Js, 23») = fz, 8, + 1) a8. (5) 


We shall perform this integration assuming first that c lies in the 
positive cone, that is, that z = b > 0. For this case we have 


T(x, 5 w) = f [, E!9(E, + 1) dé. (6) 


22 Recall that the notation c > 0 means that c lies inside the positive cone. 
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But since b > 0 and é lies on the positive sheet of the [£, £] = 0 cone, 
[5, €} > 0. It then follows that the integral in (6) converges for 
Rep» < —1. Now for any 6b > 0 there exists a motion g leaving 
x = (0,0, 0,1) invariant and carrying b into bg = (P?, 0, 0, d3), 
where P = 65 — bi — b}. This motion does not alter (6), so that 


Ise, 6; w) = f (P¥Ey ~ bys 8(E, + 1) dé, (7) 
where 
dé = &" dé, dé, dé, = (+ & + &)? dé, dé, dé, . 
Then straightforward calculation shows that 


Qn(P# + by)? 
(u + 1)PE 


J 63 p) = — (8) 
for our special point x and for the value of P given. We have thus calcu- 
lated J(x, 2; ~) for this special x and for z in the positive cone. Let us 
now return to Eq. (5) and calculate it for z on the upper half-plane, that 
is, for ¢ = 6 + zc such that ¢ lies in the positive cone, 
If we define the complex number [z, €] raised to the power yp by the 
expression 
[z, 2] = exp{u Inl[z, €]] + qargle, é), (9) 


where —7 < arg [z, €] < 7, the integral of Eq. (5) becomes the analytic 
continuation of Eq. (6) of Section 3.2. It is therefore sufficient to 
continue expression (8) into the upper half-plane. By considering Eq. (5) 
for z = bi, b > 0, it is easily shown that this continuation is given by 


Iiss 35 #) = — A ebm PY Pt — dag, (10) 


where P = 22 — 2? — 23. [We are omitting the not very complicated but 
rather lengthy proof that J(x, z;) as defined by Eq. (10) depends 
analytically on x and on the coordinates of z in the upper half-plane. 
This proof reduces to showing that in the upper half-plane neither 
— FP nor (—P)* — zz, takes on negative values.] In exactly the same way 
it can be shown that the analytic continuation of J(x, b; ») into the lower 
half-plane is given by 
20 
I(x, 8; #) x 


~eHer(—P)-H{(—P)t + iasjett, —(10/) 


where again P = 22 — 27 — 23. 
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Now for an arbitrary real point 6 let us calculate 
I(x, 8 + 10; pw) = lim J(x, 6 + ic; pn). 


This is done by setting z = 6 + ic, in Eq. (10), where c, = (e, 0, 0,0) 
with « > 0. Then in the limit « —» 0 we arrive easily at 


Jl, b +105 w) = — 77 etm PE 10) M(—P$ i0)4 — i, (11) 
with the upper sign for b, > 0, the lower sign for by) <0, and 
P= 6b, — b} — 6}. Similarly, 


2n 
B+ 


I(x, 6 — i0; n) +e Hen —P 4 10)-#{(—P + 70)4 + aby. (11) 


Expressions (11) and (11’) can now be inserted into Eq. (3) for 
J (x, b; »), which is then expressed in terms of the coordinates of 5 and 
of x = (0, 0, 0, 1). Then Eq. (2) can be used to find ®,(x, a; ») for this x, 
namely 


1 
(u + 1) sin po 
x {(—P + i0)-#[et74{(—P + 10)? + 2(a, — 1)}4+4 
— e¥ur{(—P + i0)? + tay + 1} 4+] 
— (—P F 10)-Afe#ur{(—P F 10)? — i(ag — 1)}4 
— e#ur{(—P + 10)* — i(ag + 1)}“+ Yh}, 


P(x, a; w) = 


where P = a? — aj — a}, and the upper sign is used when a, > 0, 
while the lower one is used for a, < 0. This expression can be simplified 
by using the relations 

(—P 410)! = P} + iP} (12,) 


and 
(—P +i0)-! = Prt F iPyi (12,) 


(see Volume 1, Chapter ITI, Section 2.4), Recall further that diametrically 
opposite points of the [x, x] = —1 hyperboloid are identified, so that 
we may consider a, > 0. Also, for P > 0 we have 


a,-1< Pi <a,+1. (13) 
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This is because a lies on the hyperboloid, so that P = a? — ai — a? = 
a, — |, and therefore P > 0 implies a2 > 1. This together with a, > 0 
implies Eq. (13). 

Upon using these facts to simplify the integral, we arrive at the 
following result. If x = (0, 0, 0, 1), then ®,(x, a; ») is given by 


ee 


for P > 0 and a, > 0. Further, ®,(x, a; ») vanishes for P > 0 and 
a, <0, while for P < 0 it is given by 


(x, a; w) = (14;) 


mi(— P)¥# 
(# + 1) sin po 


al i 


®,(x, a; 1) 


~ ee (SPY +O RPI]: 49 


As before, P = aj — aj — a}. A similar expression is obtained for 
®,(x, a; ») and finally for O(x, a; »). 

It is now a simple matter to find ®(x, a; ») for any two points a and x 
on the [x, x] = —1 hyperboloid. This is because for the special x we 
have chosen we have [a, x] = —a,. To obtain a similar invariant 
expression for P we use the fact that according to the definition of 
the distance between two points of an imaginary Lobachevskian space, 
cosh? kr = [a, x]?. In our case we have cosh? kr = aj. Further, on the 
[x, x] = —1 hyperboloid, P = a} — 1, so that in general P = sinh? kr. 
When we insert these expression for a, and P into Eqs. (14,) and (14,) 
we arrive at an expression for P(x, a; ») in terms of the distance r between 
a and x for the special point x. But then the expression will not change 
under simultaneous motion of a and x, and it will therefore hold for 
any two points of an imaginary Lobachevskian space. In this way one 
arrives at the expressions for ®(x, a; ») given in Section 3.2. 


CHAPTER VI 


HARMONIC ANALYSIS ON SPACES 
HOMOGENEOUS WITH RESPECT TO THE 
LORENTZ GROUP 


1. Homogeneous Spaces and the Associated Representations 
of the Lorentz Group 


1.1. Homogeneous Spaces 


Let us start with some fundamental definitions, A group G is called a 
transformation group of some space X if to every element g eG there 
corresponds a one-to-one bicontinuous transformation of X. Further 
it is assumed that the identity transformation of X corresponds to the 
unit element e of G that for every xe X and for any two elements 


£1, 82 © G we have 
ve x(g182) = (%81)82 « 


Here xg denotes the point in X into which x is mapped under g. If G is 
continuous then one also usually requires that the mapping x — xg be 
continuous with respect to g for all x. 

If for every pair of pointsx, y € X there exists g € G such that y = xg, G 
is called a transitive group of motions of X, and X itself is said to be homoge- 
neous with respect to G. For instance, the n-dimensional sphere is a space 
homogeneous with respect to the group of rotations of (m + 1)-dimensional 
Euclidean space. The n-dimensional ordinary and imaginary Lobachevs- 
kian spaces considered in Chapter V are spaces homogeneous with 
respect to the group of linear transformations of E,,,, with determinant 
one that leave the quadratic form [x, x] = x8 — x} — ++: — x? invariant 
and map each sheet of the [x, x] = 0 cone into itself. 


1.2. Representations of the Lorentz Group Associated with 
Homogeneous Spaces 


Let X be a homogeneous space acted upon by the Lorentz group G. 
With X we may associate a representation of G. This representation is 
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constructed on some space of functions f(x) defined on X. It is a corre- 
spondence of each g € G with some operator 7(g) on the function space, 
where 7(g) is defined by an equation of the form 


T(g)f (x) = f(xg)o(*, 2). (1) 


Recall that the condition that the operators T(g) form a representation 
of G is that for any two elements g, , 2. € G we have 


T(gig2) = T(e1)T(g2). 


This can be stated as a condition on the multiplier a(x, g), namely 


a(x, 2182) = a(x, 2y)o(%e1 , Se). 


We have already discussed representations associated with certain 
homogeneous spaces. For instance, in Chapter III we studied operator- 
irreducible representations of the Lorentz group. All these representa- 
tions acted on the space of functions defined on the complex projective 
line (see Section 1.5 of the present chapter), The operators of these 
representations are given by 

T,(e)fte) = f(g 5) (Ba + 8) HBE + Bre, (2) 

+6 

where y=(n, , m,) is a pair of complex numbers defining the representa- 
tion (#, — mn, is always assumed an integer). In general a representation 
associated with a homogeneous space may be reducible. We shall set as 
our problem the decomposition of such representations into their 
irreducible components. In this way f(z) is decomposed into functions 
transforming under irreducible representations of G (the analog of 
the Fourier decomposition of a function on the line). Actually it is just 
this problem that was solved in Chapter IV where the homogeneous 
space was chosen as the Lorentz group itself, and where we obtained 
the Fourier transform of a function on the group. 

The analogous problem will be solved here for other homogeneous 
spaces. 


1.3. The Relation between Representation Theory and Integral Geometry 


It is particularly important when dealing with representation theory 
to study integral transforms which simplify a representation. These 
transforms are related to going over from points of the homogeneous 
space X to new geometrical objects in this space. Some system Y of 
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such geometrical objects (say lines or surfaces) is considered, and 
each f(x) over X is associated with a certain function f(y) over Y 
and obtained from f(x) by integrating it over the geometrical object 
y & Y, The set Y is always chosen so that the correspondence f(x) — f(y) 
is mutually single valued. In other words, if the integral of f(x) over 
every y € Y is known, then f(x) is determined. 

The role of integral geometry in representation theory lies just in this 
transition from the space of certain geometrical objects to the space of 
others. It is found that in most homogeneous spaces! there exist geome- 
trical objects such that this kind of transition introduces a significant 
simplification into the representation. We shall call such objects horo- 
spheres. 

The reason for this terminology is that in an ordinary Lobachevskian 
space these objects actually are horospheres. Since horospheres in such 
a space can be specified by points on the cone whose equation is 


x2 — x? — x2 


0 1 2 


2 
xf = 0, x, > 0, 


the homogeneous space of horospheres is identical with this cone. Thus 
the analysis of a representation associated with a Lobachevskian space 
reduces to an investigation of the considerably simpler representation 
associated with the cone. 

What in general do horospheres actually represent in other cases? 
A general definition of such a horosphere, at any rate one that can be 
used for any complex semisimple Lie group, will be given in Section 1.6. 
For the Lorentz group this definition reduces to the following. Consider 
the subgroup of matrices of the form 


lo ih o 


Horospheres in a homogeneous space related to the Lorentz group are 
those surfaces which are generated by the motions belonging to this 
subgroup and all surfaces into which they can be transformed. 

Now consider the set of horospheres of some space X homogeneous 
with respect to the Lorentz group. The group also will act on this set, 
although perhaps not transitively. It is found that the homogeneous 
subspaces of the space of horospheres always either are identical with the 
complex affine plane (defined in Section 1.5) or can be obtained from it 
by taking a quotient space [that is, by identifying certain sets of points, 
such as for instance all points of the form (ez, , e?z,), whereO0 <p < 27]. 


1 This is true, in any case, in every homogeneous space related to a semisimple Lie 
group. 
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Therefore the problem of decomposing the representations of the 
Lorentz group associated with the space of horospheres reduces to the 
easily solved problem of decomposing the representations associated 
with the complex affine plane (a problem which will be discussed in 
Sections 2.1 and 2.2). Essentially the decomposition of these representa- 
tions into their irreducible components reduces to the ordinary Fourier 
transform. 

Just as simple is the problem of decomposing a representation on 
a space of functions over the horospheres of some other space 
homogeneous with respect to any simisimple Lie group. In order to 
return from the decomposition of representations associated with 
horosphere spaces to the decomposition of some initial representation 
associated with a given homogeneous space X, one must be able to write 
the functions f(x) over X in terms of their integrals over horospheres. 
In other words one must solve the problem of integral geometry for the 
horospheres of a given homogeneous space. We see that the problems 
of integral geometry and representation theory are closely related to 
classical geometry (Pliicker, Klein, and others) in which, as in our 
present case, new homogeneous spaces are constructed of geometrical 
objects in some other space. In integral geometry, however, problems 
are treated from a more modern point of view; that is, the transition 
from one space to another always involves also the transformation of 
the functions defined on these spaces. This might be compared with the 
difference between classical and quantum mechanics; that is, the trans- 
formations of classical mechanics are point transformations, while those 
of quantum mechanics are transformations in function spaces. 

Many interesting problems have already been solved in the realm of 
integral geometry, and these have led to new and deep integral transform 
formulas. These early problems of integral geometry remind one (though 
on a different level) of the initial stages in the development of algebraic 
geometry. Several such problems are discussed in the present volume. 


1.4. Homogeneous Spaces and Associated Subgroups of Stability 


We wish now to show how to describe in intrinsic terms all spaces 
homogeneous with respect to a group G. 

Let X be a homogeneous space. Consider some point x, fixed in X. 
With each point x we shall associate the set of transformations which 
carry x, into x; let us study these sets of transformations. Consider first 
those transformations which carry x, into x,. Clearly they form a sub- 
group. We shall call this the subgroup of stability (also called the little 
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group) of x,. Now let g be a transformation mapping x, into x; then the 
transformations of the form fg, where / runs through the stability 
subgroup of x, , also map x, into x. It is easily shown that these are all the 
transformations that map x, into x. Thus the set of such transformations 
is a right coset of the stability subgroup of x, . There exists therefore a 
correspondence between the points of the homogeneous space and the 
right cosets with respect to the stability subgroup of x,. This corre- 
spondence is mutually single valued, and obviously the transformation 
g on X corresponds to multiplying the cosets by g. 

We thus arrive at the conclusion that every space X homogeneous with 
respect to G can be obtained in the following way. Some subgroup H of G ts 
chosen. The points x of X are identified as the right cosets of G with respect 
to H. The motion corresponding to g € G ts defined by right multiplication 
of these cosets by g. 

We have established that each homogeneous space is defined by some 
subgroup of stability. Although the choice of the fixed point x, is still 
at our disposal, choosing some other point will lead to the same space. 
It is easily seen that on changing the fixed point, the subgroup of 
stability is changed to a conjugate subgroup. Specifically, if H is the 
stability subgroup of x, and x,g == x, the stability subgroup of x will 
be g-!Hg. Consequently the spaces associated with conjugate subgroups 
are identical, and the classification of the homogeneous spaces reduces 
to the classification of all nonconjugate subgroups of G. 


Remark. The subgroups of stability of the homogeneous spaces 
discussed in the present volume are not discrete. The case of discrete 
subgroups of stability is also of interest, and the study of representations 
associated with spaces that have discrete subgroups of stability leads 
the theory of automorphic functions [see, for instance, I. M. Gel’fand 
and I. I. Pyatetskii-Shapiro (18), I. M. Gel’fand and S. V. Fomin (29), 
R. Godement (23)]. We shall not, however, discuss this case here. # 


1.5. Examples of Spaces Homogeneous with Respect to the 
Lorentz Group 


In this chapter we shall consider homogeneous spaces whose group 
of motions is the Lorentz group, that is, the group of complex unimodular 
matrices in two dimensions. We start by giving some examples. 

Consider the two-dimensional complex plane, that is, the space of 
pairs of complex numbers (z,, 22), omitting the origin (0, 0).? 


2 The origin is excluded in order that the space be transitive. 
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With every element 
a B 
y 5 


of the Lorentz group we associate the affine transformation 


) ad — py = 1, 


e-| 


(21 , 8) > (ad, + ye , B%, + 929). (1) 


It is easily shown that the complex plane is then homogeneous with 
respect to the Lorentz group (so long as the origin is omitted). We shall 
call this space the complex affine plane. 

Let us now find the stability subgroup of the complex affine plane. 
We choose our fixed point to be (0, 1). Obviously the transformations 
of the form of (1) that leave this point stationary consist of matrices of 
the form 

loi 
0 1 


and these therefore form the stability subgroup of the complex affine 
plane. 

Now consider the space whose elements are the lines of the complex 
affine plane passing through the origin. Under affine transformations of 
the plane these lines transform into each other. Thus they also form a 
space homogeneous with respect to the Lorentz group, and we shall 
call this space the complex projective line. Note that each such line, whose 
equation is z, = kz, , is specified by the value of k (with the line z. = 0 
being specified by k = 00). Thus the complex projective line can also 
be realized as the set of all complex numbers plus the point at infinity. 
The motions then become the linear-fractional transformations 


,  o@ + Y¥ 
= era 8" (2) 


Let us now find the stability subgroup of the complex projective line. 
We choose the fixed point to be z = 0, and then the linear fractional 
transformations leaving this point fixed are of the form 


? as 


e-Baee 


Consequently the stability subgroup of the complex projective line is the 
group of matrices of the form 
a B 
| 0 atl 
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Consider further the space consisting of ordered pairs (2, 22), 
2, 4% 2, of points on the complex projective line. With each matrix g we 
associate the transformation 


az +y W+y 
(2 , 22) > eae , ae (3) 


This space is also homogeneous,’ and it is easily shown that the subgroup 
of stability for (0, 00) chosen as the fixed point consists of the diagonal 
matrices 
a 0 
| 0 wl 


Other important examples of spaces homogeneous with respect to 
the Lorentz group are three-dimensional Lobachevskian space, three- 
dimensional imaginary Lobachevskian space, and the isotropic cone. 
All of these were defined in Chapter III, and some of their realizations 
were discussed in Chapter V. 

A model of Lobachevskian space is the set of all positive definite 
Hermitian matrices in two dimensions 


‘| 


Xy — X_,  X_ — 1X, | 
X_ + 1X, Xy +X 


with determinant «9 — xj — x3 — xg = 1. Then with each matrix g of the 
Lorentz group we associate the Lobachevskian motion which maps / 
into the matrix 

h’ = g*hg. (4) 


Similarly, imaginary Lobachevskian space consists of all two-dimensional 
Hermitian matrices / with determinant —1, and A and —j+ are identified. 
The isotropic cone, finally, consists of all two-dimensional matrices 
h >0 with determinant zero. Motions of imaginary Lobachevskian 
space and of the isotropic cone are defined also by Eq. (4). 

Another model of these spaces is obtained by associating with each 
Hermitian matrix h the point x = (x), x,, X2, %3) of four-dimensional 
Euclidean space £,. We then obtain the models on the upper sheet of the 
two-sheeted hyperboloid, onthe one-sheeted hyperboloid, and onthe upper 
sheet of the cone, as discussed in the previous chapter. The motions in 
these spaces are induced by hyperbolic rotations in E,, i.e., by linear 


3 If we had not required that z, # z,, the space would not have been homogeneous, 
but would consist of two homogeneous spaces. The first of these would be the space we 
are discussing, and the second would be the space of pairs of the form (z, 2), which is 
isomorphic to the complex projective line. 
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transformations with determinant one which leave invariant the quadratic 
form xj — xi — x3 — x3 and map each sheet of the isotropic cone into 
itself. 

Let us now find the stability subgroup of ordinary Lobachevskian 
space, using the model of Hermitian matrices. We choose the unit 
matrix e to be the fixed point. Then the stability group of e consists of 
matrices g such that 

at aes 


that is, of unitary matrices. Thus the subgroup of stability of Lobachevskian 
space ts the special unitary group in two dimensions, which consisting of the 
matrices 


v=|_p 


Jo? + [BP = 1. 


We may do this also for imaginary Lobachevskian space, choosing 
the fixed matrix to be 


a= 


lo oh 


Then the stability subgroup of o consists of matrices g such that 
g*og = +o 


(we write +o since o and —o are identified). It follows that the subgroup 
of stability of imaginary Lobachevskian space is the group of matrices of the 
form* 

aw 


lz “2 


Finally we turn to the cone. Let us choose the fixed point to be 


»=L0 ol 


It is easily verified that the subgroup leaving A, invariant, and therefore 
the stability subgroup of the cone, is the pci of matrices of the form 


and 


‘| ,  jaP—ipe =I 


| —« 


le C a 


4It is easily verified that the connected component of the unit element in this sub- 
group of stability, that is, the subgroup of matrices of the form 


, 


where |a|?—| 8}? = 1 


is isomorphic to the subgroup of real matrices. 
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We give one last example of a space homogeneous with respect to 
the Lorentz group, a space whose elements are not points but lines. 
Recall that a model of imaginary Lobachevskian space is the surface 
of the single-sheeted hyperboloid whose equation is 


xo KP x — x2 = 1, 

Now consider the set of line generators of this surface (that is, the 
isotropic lines of the imaginary Lobachevskian space). It is easily verified 
that each such line can be carried into any other by a Lobachevskian 
motion, Thus the line generators of this hyperboloid themselves form a 
space homogeneous under the Lorentz group. In order to find the 
stability subgroup of this space, let us take the model of the Hermitian 
matrices with determinant —1. In this model an isotropic line is any set 
of matrices whose elements are linear functions of some real parameter ¢. 
Let the fixed point be the isotropic line 


t 
hy =| A —0o <i<o. 


The motions in imaginary Lobachevskian space that leave this line 
invariant are represented then by matrices g such that for any ¢ 


gthg = thy, —0 <t'< +o. 
As is easily shown, such g are of the form 


|? 0 
¢ x 


where A + 0 is either real or pure imaginary, and these matrices thereby 
make up the stability subgroup of the space consisting of all isotropic 
lines in imaginary Lobachevskian space. Since this subgroup has three 
real dimensions and the Lorentz group has six, it follows that the dimen- 
sion of the space of isotropic lines of an imaginary Lobachevskian space 
is 6 —3 = 3. 

The accompanying table summarizes the results on the above spaces 
homogeneous with respect to the Lorentz group. 


1.6. Group-Theoretical Definition of Horospheres 


We wish now to discuss the concept of a horosphere from the group- 
theoretical point of view, an approach which has several advantages over 
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the geometrical. These advantages are related to the fact that although 
the geometrical approach can be used to define horospheres in a natural 
way in homogeneous spaces with a Riemannian (or pseudo-Riemannian) 
metric, the group-theoretical definition is applicable also for other 
homogeneous spaces.5 

We shall illustrate the group-theoretical definition of a horosphere 
on the group of two-dimensional complex unimodular matrices. (As 
was shown in Chapter III, this group is isomorphic to the Lorentz 
group.) Let X be a space homogeneous under this group, and we shall 
define horospheres in X so that if X is Lobachevskian or imaginary 
Lobachevskian space the definition will coincide with that of Chapter V. 

A horosphere in a space X homogeneous under the group of complex 
two-dimensional unimodular matrices is the orbit of any point xe X 
under the subgroup Z of the matrices 


lo a 


or under any subgroup conjugate to it. This definition implies that every 
homogeneous family of horospheres has a stationary subgroup which is 
either Z or some conjugate subgroup. Thus such a family is a homoge- 
neous space of a very simple kind; namely, its structure is such that it is 
isomorphic to the complex affine line or one of its quotient spaces. 

By this definition a horosphere w is given by some point xe X and 
some element g of the Lorentz group; it consists of all points of the form 
xg-g, where € runs over Z. If we write y = xg~}, all points on w are 
of the form yZg. In the future we shall denote the elements of horospheres 
in this way. 


Assertion. This group-theoretical definition of horospheres for space 
homogeneous under the Lorentz group coincides with the geometrical 
definition of Chapter V when X is three-dimensional Lobachevskian or 
imaginary Lobachevskian space. We shall prove this assertion separately 
for Lobachevskian and imaginary Lobachevskian spaces. 


51t is true, nevertheless, that the geometric definition (say, based on orthogonal 
trajectories of sets of parallel geodesics) can be extended to many inhomogeneous spaces, 
at least to Riemannian spaces of varying curvature. Moreover, the corresponding problems 
of integral geometry are not without interest, It would be of profit, for instance, to solve 
the analog of the problem dealt with in the second section of Chapter V for a two- 
dimensional Riemannian manifold of varying curvature such that the curvature is 
bounded both above and below. Similar problems in higher dimensions are undoubtedly 
also of interest. 
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Proof (Lobachevskian Space). Let us use the Hermitian-matrix model 
of Lobachevskian space, and consider the horosphere w (group-theore- 
tical definition) defined by the Hermitian matrix y and the identity 
element of the Lorentz group. Then the horosphere consists of points 
x of the form x = yl, where ¢ runs over Z. In this model, recall, the 
motions are transformations of the form y > g*yg, so that w consists of 
Hermitian matrices of the form 


Yu Vie 


1 ¢ 
Voi Ve2 | 1 


| 0 


==[e al 


It is easily verified that all these matrices have the same matrix element 
in the upper left-hand corner, and we shall denote it by x,, = C. Now 
this equation can also be written down for the model on the [x, x] = 1 
hyperboloid. Let us use the same symbol x to denote the matrix 


and the point x = (x,, x1, %2, 3) which corresponds to it on the 
hyperboloid. Then x, — x3 == %,,. Thus in the second model all the 
points on w have coordinates such that x, — x, = C, or in other words 
such that [x, €] == C, where € = (1, 0, 0, 1). But € lies on the [€, €] = 0 
cone, and therefore [x, €] = C is the equation of a horosphere in the 
geometrical definition. 

We have shown that if w is a group-theoretically defined horosphere 
associated with the identity element of the Lorentz group, then it is 
also a horosphere according to the geometrical definition. But every 
horosphere associated with any other element g of the Lorentz group 
can be obtained by Lobachevskian motion from a horosphere associated 
with the identity. Therefore all horospheres defined group theoretically 
in three-dimensional Lobachevskian space are also horospheres as defined 
geometrically. Theconverse is implied immediately by homogeneity of the 
set of horospheres in the geometrical definition. 

In conclusion, therefore, in Lobachevskian 3-space the grouptheo- 
retical and geometrical (Chapter V) definitions of horospheres coincide. 


Proof (Imaginary Lobachevskian Space). Proceeding as in the above 
case, it is easily verified that horospheres of the form yZ, where y is a 
Hermitian matrix such that y,, ~ 0, are horospheres of the first kind in 
the geometric definition. For y,, = 0 the situation is somewhat different. 
Consider therefore an Hermitian matrix of the form 


O Ne 
Vor Yee 
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Writing x = (*y€. for Ce Z, we obtain the new matrix 


“IE AIS, 3 


| 0 mM 
Vee 


%o1 22 


loi 


which has the property that x,, == ¥,.. Thus the horosphere w associated 
with some point y such that y,, == 0 and with the unit element of the 
Lorentz group consists of matrices x such that x,, = 0 and x, = C 
(where | C| = 1). 

Let us now turn the model on the [x, x] = —1 hyperboloid. Again 
we use the same symbol x to denote the Hermitian matrix and the 
point x = (x), %,, %,, %3) corresponding to it; then x. = x, — ix,. 
Consequently x, —- ix, = C, or x, = C, and x, = C,. Thus our horo- 
sphere is represented on the [x, x] = —1 hyperboloid by the line genera- 
tor whose equations are x, = %3, %, = C,,x,=C,,C?+ CZ= 1. 
In other words it corresponds to an isotropic line in imaginary Lobachev- 
skian space. 

Since every horosphere of the form yg, where y,, = 0, can be 
obtained by Lobachevskian motion from a horosphere of the form yZ, 
all these horospheres correspond to isotropic lines. This shows, inciden- 
tally, that the horospheres (group-theoretical definition) of imaginary 
Lobachevskian space decompose into two classes. In the first class are the 
horospheres associated with matrices y such that y,, + 0; each such 
horosphere is a two-dimensional manifold and corresponds to a horo- 
sphere of the first kind in the geometric definition. The second class 
consists of horospheres associated with y such that y,, == 0, and as we 
have seen these correspond to isotropic lines.® 

In conclusion, therefore, we see that for imaginary Lobachevskian 
3-space the group-theoretical and geometrical (Chapter V) definitions of 
horospheres coincide. 

Before proceeding we want finally to study the horospheres (in the 
group-theoretical definition) of the point pairs on the complex projective 
line, i.e., of ordered pairs (z,, 22), 2; # 2, of points on the complex 
projective line. Consider first the horospheres w, == {yz}, where 
y = (¥1, Ye) is some element in this space and where z runs over the 
subgroup Z’ of matrices of the form 


|: ih 


® It now becomes clear why we did not call the isotropic plane [x, £] = 0 a horosphere 
of the second kind, but rather the lines of which it is composed. 
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Note that this subgroup is conjugate to Z, since 


Ie bh “ollo “h-L-1 of 


In this space the Lobachevskian motions are given by 


Oy +Y wet), (1) 


(21> 42) > (1%) = (GS ” Ba, +9 


so that w, consists of points of the form (z,, 2.) = (¥, + 2, ¥2 + 2). 
The equation of this horosphere may consequently be written 


%— % =C, (2) 


and 2, # 2, implies that C 4 0. 

Now consider an arbitrary horosphere w = {yzg}, where g is any 
element of the Lorentz group. Clearly this horosphere is obtained from 
w, = {yz} by the motion g. To find its equation, therefore, we use 
Eq. (1) with z, and 2, satisfying Eq. (2). Then after some simple algebra 
(and dropping the primes) we find that w is given by 


21 — % = (a — bz,)(a — bz,), (3) 


where a and b are complex numbers, not both equal to zero, depending 
on the matrix elements of g and on C. 

Since each horosphere is given by Eq. (3), it is uniquely defined by 
a pair of complex numbers (a, b), except that (a, b) and (—a, — 6) define 
the same horosphere. Now let us see how (a, b) changes under a motion g, 
that is, under a transformation of the kind given by Eq. (1). By replacing 
z, and z, in(3) by their expressions in terms of z, and z, and dropping 
the primes, we arrive at 


2, — 22 = [(aa + yb) — (Ba + 8b)a] « [(aa + yb) — (Ba + 86)2%]- 


Thus under the motion g the parameters (a, 5) are transformed to 
(a’, b’) given by 


a’ =oca-+ yb, b’ = Ba + 88, (4) 


which is the same as the transformation g induces on the complex 
affine plane. 

We have thus shown that the space of horospheres in the space of point 
pairs on the complex projective line coincides with the complex projective 
plane with diametrically opposite points identified. 
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The group-theoretical definition of horospheres we have given here 
is easily extended to the group G of complex unimodular matrices of 
any dimension. In particular, let X be a space homogeneous under G. 
Then a horosphere in X is any set of points of the form yfg where 
ye X, géG, and ¢ runs over the subgroup G of matrices of the form 


1 fie “ lin 
0 1 - fan |]. (5) 


This includes as degenerate cases subgroups of matrices in which some 
of the 2; vanish and each matrix is composed of submatrices in blocks of 
unit matrices along the main diagonal, null matrices below it, and arbi- 
trary matrices above it. 

To extend the definition further to any complex semisimple Lie 
group G, rather than the subgroup of matrices of the form (5), one must 
choose any maximal nilpotent’ subgroup of G. [Equation (5) defines the 
maximal nilpotent subgroup of G, the group of complex unimodular 
matrices in m dimension.] The subgroups consisting of submatrices as 
described below Eq. (5) (degenerate case) are replaced by certain non- 
maximal nilpotent subgroups whose description in terms of root vectors 
will not be given here. 

Finally, we extend the notion horospheres to any Lie group G. 
Let g(t) be a one-parameter subgroup of G. We define the horospherical 
subgroup associated with g(t) as the set of elements €¢€G such that 
lim,,,02(—Dée(t) = e, where e is the unit element. We then call 
horospheres in a homogeneous space the trajectories generated by 
horospherical subgroups. For a complex semisimple Lie group the 
horospherical subgroups are all the maximal nilpotent subgroups as 
well as certain nonmaximal ones (degenerate case). Thus this definition 
coincides with the previous one for complex semisimple Lie groups. 


1.7. Fourier Integral Expansions of Functions on Homogeneous Spaces 


The principal aim of this chapter is to decompose certain spaces of 
functions over homogeneous spaces into irreducible subspaces invariant 


7 Let G be some group. Consider the sets G, , & = 0, l,..., 2, ... in G defined inductively 
as follows. Let Gy = e, where e is the identity element of G. When G, has been defined, 
G4, is defined as the set of elements s € G such that for any ¢t € G the element s—t~'st € G,. 
A group G is called nilpotent if there exists an 2 such that G = G,,. 
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under the group. Such a decomposition is analogous to the decomposition 
of the space of functions f(x) over the line into one-dimensional subspaces 
invariant under translation. For this simple case the decomposition is 
given by the Fourier integral, and therefore the decompositions we 
obtain in this chapter are the analogs of the Fourier integral on homo- 
geneous spaces. For the present we wish to state the results that will be 
obtained later. 

Consider the functions on the complex affine plane. With each func- 
tion f(z,, 22) with square integrable modulus we associate the homo- 
geneous function F(z, , 2, ; p, 2) defined by 


F(z, 5 S93 p) 2) = : | f (Az, , Azam" dd dA, (1) 


where n, = $(n + ip)andn, = }(—n + ip) (here 7 is an integer and pis 
a real number). Under the transformations of the form 


T(g)f (21 » 22) = f (aa, + y22 5 Ba + $22) 


F transforms according to a unitary irreducible representation of the 
principal series 


T,(g)F (2, , 23 p,N) = Faz, + yz , Ba, + 829; p, 2), (2) 


where y = (m,, m,). The function f(z,, z,) is given in terms of its 
“Fourier components’’® F(2,, 2, ; p, 2) by 


Fes 20) = my? Sf” Fle 20s p.m) dp. ) 


Further, the analog of Plancherel’s theorem will be found valid [see 
Section 2.1, Eq. (10)]. 

Now consider the functions f(x) over the cone whose equation is 
[x, x] = 0. In this case the Fourier components are given by 


F(x; p) = [f(xy at, (4) 
0 
and the Fourier expansion in these components by 


F(x) = (Amy [FC ) dp. (5) 


® The functions F(z, , 29; p,) are analogous to the individual a@,e'"?, that is, to each 
entire term of the Fourier series. We therefore call them the Fourier components of 


fla, Bp). 
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Under the transformation f(x) — f(xg) of a function over the cone, its 
Fourier components transform according to 


T(g)F(%; p) = F028; p), (6) 


which are representations equivalent to irreducible unitary representa- 
tions of the principal series for which y = (4%p, — dip). 

Now consider functions f(x) defined on real Lobachevskian space. 
To write out the Fourier integral expansion for such functions, we turn 
to the model on the [x, x] = 1 hyperboloid. Then the Fourier compo- 
nents of f(x) are the functions F(&; p) on the [€, €] = 0 cone defined by 


F(E;p) = | FOL», E1¥?> dy. (7) 


These functions are homogeneous in € of degree 4ip — 1. Under the 
transformation f(x) — f(xg) the Fourier components transform according 
to 


T,(g)F(E, p) = F(Eg; p)s (8) 


that is, according to representations equivalent to irreducible unitary 
representations of the principal series with y = (4ip, dp). Further, f(x) 
is given in terms of its Fourier components by 


fe) = (4ny [pt dp [ F(E e)8(Lx, €] — 1) dé (9) 


It is remarkable that Eq. (7) can be written in another form analogous 
to the formula for the Fourier transform of a function f(x) on m-dimen- 
sional Euclidean space. In fact since [y, €] = e*7'-®), where 7(y, ) is 
the distance from y to the horosphere whose equation is [x, €] = 1 
(see Chapter V, Section 2.2), we may write 


F(E: p) = | f(y) explip — 1)Rx(y, &)] a. (10) 


The Fourier components of f(x) in m-dimensional Euclidean space can be 
written in the form 


F(é) = [ fOopetieroe dy, (11) 


where 


é = (§ poeesy En)» (x, é) = xy, ete Xnén » 
1€| = (€ ++ + 2), 
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and 7(y, €) is the distance from y to the plane whose equation is 
(x, €) = 0. The resemblance between Eqs. (10) and (11) is obvious [see 
also Section 3.2, Eq. (12)]. 

Finally, consider imaginary Lobachevskian space. In this space there 
exist two kinds of Fourier components. When the space is realized on 
the [x, x] = —1 hyperboloid, the Fourier components of the first kind 
are functions over the [£, ] = 0 cone. They are then given by 


FE p) = | FO)ILy, el ay, (12) 


where dy is the invariant measure on the imaginary Lobachevskian space. 
The Fourier components of the second kind are functions over the 
set of line generators / of the [x,x] = —1 hyperboloid. They are 
given by 


F(l; 2n) = [ f(y)8(Ly, €e** dy. (13) 


Here € is the direction vector of / normalized so that € = (1, &, &, 3), 
and @ == —ikr, where r is the distance in the imaginary Lobachevskian 
space from y to the isotropic line /. Under the transformation f(x) > f(xg) 
the Fourier components of the first kind transform according to 


T(g)F(E p) = F(Eg; p), (14) 


that is, under representations equivalent to irreducible unitary represen- 
tations of the Lorentz group for which y = (dip, dp). The Fourier 
components of the second kind, however, transform under representa- 
tions equivalent to 7\(g) with y = (2m, 2m). A function f(x) is given in 
terms of its Fourier components by 


f (x) = 1(4n)-3 fe dp [Fes p)|[x, n]|-te-2 do 


4 40-2 Sn | F(I; 2n)e"® 8([x, ]) do, 


n=1 2 


for which the notation is defined in Sections 4.4 and 4.5. We remark that 
it is possible also in the case of the imaginary Lobachevskian space to 
rewrite the Fourier transform formulas in a form analogous to those 
for a Euclidean space. 


2.1 Representations Associated with Plane and Cone 349 


2. Representations of the Lorentz Group Associated with the 
Complex Affine Plane and with the Cone, 
and Their Irreducible Components 


2.1. Unitary Representations of the Lorentz Group 
Associated with the Complex Affine Plane 


It has already been remarked in Section 1.3 that the decomposition 
of any representation of the Lorentz group G derived from a homo- 
geneous space can be reduced to the decomposition of the representation 
derived from the complex affine plane or one of its quotient spaces 
obtained by identifying certain points (see Section 1.3). Let us therefore 
first show how to decompose the representation associated with the 
complex affine plane. 

For simplicity consider the following unitary representation of G. 
The representation is on the Hilbert space H of functions f(z,, 2.) of 
two complex variables such that the integral 


. i\? = = 
IFIP = (5) [FG a)? day da dey de, (1) 
converges. It consists of associating with each element 
=I) 5 
& ly 3) 


of the Lorentz group the operator 7T(g) defined by 


T(e)f (21 » 2) = f (0%, + 82, BR, + 829). (2) 


It is obvious that 7(gig.) = T(g,)T(g.), that is, that T(g) is indeed a 
representation of G. This representation is unitary because the transfor- 
mation 

(2 » 2) > (a8, + ¥%_, BZ, + 9%), ad — py = 1, 


leaves invariant the volume element of the complex affine plane. 
Now the irreducible representations of the Lorentz group are given 
by the same equation, 


T,(e)f (21 1%) = f (a8, + y%_, B2, + 52), (3) 


but they act on one of the spaces of homogeneous functions that we have 
called D,. Thus the decomposition of T(g) defined by Eq. (2) reduces to 
the expansion of f(z, , 2.) € H in homogeneous functions. 
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Let us therefore turn to the problem of finding these homogeneous 
components of f(z, , 2,). Let f(z, , 2.) be a function of bounded support 
on the affine plane, vanishing in a neighborhood of the origin. With 
f(%1, %2) we associate the homogeneous function F(z,, 22; x), where 
x = (m,, m2) is a pair of complex numbers whose difference is an integer. 
This function is defined by the equation 


F(z, 225 x) = £ {faa , AB_)A-1)-"2 dy dn. (4) 


From the assumptions we have made concerning the properties of f, 
the integral of Eq. (4) obviously converges for all ,,m,. We shall 
call F the Mellin transform of f(z, , 2). Then from the definition it 
follows immediately that F has the following properties. 


Property 1. Fis homogeneous in 2,, 22 of degree (m, — 1, m, — 1). 
In other words for any a 4 0 we have 


Faz, , 4%; x) = aa"! F(z, , 293 x). (5) 
Property 2. The transformation 
T(g)f (21 5 %2) = f (oz, + v2» Ba + 822) 
on f(z, 22) induces the transformation 
T(g)F (21 » 223 X) = F(ae + v2» Ba, + 822; x) (6) 


on its Mellin transform. 

Let us obtain a formula for expanding f(z, 2.) in terms of F(z, , 22; x). 
The expansion will contain F only for x = (4n + dip, —4gn + dip), 
where m is an integer and p is any real number. Recall that these values 
of y correspond to irreducible unitary representation of G belonging to 
the principal series. In order to obtain the desired expansion we first 
reduce the Mellin transform to the ordinary Fourier transform. For this 
purpose we write 


Leet, man ti), m=H—-n+h) 
in Eq. (4). Then 
F(z ’ 3 P» n) = F(z, ’ EDS x) 
297 
= [of Fletiay, ettrzeteornns26 dr do, (7) 
sii tg 
which we see is the Fourier transform (in o and 7) of the function 


ef (ertitz, , evtt7z,). 
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Then by taking the inverse Fourier transform we obtain 


Caleta, e159) = (Omy* Dy [Flas zai ps m)etort™” dp. 


n=—0o 


Finally, we write o = 7 = 0 and then it is seen that at fla » %g) is given 
in terms of its Mellin ca ranet di by 


Flers%2) = Omy? Sy f° Fla, 235 05m) a. (8) 


Again we remark that only those F(z, , z, ; y) that transform according 
to the representations of the principal series enter into this expression. 

We now assert that Eqs. (4) and (8) give the decomposition of a 
unitary representation into its irreducible components. For this purpose 
we must obtain the analog of Plancherel’s theorem, or in other words 
we must show that with a suitably defined scalar product in the space 
of the F(z, , 22; p, m) and with a suitable measure dyu(p, m) we may write 


I FI? = [Fl 295 ps mk dulp, n). (9) 


To prove this we write down the usual Plancherel theorem for the 
Fourier transform of Eq. (7). This yields 


217 ACO 
i [I fletts, ett) Rete do dr 
0 0 


=(ny* [1 Fe lp, mI dp, 


N=—0O 


Now integrate both sides with respect to z and 2 and write e°**" z = 2,, 
ertit — zg, ,. We then arrive at 


(5). iP | f (21, %)|* dz, dz, dz, dz, 


=(2n)2 > ae dp [ | F(z, 1s p, m)/* dz de, (10) 


which is the desired analog of Plancherel’s theorem. To put this in the 
form of Eq. (9) we introduce the norm 


z 
Fla. 205 pM = 5 J Fle, 1s ps ml de ds (11) 
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in the space of the F functions and define integration with respect to 
dulp, n) by 


[ Oem) dup, n) = ny? SY [~ Glam) ap. (12) 


n=—0o 


Then by using (1) for the left-hand side of Eq. (10), we arrive at Eq. (9). 
This shows that the mapping f(z, , 2.) — F(z,, 223 p, ”) is isometric 
with respect to the norm of Eq. (1) and the norm 


IFIP = (my? Sf” dp [LF Asp, mp ade ae. (13) 


We have so far defined this mapping only for f(z, , z,) of bounded sup- 
port and vanishing in a neighborhood of the origin. Since these functions 
form an everywhere dense set in H, however, the mapping can be ex- 
tended to all of H. 

This shows that Eqs. (4) and (8) give the decomposition of a unitary 
representation 7(g) of the Lorentz group into its irreducible components. 
The only irreducible unitary representations entering into this decom- 
position are those of the principal series. Note that each of the represen- 
tations of the principal series enters twice, since 7), is equivalent to 
T_,, where —y = (—mn,, —n,). 


2.2. Unitary Representation of the Lorentz Group 
Associated with the Cone 


We shall now study the representation of the Lorentz group associated 
with another homogeneous space we have discussed, namely the set 
of points on the positive cone 


a= 0, “#0, (1) 


[x, x] = x2 — x? — x8 
in four-dimensional real Euclidean space E,. The motions of this space 
are induced by linear transformations with determinant one on £, that 
preserve the quadratic form [x, x] and map each sheet of the cone into 
itself. This is the space we have called the cone. 

We wish to show that the cone can be obtained asa quotient space of 
the complex affine plane. Specifically, if all points of the form (e*” z,, e** 25) 
of the complex affine plane are identified, where 0 <q < 27, one 
obtains a homogeneous space isomorphic to the cone. 
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The proof goes as follows. With every point x € E, we associate the 
Hermitian matrix 
Xy — XX, — Ix, 
Xp + 1%, Xy + Xs 


Then the points on the [x, x] = 0 cone will correspond to nonnegative 
definite Hermitian matrices with determinant zero. As we know, under 
this correspondence the motions of the cone as defined after Eq. (1) 
induce transformation carrying the Hermitian matrix h into g*hg, where 


Now let us associate with each point z = (z,, 2.) of the complex 
affine plane the point on the cone whose matrix is 


m= (2 oll o : 


“ | 212, 22, 
a) 


2% Be8o 


Obviously every point on the cone can be obtained in this way from a 
point of the complex affine plane. Note also that under the transforma- 
tion 

(21 » %2) > (az, + YX, B, + $22) 


of the complex affine plane, A, is transformed into g*h,g. Thus the 

motions of the affine plane can be associated with motions of the cone. 
Let us see which points of the plane are mapped in this way onto the 

same point of the cone. Let (z,, 22) and (21, 22) be mapped onto the 

same point of the cone. Then 

F ? = | 2 [, 21%. = 222, %F_ = 21%. 


| % a ales | 


This implies that z, = ez, and z, = e%z,. Thus all points of the 
form (ez, , e*’z,), and only such points, are mapped onto a given point 
of the cone, which proves the original assertion. 

We now wish to construct a unitary representation of the Lorentz 
group on the functions f(x) over the cone for which the integral 


fie = f Lf@)P dx (2) 


converges, where dx is the invariant measure on the cone (see Chapter V, 
Section 1.6). This representation is obtained by associating each element 
g of the Lorentz group with the operator defined by 


T(g)f (x) = f(g), (3) 
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where as usual xg € E, is the point into which x is mapped by the motion 
g.° This representation is unitary, for dx is invariant so that 


I Teng? = fife ax = ff )P de = IP. 


Our problem is now to decompose this unitary representation into 
its irreducible components. Since the cone is a quotient space of 
the affine plane, the problem reduces to the one already solved of 
decomposing the representations defined on the affine plane. We may 
therefore proceed as follows. 

With each function f(x) on the cone is associated a function f(z, , 22) 
on the complex plane with the property that 


Sf (ez, , €%%_) = f (21 » 22). (4) 


Thus we may use the Fourier integral expansion of f(z, , 2,) that we 
obtained in Section 2.1, namely 


Fler te) = Omyt Sf” Fler, sai psm) dp, (5) 


n=—0o 


where the Fourier transform is defined by 


P35 Bei ps2) = 5 | fay Amram da di, 


i : (6) 
m= 2("+ 1p), =m, = o(—2 + Ip). 


Equation (4) now implies ‘that F fails to vanish only if 2 = 0. Then 
Eq. (6) becomes 


F(x, » 293 p,0) = 2m | f (tay, tza)tt dt. (7) 
0 


Remark. The F(z,, 22; p, 0) functions form a space remarkable in 
that it contains a vector invariant under those operators of the 
representation that correspond to unitary matrices (that is, invariant 
under the maximal compact subgroup of the Lorentz group). In fact, 
(| 2, |? + | % |?)##-! is such a vector. When the carrier space of an 
irreducible representation of a semisimple Lie group contains a vector 
invariant under the maximal compact subgroup, the representation is 
usually said to be of classI. # 

To summarize the above discussion, let /(z, , 22) bea function over the 


® The explicit form of the transformation from x to xg is given in Chapter III, Section 1.1. 
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complex affine plane satisfying Eq. (4). Then its Fourier integral expan- 
sion is of the form 


f(% , %) = (27)? 3 F(z, , 2,3 p) dp, (8) 


where 
F(x , 295 p) = 2m ff (te, , ta,)t dt. (9) 
0 


Then together with the results of Section 2.1 this implies the analog of 
Plancherel’s theorem 


() [ifla, a)? dz, 48, day dB, 
== (27)? (5) io dp i | F(z, 1; p)|? dz dz. (10) 


By returning from the points z, , 2, of the complex affine plane to the 
points on the cone, we arrive finally at the following result. 
Consider the representation 


T(g)f (x) = f (28) (11) 
of the Lorentz group, where f(x) may be any function on the cone for 
which the integral 

fle = [fee ax (12) 
converges. The irreducible components of this representation are of 


class I and belong to the principal series, having weights y = (4ip, dip). 
The Fourier components of f(x), given by 


F(x; p) = f f(tayt#e at, (13) 


are homogeneous functions on the cone, of degree dip — 1; in other 
words ; 

F(ax; p) = at¥e1F (x; p). (14) 
Under the transformation carrying f(x) into f(xg), the function F(x; p) 
transforms according to 


T,(g)F (x; p) = F(xg; p), (15) 


that is, according to a representation equivalent to an irreducible unitary 
representation of the principal series for which y == (2ip, $zp). Further, 
f(*) is given in terms of its Fourier transform by 


F(a) = (nyt fF p) dp. (16) 
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The analog of Plancherel’s theorem 
2 dx = (4m) F(w; p)|? dw d 17 
Jif) ae = nyt ff FCs a)? do dp (17) 


holds valid. Here the integral on the right is over the sphere 2 which 
is the intersection of the [x, x] = 0 cone with the x, = 1 plane, and 
dw is the Euclidean measure on this sphere. 

We note in conclusion that the irreducible representation of Eq. (15) 
can be restricted to the functions defined on 2. This is because the 
homogeneous functions F(x; p) are uniquely determined by their values 
on £2. Let us obtain an explicit expression for the representation defined 
in this way. Let w be a point on 2. By wg we denote the point on the 
cone into which w is mapped under the motion g, and byw, the point on 2 
which lies on the same generator of the cone as does wg. The homogeneity 
of F(x; p) implies that 


F(wg; p) == (wo)? F(wy3 p); 


where w 4 is the zeroth coordinate of wg. Consequently we may rewrite 


Eq. (15) in the form 
T,(g)F (ws p) = (0n)¥?F (45 p)- 


This is the desired explicit expression. Equation (3) of Chapter III, 
Section 1.1 (which given the linear transformation in E, in terms of the 
matrix elements of g) can now be used to obtain expressions for the 
coordinates of w, and the coefficient (w4)*#"-1. This is left as an exercise 
for the reader. 


3. Decomposition of the Representation of the Lorentz Group 
Associated with Lobachevskian Space 


3.1. Representation of the Lorentz Group Associated with 
Lobachevskian Space 


Let X be Lobachevskian 3-space; we associate with it a unitary 


representation of the Lorentz group of the following form. Let H be the 
space of functions f(x) over X such that the integral 


fie = [1 fe)P dx (1) 
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converges (where dx is the invariant measure on X). We then define the 
representation 7(g) in the usual way by the equation 


T(g)f (x) = f (xg). (2) 


It is obvious that 7(g) is then a unitary representation of the Lorentz 
group. Our problem is again to decompose it into its irreducible com- 
ponents. 


Remark. This problem can be attacked in many different ways. 
One of these involves reducing the representation to the regular represen- 
tation. Recall that the regular representation of G is defined on the 
functions f(g) on G such that f | f(g) |?dg < + oo. Specifically, the 


representation consists of the translation operators on these functions: 


T(g,)f (g) =F (ego)- (3) 


Since the stability subgroups of the points x € X are isomorphic to the 
subgroup U of unitary matrices, X can be realized as the space of cosets 
G/U of G with respect to U. In this way every f(x) on X can be thought 
of as some f(g) on G such that f(g) is constant on these cosets. Since U is 
compact, f(g) is square integrable on the group if f(x) is square integrable 
on X. Consequently the carrier space of the representation 7(g) is an 
invariant subspace of the regular representation. We may now use the 
decomposition of the regular representation of the Lorentz group into 
its irreducible components (Chapter IV) to decompose the representa- 
tion on the functions over X. This method is, however, rather inconvenient 
in that it cannot be extended to imaginary Lobachevskian space, in 
which the subgroups of stability are no longer compact. Therefore we 
shall decompose this representation by using the more general method 
based on horospheres discussed in Section 1.7. # 


3.2. Decomposition by the Horosphere Method 


We now proceed as discussed above to use the method of horospheres 
to decompose the representation of the Lorentz group associated with 
Lobachevskian space. Later we shall use the same method for imaginary 
Lobachevskian space. 

With f(x) defined on Lobachevskian space X we associate its integral 


Ww) = | fle) do (1) 
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over a horosphere w, where do is the invariant measure on w. In other 
words, in this way we associate with f(x) a function A(w) defined on 
the set of horospheres. Under the transformation carrying f(x) into f(xg) 
the function h(w) is transformed into a function we shall call h,(w) 
defined by Eq. (1) with f(x) replaced by f(xg). Since do is invariant 
under Lobachevskian motions, we have (see Chapter V, Section 1.7) 


ho) = [ f(xg)do = [ f(x) do, = hog), 
w wg 
where wg is the image of w under the motion g, and da, is the measure 


on wg. 
Thus the operators 


T(g)f (x) = f (x8) (2) 
on the f(x) functions correspond to the operators 
O(g)h(w) = A(wg) (3) 


on the A(w) functions. Then the problem of decomposing the representa- 
tion associated with Lobachevskian space reduces essentially to the 
following two problems. 


1. To obtain the inversion formula giving f(x) in terms of h(w). 


2. To decompose the representation of Eq. (3) into its irreducible 
components. 


The first of these is the problem of integral geometry which we 
solved in Section 2 of Chapter V. The second has in fact also been solved, 
as is seen from the following. In Chapter V, Section 2.1 it was established 
that A(w) can be though of as a function A(€) defined on the upper sheet 
of [g, £] = 0 cone. (This requires writing the equation of each horo- 
sphere w in the form [x, €] = 1.) The motion w — wg then corresponds 
to the motion € —» &g on the cone, and therefore the O(g) can be written 
as operators on the cone in the form 


Ole)h(E) = h(Eg). (4) 


Consequently the decomposition of (3) reduces to the decomposition 
of the representations of G on the cone (or, equivalently, on the complex 
affine plane in which points are identified if they differ only by a common 
factor of the form e”, where 0 < @ < 27). This problem was solved 
in Section 2. 


Remark. Note, however, that Eq. (4) defines a representation which 
is not quite equivalent to the representation associated with the cone 
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(see Section 2.2). This is because the transforms A(&) of the f(x) functions 
satisfy the additional symmetry condition 


[ (2)8(Ca, € — 1) dé = f m(6)3(fa, €] — 1-4) de (5) 


established in Section 2.2 of Chapter V. Thus Eq. (4) defines a represen- 
tation not on all the functions A(€) on the cone, but only on those satis- 
fying this condition. # , 

We now proceed to derive the formulas for the decomposition of the 
representation associated with Lobachevskian space X. First we find the 
Fourier transform of a function f(x) defined on X. For this purpose we 
write 


we) = | £(@)8((x, 4] — 1) dex. (6) 
As was shown in Section 2.2, the Fourier transform of A(€) is given by 
F(E p) = [ A(teyt-#e dt. (7) 
0 

Inserting Eq. (6), we obtain 
FOE p) = [fF @)8(Lx, 18] — Ite de at. (8) 

0 
Recall that F(é; p) is a homogeneous function on the cone. Under the 


transformation carrying f(x) into f(xg) these F functions transform accord- 
ing to the irreducible representation 


T(g)F(E; p) = FES: p); 
where y = (ip, dip). 


The expression for F(€;) can be simplified. For this purpose we 
change the order of integration and use the obvious relation 


[#8 #8) — 1) dt = [wg] 
Then Eq. (8) becomes 
F(E p) = [ f(=)Lx, e107 dx. (9) 


There exists another form of the expression for F(é; p) which is some- 
what reminiscent of the Fourier transform in Euclidean space. To 
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obtain it, we recall that [x, €] = e*) where 7(x, €) is the distance 
from x to the horosphere whose equation is [x, £] = 1. Thus Eq. (9) 
can be written 


F(Es p) = | f(x) expl(dip — 1)r(, €)] dx. (10) 


Remark. Fourier transforms in Euclidean space, usually written in 
the form 


FE) = | fae” dx, (11) 


can be put in analogous form. Indeed, we have 
(x, é) = 1 €) foe Xnbn = | E | r(x, £), 


where | &| = (€ + -+: + &)}, and 7(x, €) is the distance from x to the 
plane whose equation is (x, €) = 0. Thus this Fourier transform can be 
written 


F(e) = | f(apetlelree de. (12) 


The similarity of Eqs. (10) and (12) is obvious. # 
Let us now find the symmetry conditions imposed on F(€; p) by 
Eq. (5). Note that Eq. (5) can be written in the form 


f H(¢2)8(La, €] — 1) de = 1-* [ n(t-44)8((a, €] — 1) dé. (13) 


By multiplying both sides of this equation by t~**, integrating over t 
from 0 to oo, and using Eq. (8), we arrive at 


[FE 0)8(la, 41 — 1) af = f F(Es ~p)8({a, €] — 1) a€. (14) 


This is the symmetry condition that must be satisfied by F(é; p); in it ais 
an arbitrary point in X. The existence of this condition is related to 
the equivalence of the representations T\(g) and T_(g), where 
—x = (— dip, — dip). 

Proceeding, we now express f(x) in terms of F. Recall first that in 
Section 2.2 of the present chapter we found that 


We) = (dn) [FUE p) a, (15) 
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and in Section 2.2 of Chapter V we found that 
F(x) = —2(4)? frees, &] — 1) dé. (16) 
By combining these two expressions we arrive at 
f(a) = —2¢dmy? ff FCG p)8"(Ls, £1 — 1) a dp, (17) 


which is the desired result. This equation can, however, be simplified. 
For this purpose we write it in the form 


f(s) = ~2(dmy2 ff” PCE BC — 1)8"(Lx, €] — 8) dp a a, 


which we integrate by parts with respect to ¢, then writing € = fy. 
Now recall that f is homogeneous in é of degree dip—1 and that 8(x) is 
homogeneous of degree —1; then after some simple operations we arrive 
at 


f(x) = 4m) [pt dp [ FCG: ey8(Ls, €] — 1) a8 (18) 


[derived with the aid of Eq. (14)]. 

Now the integral over € in (18) is actually taken over the intersection 
of the [€, £] = 0 cone with the plane whose equation is [x, €] = 1. 
We assert that it can also be written as the integral over any surface I’ on 
the [¢, £] = 0 cone which intersects each of the generators exactly 
once. More specifically, 


JP p)8(Ls, €] — 1) a = f FUE pls, EH de. (19) 


[Here dw is defined by df = dPdw, where P(£) = | is the equation 
of I’.] This is because the integrand on the right-hand side of (19) is 
homogeneous of degree —2, so that the integral does not depend on 
the choice of I” (see the discussion in Section 3.4 of Chapter V). If, in 
particular, we choose I to be the intersection of the cone and the plane 
whose equation is [x, €] == 1, we obtain exactly the left-hand side of (19). 
Thus Eq. (18) may be written 


f(x) = (any |p dp [FUE ple, #7 den, (20) 
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where I" is any “contour” on the [€, €] = 0 cone. When I is chosen to 
be the sphere 2 defined by [€, &] = 0, & = 1, the measure dw becomes 
the Euclidean measure on 922. To summarize the results of this section, 
we have found that the Fourier transform of a function f(x) defined 
on Lobachevskian space X is given by Eq. (9), and that f(x) can be 
expressed in terms of its Fourier transform by Eq. (20). 


3.3. The Analog of Plancherel’s Theorem for Lobachevskian Space 


We have thus derived Fourier transform formulas for functions on 
Lobachevskian space. If we wish further to show that these formulas 
will yield a decomposition of the representation of the Lorentz group 
into its irreducible components we must prove the analog of Plancherel’s 
theorem. We shall do this here in a relatively nonrigorous way, without 
justifying change in the order of integration. 

Consider the integral 


[is P ae = [ ff) dx (1) 
and replace /(x) by its Fourier integral expansion for Lobachevskian 


space, namely by using Eq. (20) of Section 3.2. After inverting the order 
of integration we arrive at 


[is@)P de = (ny f pf Fése) | bs 1 4(x) de do dp. 


Now the desired analog of Plancherel’s theorem is obtained simply by 
using Eq. (9) of Section 3.2. The result is 


[Ife ae = mys [pt dp f | FE: |? de, (2) 


where I is any “‘contour’’ on the [€, €] == 0 cone, and dw is the corre- 
sponding differential form. 
This equation can also be written in the form 


[fer ae = [iF Rap, 3) 


where 
Fig = [| Fe) de (4) 
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and dy = (47)~%p? dp. In other words the mapping f(x) —> F(€; p) is 
isometric with respect to the norms 


FIP = [ f@)P ax (5) 


and 
IFIP = [FIR dy. (6) 


This in turn implies that this mapping decomposes H (the space of 
functions on Lobachevskian space with finite norm || f||) into a direct 
integral of spaces H, each of which consists of functions F(€; p) for which 
the norm ||F'||, is finite. The transformation 7(g) on f(x), that is, 
T(g)f(x) = f(xg), then induces under this mapping the transformation 
of F(; p) by the irreducible unitary representation of the Lorentz group 
T,{g), with x = (dip, 3%p). 

One may ask the following further question. What are all the F(€; p) 
functions which correspond to square integrable f(x). It can be shown 
that these will include functions with all possible positive real values 
of p for which the integral of Eq. (6) converges. If, however, one considers 
all F(€; p) functions defined by Eq. (15) of Section 3.2 for all real 
values of p, the square integrable f(x) functions will correspond to all 
those for which the integral 


[oe ap [Fs p)|? de 


converges and such that Eq. (14) of Section 3.2 is satisfied. 
We wish now to state the result of Sections 3.1-3.3. 
The representation 


T(g\f (x) = f (x8) 


of the Lorentz group on functions defined on Lobachevskian space can be 
decomposed into irreducible representations of the principal series, of class I, 
that is, into representations whose weight is x = (dip, dip), 0 <p < 0. 
Each of these representations enters with multiplicity one. 

The Fourier integral representation of a square integrable function f(x) is 


f(x) = (Any fo dp [FUE elle, EHO deo (7) 


where I is any contour on the [£, £] = 0 cone and dw 1s the differential 
form defined by d& = dP dw, where P(€) = | 1s the equation of I’. Here 


F(Es p) = [f(x)[x, E07 de, (8) 
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Further, the analog of Plancherel’s theorem 
[FGI dx = (4m) [ p? dp [| FE p)|? deo (9) 
0 r 


ts valid. The mapping f(x) —» F(€; p) defined by Eq. (8) is an isometric 
mapping of all f(x) such that 


IflP = [Lf GP de < 
onto the space of all F(&; p), 0 <p < oo, such that 
F 2 == 4 —3 2 d F . 2 d . 
IFIP = G4n)-* [ ptdp [| F(E:p)I? deo < 00 


Treated as a function on the entire real p line, F(&; p) satisfies the 
symmetry relation 


[ FOG p)8(La, 4 — 1) dé = f F(Es —p)8(La, | — 1) a8. (10) 


4. Decomposition of the Representation of the Lorentz Group 
Associated with Imaginary Lobachevskian Space 


4.1. Representation of the Lorentz Group Associated with 
Imaginary Lobachevskian Space 


The representation of the Lorentz group associated with imaginary 
Lobachevskian 3-space can be constructed in exactly the same way as 
that associated with real Lobachevskian space. Consider the Hilbert 
space H of function f(x) on imaginary Lobachevskian space X such that 


fl? = [If @)P ae < +o0 (1) 


(here dx is the invariant measure on X). As before, we define the repre- 
sentation 7T(g) by the translation equation 


T(e)f (x) = f(g). (2) 


The invariance of dx implies that 7(g) is a unitary representation of the 
Lorentz group. 
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This representation cannot be decomposed into its irreducible 
components by the method described in Section 3.1, that is, by going 
over to the regular representation of the group. This is because the 
stability subgroup of a point in imaginary Lobachevskian space is 
noncompact, and therefore square integrable functions on X correspond 
to functions on G that are not square integrable. The integral transform 
method involving horospheres, however, can be extended to the present 
case without any essential changes. 

Imaginary Lobachevskian space differs, however, from ordinary 
Lobachevskian space in that there are two homogeneous manifoldsof horo- 
spheres. One of these, as we saw in Section 1.5 of Chapter V, consists of 
the horospheres of the first kind, which are of dimension two, and the 
other consists of isotropic lines. Correspondingly, Eq. (2) is associated 
with two representations on horospheres, first on those of the first kind 
and second on the isotropic lines. 


4.2. Decomposition of the Representation Associated with 
Horospheres of the First Kind 


In accordance with the general method described in Section 1.3, 
with every infinitely differentiable function f(x) with bounded support 
on imaginary Lobachevskian space X we associate the function h(w) 
on the set of horospheres of the first kind which is defined by 


Ww) = J f(2) do, (1) 


where do is the invariant measure on the horosphere w. 
The operator Q(g) induced on the A(w) functions by the translation 
operator 


T(g)f (x) = F (xg) (2) 


of f(x) can be found as follows. By definition f(xg) corresponds to the 
function 


hw) = | flee) do. 


Since measures on horospheres of the first kind remain invariant under 
the motion x —» xg (see Chapter V, Section 1.7), we have 


hl) = J fle) do = (ug). 
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Thus the desired operator QO(g) is given by 
O(g)h(w) = h(wg). (3) 


Obviously the Q(g) operators form a representation of the Lorentz group. 

Having associated with 7J(g) a representation Q(g) on functions 
defined on the set of horospheres of the first kind, we shall decompose 
Q(g) into its irreducible components. This decomposition, as we shall 
now show, reduces to the decomposition of the representation of the 
Lorentz group associated with the cone, a problem we solved in Section 
2.2. Indeed, consider the model on the [x, x] = —1 hyperboloid. As 
was shown in Chapter V, Section 1.5, in this model the horospheres 
of the first kind are given by equations of the form |[x, ¢]| = 1, where éis 
a point on the upper sheet of the [£. €] = 0 cone. Thus A(w) can be 
treated as a function on this cone, and we shall write A(é) instead of h(w). 
Now it is obvious that the equation of the transformed horosphere 


wg is |[x, ég]| = 1, so that O(g) may be defined by 
Q(g)A(E) = A( Eg). (3’) 


This establishes the assertion that the decomposition of the representa- 
tion associated with horospheres of the first kind reduces to the decom- 
position of representations associated with the cone. 

Recall that the Fourier components of functions on the cone are given 


by 
FE p) =f h( tee at. (4) 


These functions are homogeneous in € of degree $zp — 1, and when 
h(€) is transformed into A(&g) they transform according to irreducible 
representations of the Lorentz group equivalent to 7,(g) of the principal 
series with y = (dip, dip). The A(£) functions, in turn, are given in terms 
of F(€; p) by the integral 


WE) = (4m) [FE 0) dp. (5) 


Thus to decompose the representation of Eq. (3) we write it in terms 
of functions A(é) defined on the cone, where € is the point on the cone 
corresponding to the horosphere w. Then we express A(£) in terms of 
its Fourier component F(€; p) in accordance with Eq. (4). Conversely, 
h(é) [and thus also A(w)] is given in terms of F(é; p) by Eq. (5). Then 
in decomposing the representations of the Lorentz group associated with 
horospheres of the first kind in imaginary Lobachevskian space we obtain 
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the representations 7,(g) with y = (47p, dp), namely representations 
of class I. 


Remark. In general the integral of Eq. (4) diverges, and it must be 
understood in the sense of its regularization, which is defined as follows. 
Write ¢ = e’ in Eq. (4) so that it becomes 


Fé; p) = ie eth(e"é)e—¥" dr. 


It was shown in Section 3.1 of Chapter V that A(€), if it is the transform 
of an infinitely differentiable function of bounded support on imaginary 
Lobachevskian space, vanishes in a neighborhood of the vertex of the 
cone and possesses the asymptotic expansion 


h(té) ~ >) a,(é)t-" 
n=1 
as t-» + oo. Consequently e’h(e7é) vanishes for all 7 less than some 
positive number WN and has a finite limit a,(£) as 7 —» + oo. This means 
that 


P(E: p) = J [eri ert) — Or)ay eer" dr + ay(€) [et dr, 


where 6(7) = 1 for + > 0, and @(7) = 0 for +r < 0. The first term in 
this equation converges, and the second is given by 


[ert¥er de = —2ip-) + 2n5(p) 

0 

(see Volume 1, page 360, Entry 23 in the table). This defines the Fourier 
component F(é;p) of any A(é) that is the transform of an infinitely 
differentiable, function f(x) of bounded support on an imaginary 
Lobachevskian space. With this definition of F(£; p), Eq. (5) remains 
valid although /(€) may not be of bounded support. # 


4.3. Decomposition of the Representation Associated with Isotropic Lines 


We have now constructed the representation of the Lorentz group 
associated with horospheres of the first kind and have decomposed it 
into its irreducible components. Although in the case of real Lobachev- 
skian space this was all that was needed, it will no longer suffice, since 
to find f(x) we must know not only its integrals over horospheres of the 
first kind but also along isotropic lines (see Section 3.4 of Chapter V). 
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We must thus study in addition to the representation QO(g)A(w) == h(wg) 
the representation associated with isotropic lines. 

Let us therefore construct the representation associated with the 
isotropic lines of an imaginary Lobachevskian space. Let f(x) be an 
infinitely differentiable function of bounded support on imaginary 
Lobachevskian space. With it we associate the function ¢(/) defined on 
the set of isotropic lines by the integral of f(x) along each line /: 


o(l) = [ f(s) di. (1) 
t 
Recall that the integral along / is defined by 


[ feyal= fo £0 + 18) at, Q) 


where 6 is some point on / and € is the normalized direction vector of the 
line (normalized, that is, according to €, == 1).1° 

Let us start by studying the transformation of (/) induced by the 
transformation f(x) —> f(xg) on the original function. Let ¢,(/) denote 
the function obtained by integrating f(xg), namely 


wall) = | flag) dl = J f(bg + the) at. 


Obviously the set of points bg + t&, — oo <t < 00, is tHe isotropic 
line lg into which / is carried under the motion g. If &, is the normalized 
direction vector of lg, we may write 


[i fbe + 189) dt = BC, g) [flog + #64) at = BXL, g)0(le) 


where A(/, g) is the ratio of the components of &g and €, . This shows that 
the translation operator T(g) defined by T(g)f(x) = f(xg) corresponds 
to the operator R(g) defined by 


R(g)p(l) = BG, g)@(/z) (3) 


on the 9(/) functions on the isotropic lines. Recall that the direction 
vectors of the isotropic lines are normalized so that their zeroth coor- 
dinates are equal to one; hence A(/, g) is equal to the zeroth coordinate 
of &g. Note also that in this normalization A(J, g) has the same value for 
any two parallel isotropic lines.!! Finally, it is obvious that the R(g) 


10Unless stated otherwise, we shall assume that our imaginary Lobachevskian space 
is realized on the hyperboloid whose equation is [x, x] = —1. 
1 Parallel isotropic lines are discussed in Section 3.4a of Chapter V. 


4.3 Representation with Imaginary Lobachevskian Space 369 


operators also form a representation of the Lorentz group. We shall 
say that this is the representation associated with isotropic lines in the 
imaginary Lobachevskian space. 

Let us now decompose this representation into its irreducible compo- 
nents. To do this we first obtain the Fourier component of ¢(/). Consider 
the isotropic line / and the set of all isotropic lines parallel to it. As 
was shown in Section 3.4a of Chapter V, when the imaginary Lobachev- 
skian space is realized as the exterior of the unit sphere, these line 
are all the lines tangent to this sphere at the same point as /. Further, 
the distance r from / to any other line J, of this set is 20/k, where 6 is the 
oriented angle between the two lines. This means that each line of our 
set is uniquely determined by a number 6 and that @ and@4 7 
denote the same line. Thus ¢(/,) is a function of / and 6, and we write 
4) = ol, 9) and bear in mind that 9(/, 8 + 7) = ¢/(], 4). 

Now to expand the representation of Eq. (3) into its irreducible com- 
ponents we obtain the Fourier series in 6 for (J, 0). Since this function 
has period z in @, the series may be written in the form 


gl, 0) = -? D) F(l; 2n)ern®, (4) 
where 
F(l; 2n) = { " ol, )e-2*"? a0. (5) 
0 


We shall call the F(/; 2”) the Fourier components of ¢(/) (a terminology 
which will be justified below). By writing @ = 0 in (4) and using the 
fact that (J, 0) = ¢(/), we arrive at 


00 


pl) = 2-1 SY) F(l; 2n), (6) 


n=—0o 


which is the analog of Eq. (5) of Section 2.2, and gives ¢(/) in terms of 
its Fourier components F(J; 27). 

We must now show that these functions are indeed the Fourier 
components of ¢(/), that is, that when ¢(/) is transformed according to 
Eq. (3) the F(/; 2”) transform according to irreducible representations of 
the Lorentz group. 

Note first that the F(/; 2”) have the following property: If the distance 
between two parallel isotropic lines J, and J, is r == 16/k, then 


F(Iy3 2n) == &"°F (1,3 2n). (7) 
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This follows directly from Eq. (5) and the periodicity of g(/, @) in @. 
Proceeding, we wish to find the form of the operators acting on the 
F(I; 2n) when q(/) is transformed according to Eq. (3). These operators 
will be given by 


Ro(g)F(E; 2n) = J ; R(g)o(1, 0-2”? dd 
7 (8) 
= if ; B-XL, 0; g)P(lg, O)e-2én8 dO, 


where B-1(/, 6; g) = B-(1,, g), where J, is the isotropic line parallel 
to / and separated from it by the distance r = i0/k. Now the motion 
g maps lines into lines parallel to themselves, so that B-1(/, g) has the same 
value for all lines parallel to each other, and therefore Eq. (8) can be 
written 


Rag(@)FCUs 2n) = 8% ) |" olde, Besa 


= BX, g)F (ig; 2n). 


We thus find that when 9(/) is transformed according to Eq. (3), its 
Fourier components transform according to Eq. (9), or simply 


Rag P(E 2n) = BI, g)F(ig; 2n). (10) 


These operators R,,(g) form a representation of the Lorentz group 
on the functions over the set of isotropic lines. We assert that this 
representation is equivalent to the irreducible unitary representation 


T,(g) with x = (2n, —2n). 


Proof. The 7\(g) representations operate on spaces of homogeneous 
functions f(z, , 2,) of the complex variables z, , z, (Chapter III, Section 
2.4.). In order, therefore, to establish the equivalence of T,(g) and R,,(g) 
we must first find the relation between isotropic lines and pairs of 
complex numbers. For this purpose we associate with each pair of com- 
plex numbers (z, , z,) 4 (0, 0) an isotropic line / in the following way. 
Each such pair can be associated with the unitary matrix 


(9) 


uw 
Uz, ’ 22) = | —6 all 


where u = cz,,v = cz,, andc = (| 2, |? + | 2, |?)-?. Moreover, we 
saw Section 1.5 that to each complex unimodular matrix intwo dimen- 
sions, and in particular to such a unitary matrix, there corresponds a 
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motion of the imaginary Lobachevskian space. Now consider the fixed 
isotropic line J, given by x = 6° + t&, where 5° = (0, 0, 1, 0) and 
€° = (1, 0,0, —1). Then with each pair (z,, 2,) we associate the 
isotropic line / = Uz, , z,) obtained from /, by the motion corresponding 
to U. It is easily shows that in this way we obtain all isotropic lines 
(because the motions corresponding to unitary matrices form a transitive 
group on the isotropic lines). 

We now wish to express in terms of z, and z, the components of the 
direction vector € and the coordinates of the fixed point 6 on the isotropic 
line (z, , z,) whose equation we write x = 6 + t€. This may be done by 
seeing what happens to €° and 6° under the motion corresponding to 
U(z,, 22). Calculation yields 


é, = i(dv — ud), é& = dv + ud, é, = |v |? —|u |’, 
b= 5+ e—v 0%), b= kw + e+ P+ BP), 


b, == uv + dd. 

These equations are explicit expressions for the isotropic line in terms of 
the pair of numbers (z,, 2.) # (0, 0) with which it is associated. This 
association has the following properties. 

Property 1. I(z,, %,) = Kz,, 2,) if and only if 2, = Az, and 
2, == Az, , where X + 0 is a real or pure imaginary number. 

Property 2. K(z,, 2,) is parallel to Uetz, , e*z,). The distance 
between these two lines is 26/k. 


Property 3. The transformation 
(21 5 32) > (a8, + y%, Ba + 922) (11) 


in the complex affine plane induces the transformation / —» /g on the set 
of isotropic lines where g is the motion associated with 


I; 3 


5 | ad — By = 1. 


The proof of these assertions is left as an exercise for the reader. 
From all of this it is evident that functions over the set of isotropic 
lines can be thought of as functions f(z, , 2.) over the complex affine plane 
such that 
F (AR, , A&e) = f (21 5 22) (12) 


for any real or imaginary number A + 0. Let us see in particular what the 
properties are of the functions of z, and z, that correspond to the 
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functions F(J; 2m). These functions satisfy Eq. (7) for parallel lines 
l, and J, . Then from Property 2 it follows that if f(z,, z,) is the function 
on the complex affine plane corresponding to F(/; 2”), then 


F(eh Ox, , eb?) = ef (z, , 22). (13) 
Equations (12) and (13) imply that for any complex number « + 0, 
F (um, , 0%) = oF MPF (2, , Bp). (14) 


In other words f(z, , z,) is a homogeneous function of degree (2m, —2n). 
Now let us write Eq. (10) in terms of f(z,, 2,). It is clear from 
Property 3 that the function 


f (0%, + v2.2, 8%, + 822) (15) 


corresponds to F(ig; 2n), so that we need only find an expression for 
B(/, g) in terms of z,, z, , and the matrix elements of g. For this purpose 
we recall that A(/, g) is equal to the zeroth component of €g where € is 
the direction vector of / normalized according to €, = 1. Now we have 
already obtained ani expression for the components of & in terms of 
z, and z,, so that it is a simple matter to obtain the result 


_ | a, + ye |? + | Ba + dz, ? : 
BCL, gz) os: | zy 2 +4 | Be |? (16) 


Consequently Eqs. (15) and (16) show that the R,,,(g) operators act on the 
f(21, 22) functions [which have the homogeneity indicated in (14)] 
according to 

| & |? + | & |? 


Ran(e) f(@ » 2) = Tae yay P+ Ba + om P 
Xx f(s, + 22, B2 + Sz). (17) 


We wish to transform this to the usual form 


T (2) f(& , &) = f (as, + v2, 2, + 822) 


for a representation of the Loremz group. For this all we need do is 
consider functions of the form 


Ail@1 5 22) = H(as » #9) 


[art la? 
Then according to (14) these functions have the property that 


Fi(0B, , %%q) = oP 1a-*"1 F(z, Be), (18) 
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that is, that they belong to D, with y = (2n, —2n) (Chapter III, Section 
2.2). Further, the operator R,,(g) defined in Eq. (17) corresponds to the 
operator 


T(g) fi(21 , 22) = fi(o®1 + y22 , 8%, + 829) 


on the functions of D,. This completes the proof that the representation 
of Eq. (10) is equivalent to T,(g) with x = (2m, —2n). In particular, 
it shows that R,,(g) is an irreducible representation. 

To summarize, we have proven the following result. 

The representation 


Rep!) = BL, 2) (4) (19) 


acting on functions over the isotropic lines [this representation obtained 
from the representation T(g)f(x) = f(xg) acting on the functions over 
imaginary Lobachevskian space] is decomposed into its irreducible 
components in the following way. 

The Fourier components of g(/) are given by 


F(l; 2n) = [ ” o(1, 0)e-**"® dO, (20) 


where o(/, 6) is the value of ¢ on the isotropic line parallel to and separated 
by the distance r = 10/k from /. These Fourier components have the 
property that 

F(ly; 2n) = e*™F (1, , 2n), (21) 


where J, and fe are parallel isotropic lines separated by the distance 
i6/k. When g({/) transforms according to (19), its Fourier components 
transform according to 


Rop(g)F(; 2n) = BM, g)F (ig; 2n). (22) 


The representation R,,,(g) of the Lorentz group defined by this equation 
is equivalent to the irreducible unitary representation 7\(g) for which 


x = (Qn, —2n). 


4.4, Decomposition of the Representation Associated with 
Imaginary Lobachevskian Space 


Let us now go on to solve the problem of this section, namely to 
decompose into its irreducible components the representation 


T(g)f (x) = (xg) (1) 
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of the Lorentz group associated with imaginary Lobachevskian space. 
With this representation we have associated the two representations 


Olg)h(é) = A(ég) (2) 


and 
R(g)p(2) = BE, g)e(2) (3) 


on horospheres of the first kind and on isotropic lines, respectively, and 
we have decomposed these into their irreducible components. 

In order to do the same for the representation of Eq. (1) we express 
f(x) in terms of the Fourier components of h(€) and o(/). Let us start 
with A(€). It was shown in Section 4.2 that the Fourier components of 
h(€) are given by 


F(E;p) = [meget dt. (4) 


Further, #(é) is the integral of f(x) over the horosphere w whose equation 
is |[x, €]| = 1, and is given in terms of f(x) by 


he) = [ f(x)8(ILx, €]] — 1) dx, (5) 


where dx is the invariant measure on the imaginary Lobachevskian space 
(see Chapter V, Section 3.1). By inserting (5) into (4) we arrive at 


P(E; p) = [teat f F(9)%|Lx, #2] — 1) de. (6) 


This equation can be simplified by interchanging the order of integration. 
From the fact that 


[ t— #408(|[x, t€]| — 1) dt = |[x, €]| #e7+, 


we arrive at 


F(E p) = | F@)ILx, Elle de, (7) 


which is the analog of Eq. (6) of Section 3.2. Asin the case of the ordinary 
Lobachevskian space, this can also be written in the form 


F(E;p) = | fayette Dee de, (8) 


where 7(x, €) is the distance from x to w. 
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We now express the Fourier components F(/; 2”) for the represen- 
tation associated with isotropic lines in terms of f(x). As was shown in 
Section 4.3, these Fourier components can be written in terms of ¢(/) 
in the form 


F(I; 2n) = [  @(l, O)e-2"8 dO, (9) 


where (J, @) is the value of » on the isotropic line J, parallel to and 
separated by a distance r = 76/k from 1. We have in addition 


ol) = 96,8) = [fb +18) at, (10) 


where € is the normalized direction vector of J, and b is a point on J. 
Inserting (10) into (9), we obtain 


F(ls 2n) = ["e¥ 90 [ f(by + tE,) dt, (11) 


where €, and 6, are the normalized direction vector and a point of J,. 
Since the normalized direction vectors of parallel isotropic lines are the 
same, we may write 


F(I; 2n) = | " e-zine gg | "Sp tab ab. (11’) 


which is the expression for F(/; 2”) in terms of f(x). This formula can 
also be written as an integral over the entire [x, x] = —1 hyperboloid. 
To do this we note that when 6 varies from 0 to a and t from — © to ©, 
the point 6, + t&€ runs through the set of all points of the imaginary 
Lobachevskian space that lie on isotropic lines parallel to /. It is easily 
verified that this set is the intersection of the [x, x] = —1 hyperboloid 
and the’ plane whose equation is [x, ] = 0, where € is the direction 
vector of /. Having shown that F(J; 27) is actually an integral of f(x) over 
this intersection, we wish to show that the measure dt d@ with respect to 
which this integral is taken in Eq. (11’) can be written in the form 


dt dO =: 8([x, ]) dx, (12) 


where dx is the invariant measure on imaginary Lobachevskian space X. 
This is so because both sides of Eq. (12)are invariant under simultaneous 
rotation of x and & about the x, axis and because such a rotation can be 
found which will carry any generator / of the hyperboloid into the 
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generator that passes through the point (0, 1, 0,0) and has direction 
vector € = (1, 0,0, 1). With this remark, Eq. (12) becomes 


dXq dx, dx3 
|%2| 


dt d0 = 8(x»_ — xg) (12’) 
In order to prove (12), then, we shall prove (12’). But for this we need 
only note that the coordinates of a point on the line b, + t¢€ can be written 


Xx = t, x, = cos 8, Xx, = sin 8, xX, = t, 


and then use this to rewrite the right-hand side of (12’) in terms of 
tand 9. Thus (12) and therefore also (12) are valid, and Eq. (11’) can be 
written 


F(I; 2n) = i. f (x)e-2*"8([x, £]) dx, (13) 


which is the analog of Eq. (7) for F(€; p). 

Similarly, it is a simple matter to obtain the analog of Eq. (8) for 
F(l; 2n). For this purpose we write 67 = kr(x,/), where 7(x, /) is the 
distance from the isotropic line to the point x (or, equivalently, the 
distance from x to any point y on /). Thus (13) may be written 


Fl; 2n) = if F (x)je2"74.-8([x, €]) dx, (14) 


which is the desired analog of Eq. (8).1? 

From now on it will be convenient to deal with unnormalized direction 
vectors €. We shall then introduce the function F(&, 5; 2m), which is 
defined by Eq. (13) except that now € is amy direction vector of the line / 
whose equation is x = b + t€ and now cos 6 = [x, b]. Like the function 
¢(&, 5) introduced in Section 3.4 of Chapter V, F(é, b; 27) is a homoge- 
neous function of € of degree —1. 

We have now obtained expressions for the Fourier components 
F(€; p) and F(J; 2) of a function f(x) defined on imaginary Lobachevskian 
space X. We now wish to derive expressions for f(x) in terms of its 
Fourier components, which we do by using the inversion formula of 
Chapter V, Section 3.4, namely 


f(a) = —(4ny* [ W(2)8"(\La, £1 — 1) dé 


= (ny { : cot? 6 db { _ 28, )8(C4, €]) deo. (15) 


2 Recall that z(x, 1) is defined only if x and / lie in an isotropic plane; otherwise the 
distance from x to some point y of | depends on y, These considerations are not, however, 
relevant in the present case, since the 8 function in the integrand differs from zero only 
on the plane whose equation is [x, ] = 0, and on this plane 7(x, /) is defined. 
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Here dé is the invariant measure on the [€, €] = 0 cone, Tis an arbitrary 

surface on this cone that intersects each of its generators, and dw is a 

differential form defined by d& = dP dw, where P(&) = 1 is the 

equation of I’. Further, o(€, ) is the value of (€, 5) on the isotropic line 

whose equation is x = 6 + t€ and whose distance from a is r = 76/k. 
We may now insert the expressions 


We) = (4m) [FE p) dp (16) 
and 
HED) = wt D) FE; 2) (17) 


into (15) [see Eq. (5) of Section 4.2 and Eq. (6) of Section 4.3], arriving 
at the following expression for f(a) in terms of F(; p) and F(é, 6; 2n): 


fa) = —(4n)-* JL FCG; 08" Ita, Al ~ 1) d& dp 


~2(2m)-8 | ” cot? 6 8 J > F(é, 0; 2n)8([a, €]) dw. (18) 


Here we have written F(&, 0; 2) instead of F(€, 6; 2m) for this function 
on the isotropic line / = Ug, #) with direction vector € at a distance 
r = 10/k from a. 

This expression for f(a) can be simplified by using the homogeneity 
of F(€; p) and F(/; 2n). Proceeding exactly as in Section 3.2, we find that 
the first term J, of Eq. (18) can be written in the form 


f= 2(8n)-* [pp + 2i) dp [ PGs pila, et do. (19) 


It can also be shown just as in the case of the ordinary Lobachevskian 
space that the F(£; p) functions have the symmetry property 


[FCS p)8(\La, £1] — 1) dé = [FCEs —p)8(I[a, 11-1 dé. 20) 


Since F(€; p) is homogeneous in € of degree dip — 1, this symmetry 
property can also be written in the form 


[POEs lla, ArH deo = [PCE ~p)lka, g¥-* do, (20' 
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where I and dw have the same meaning as in Eq. (15). Then inserting 
this into (19) we find that 


I = R4ny* |p dp | F(E; p)lla, EI ¥ + de. (21) 
0 r 
Let us now turn to the second term of Eq. (18), namely 
Jo = —22n) | “cot? 8 db | . Pre 6; 2n)8([a, €]) dw. (22) 


Recall that 
F(I,; 2n) = e"°F(L,; 2n), 


if J, and J, are parallel isotropic lines separated by the distance 70/k. 
Consequently we may write 


F(E, 0; 2n) = e”8F(E, a; 2n). (23) 


When this is inserted into (22), it becomes 
Ja = —2(2n)-* i] ” cot? 6.8 if > eF(E, a; 2n)8([a, €]) dw, (24) 
CY) TP n= 


which is an expression for J, in terms of the values of F(/; 2m) on the 
set of isotropic lines passing through the point a. When the order of 
integration is changed in (24)(as previously, we shall not go into the 
proof of the validity of this procedure), it becomes 


y= —2(2n)8 = | : cos? 8 sin-? 0 &%n8 dp 
x | FUE, 45 2n)8((a, €)) deo (24') 
Now the symmetry relation 
J e(E, 8a, £1) deo =f o(€,» — )8((a, €)) dev 


for the o(€, 0) functions (see Chapter V, section 4.4) implies that 


| FE 45 2m)&(Ca, €) do = [FE a; —2n)8((a, €]) deo (25) 
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We insert this in (24’) to obtain 


J2= Bo DY om | FE, a; 2n)8((a, €]) deo (24”) 
n=—0O r 
where 
a, = f ” cos? @ sin-? 6 cos 2n6 dd. (26) 
0 
This defining integral for the «, diverges, and we therefore understand 
it in the sense of its regularization, that is the value at A = —2 of the 
integral 
da 
| cos? 9 sin’ 8 cos 2n8 dé. 
0 


By using the formula’® 


mq cos $p7 
20-*(q? — p*) Bg + 4p, 29 — 30) 


TT 
i] sin? x cos px dx = 

0 

we find that 
OX, == —4r|n |. 


Thus the second term in Eq. (18) may be written 
h= ot Sn | PE a 2n)B([a, €) de. (27) 
We now insert Eqs. (21) and (27) into (18). Then we have 
f(a) = 44m) |p dp [FUE pla, B\-¥ de 


$4? nf ECE, a 2n)&((a, £)) deo. (28) 


n=1 


Equation (23) can be used to replace the isotropic line whose equation is 
x = a+ té by an arbitrary isotropic line with equation x = b + ¢€ if 
the integrand is multiplied by e?”*, where cos @ = [a, 6] (or in other 


13 I, M. Ryshik and I. S. Gradstein, ‘Tables of Series, Products, and Integrals,” VEB 
Deutscher Verlag der Wissenschaften, Berlin, 1963. Formula 3.454(4), p. 162. 
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words where 70/k is the distance from a to this new line). Thus we find 
we arrive at 


f(@) = 44) i p? dp if F(&; p)|[@, €]|-##71 dw 


+ 4 Din | F(E, b; 2n)e%*68([a, €]) dev. (28’) 
n=1 cr 
Summary. Let f(x) be an infinitely differentiable function with 
bounded support over imaginary Lobachevskian space X. This function 
has two kinds of Fourier components. The first kind F(€; p) is a conti- 
nuous function of p,0 <p < oo, and is given in terms of f(x) by 


F(E p) = | f(@)ILx, elle de. (29) 


The second kind of Fourier component F(é, b; 2m) depends on the 
discrete variable 7 (and is therefore actually a set of Fourier components) 
and is given in terms of f(x) by 


F(E, b; 2n) = | f(a)e*™*5([x, £]) dx, (30) 


where 76/k is the distance from x to the isotropic line whose equation 
is y = 6 + t€. If the direction vector € is normalized according to 
€, = 1, we write F(/; 2”) rather than F(€, 6; 2”). These functions have 
the following properties. F(é; p) is a function on the cone [€, 6] = 0, 
é, > 0, homogeneous of degree 4zp — 1. F(J;2n) is a function on the 
set of isotropic lines with the property that 


F(1,; 2n) = e"°F (1; 2n) (31) 


for parallel isotropic lines of J, and J, separated by the distance 20/k. 
When f(x) is acted on by a representation of the Lorentz group of the 
form 


T(g)f (x) =f (28), (32) 
F(€; p) for fixed p is acted upon by the irreducible unitary representation 
O(g)F(E; p) = F(ER; p), (33) 


equivalent to T,(g) with y = (tp, }7p), which is in the principal series. 
Under the same transformation of f(x), F(J;2n) for fixed m transforms 
under the irreducible unitary representation 


Ranlg)F(l; 2n) = BML, g)F (ig; 2n), (34) 
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equivalent to T\(g) with y = (2n, —2n) (see Section 4.3). Finally, f(x) 
is given in terms of F(€; p) and F(€, 6; 2) by Eq. (28’). 


Remark. The first and second terms in Eq. (28’) are actually quite 
similar. This is because the space of horospheres of the first kind is 
related to the space of isotropic lines. Specifically, they are fiber spaces 
with the same basis, the two-dimensional sphere 92 (which can, of 
course, be replaced by any surface I’ homeomorphic to it). A fiber in 
the space of horospheres of the first kind is a ray (that is, the multiplica- 
tive group of positive real numbers). In the space of isotropic lines, a 
fiber is a circle (that is, the multiplicative group of complex numbers z 
such that | z| = 1). It is natural to call both these spaces ‘‘cones’’. 
It should be noted that they are both quotient spaces of the complex 
affine plane. First, if we identify all points of the form (ez, , e*°z,), 
where 0 < 6 < 27, we obtain the space of horospheres of the first 
kind. If, on the other hand, we identify all points of the form (Az, , Azq), 
where X #0 runs through the set of all real and pure imaginary 
numbers, we obtain the set of isotropic lines. # 


4.5. The Analog of Plancherel’s Theorem for 
Imaginary Lobachevskian Space 


As a last step in our discussion of imaginary Lobachevskian space, 
we wish to establish the analog of Plancherel’s theorem for the Fourier 
transform. As in the case of real Lobachevskian space, the proof we give 
will not be rigorous, for we shall not justify changing the order of 
integration. 

In the present case the analog of Plancherel’s theorem is 


[Lf@)P ae = 440) fi p? dp I. | F(; p)|2 deo 


+4 Dn [. | F(E; 2n)|? deo. (1) 


n=1 


As before, I’ is an arbitrary surface on the [£, €] = 0 cone intersecting 
each of its generators, dw is a differential form defined by d€ = dP dw, 
where P(é) = | is the equation of I’, and F(€; 2m) is the value of 
F(E, 6; 2n) for one of the isotropic lines / with direction vector &. [Since 
all of these values differ.only by a factor of the form e?”®, the absolute 
value | F(£é; 2m) | is independent of the choice of isotropic line with 
direction vector &.] 
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Proof. Consider the integral 


[fee dx = [ ffl) ax 


and replace f(x) by its expression as given in Eq. (28’) of Section 4.4. 
We then have 


J Lfcay ae = Bamps f F(@) ds [ode [FE els E807 de 
+ 4a? | f(s) de [2 J PCE B: mde *95([x, A) deo]. (2) 


Consider the first term J, on the right-hand side of this equation. 
According to Eq. (29) of Section 4.4, 


[Folke, e11#e1 ade = P(E: p), 


so that by changing the order of integration, we find that 
T= (any | ptdp [| FUEs p) 2 dw. 
0 r 


Now consider the second term, J, . In this term also we change the 
order of integration and summation. Then 


I, = 4r-* inf P(E, b; 2m) deo | f(ae-**0((x, £) de 
n=1 
where @ is the distance from x to the line J. Now according to Eq. (30) 
of Section 4.4 


| Flepe-™([x, £]) dx = PCE, b; 2n), 


so that 


ioe) 


os na Qin iB | F(é, B; 2n)|? deo. 
=] 
When these expressions for J, and J, are inserted into Eq. (2), we arrive 
at Eq. (1), which is thus proved. 
This result may be stated in the following way. Let H be the Hilbert 
space of functions f(x) over imaginary Lobachevskian space X such that 
the integral 


FI = f LFF ax (3) 
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converges, and let H, be the space of pairs of functions {F(é; p); 
F(é, 6; 2n)} for which 


IFIP = B4n)-* fp dp [| F(E p)I* de 


+ 4? yn [1FG 2mp de (4) 


converges. 
Then the mapping 


F(x) > {F(E; p)s F(E, 85 2n)}, 
defined by 
FUE p) = | f(«)ILE, 11-1 dx, 


F(E, b; 2n) = | f(x)e**8((x, £]) dex, 


is an isometric imbedding of H in H,. It can be shown that if we allow 
only positive values of p and n, the image of H under this mapping 
consists of all pairs of functions {F(€; p); F(é, 6; 2n)} for which Eq. (4) 
is finite. If, on the other hand, we allow negative as well as positive 
p and n, the functions F(€; p) and F(é, b; 2m) must have the (symmetry) 
properties that for any xe X 


[PE ple, EI deo = [FE —p)ILx, €]]#e* do 


and 


J P(E 21) 8 (Lx, €]) deo = | P(E —2n) 8 ([x, &l) dv. 


4.6. Integral Transform Associated with Planes in Lobachevskian Space 


In this chapter we have been obtaining Fourier expansions of functions 
over ordinary and imaginary Lobachevskian space. At the basis of our 
development lay the integral transform associating functions over such 
a space with functions on the space of horospheres. From the point of 


14 Here F(£; 2m) denotes the value of F(l; 2) on any one of the isotropic lines / with 
direction vector &. 
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view of integral geometry, it is interesting also to consider integral 
transforms associating such functions with functions on the space of 
planes. We shall not, however, discuss these in this volume, but shall 
merely mention some ways in which these functions are of interest. 

Consider first ordinary Lobachevskian space X. As has already been 
mentioned in Chapter V, Section 1.4, a plane in such a space is given 
by an equation of the form [x, €] = 0, where x = (x,, %,, «.., X,) is the 
set of homogeneous coordinates of a point in the space, and [£, €] < 0. 
(If [€, €] > 0, then [x, ] > 0 for every x € X.) It is easily verified that 
this set of planes is a homogeneous space and is identical with imaginary 
Lobachevskian space.Thus by integrating a function fon Lobachevskian 
space over planes we associate with it a function @ on imaginary 
Lobachevskian space. It should be mentioned, however, that g cannot 
be an “arbitrary” function on the imaginary Lobachevskian space, since 
as we have seen the expansion of a function on imaginary Lobachevskian 
space involves more irreducible representations than in ordinary 
Lobachevskian space. There exists an inversion formula expressing f in 
terms of g. (This formula is derived by the same method as the one 
used in Chapter V in dealing with integral transforms associated with 
horospheres.) 

Now consider imaginary Lobachevskian space. By analogy with 
the case of ordinary Lobachevskian space, we call planes in this space 
surfaces given by equations of the form [x, €] = 0. Unlike the previous 
case, € may now be any vector. The set of planes of the imaginary 
Lobachevskian space can consequently be broken up into three families: 
planes of the first kind, for which [€, €] > 0; planes of the second kind, 
for which [¢, ¢] = 0; and planes of the third kind, for which [€, €] < 0. 
Jt is easily shown that each of these families is homogeneous, and that 
the set of planes of the first kind is identical with ordinary Lobachevskian 
space, the set of planes of the second kind is identical with the absolute, 
and the set of planes of the third kind is identical with imaginary 
Lobachevskian space. It is also easily shown that the planes of the 
second and third kind stratify into isotropic lines and that the planes 
of the first kind are compact manifolds. 

Consider the planes of the first kind. By integrating a function f on 
imaginary Lobachevskian space over planes of the first kind, we associate 
with f a function m on ordinary Lobachevskian space The mapping 
fis not one-to-one (since otherwise the g functions could be ex- 
panded in terms of the same irreducible representations as the f func- 
tions, which we know is not true). Consequently if we wish to know 
f uniquely it is not sufficient to know its integrals over planes of the 
first kind. It can be shown, however, that if the integrals of f over 
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isotropic lines are also known, then f is uniquely determined. The 
inversion formula can be obtained in the same way as in Chapter V 
for the integral transforms associated with horospheres. It is noteworthy 
that this inversion formula can be used to reduce the problem of finding 
the Fourier integral expansion for a function on imaginary Lobachevskian 
space to the simpler problem of finding the Fourier integral expansion 
of a function on ordinary Lobachevskian space and a function on the 
space of isotropic lines of imaginary Lobachevskian space. 


5. Integral Geometry and Harmonic Analysis on the 
Point Pairs on the Complex Projective Line 


Consider the space of ordered pairs (2, , 2), 3; 4 22, Which we have 
called the point pairs on the complex projective line. With each complex 
matrix 
a B 


y 8) oS — py = 1, 


:=| 


we associate the transformation 


(2, ? 2) 


- (sate att Y) (1) 
62%, +8 pa,+68 


on this space, and this space is homogeneous with respect to these 
transformations. 

We wish to associate with this space a unitary representation of the 
Lorentz group. This representation will be constructed in the space 
of functions f(z, , 2.) such that 


i fi? = (3) [ ise. aa) day db, dy dy < 0. Q) 


Specifically, the operator of the representation is defined by 


Tefla.%) =f(ge2t gest) 


x (Bz, + 8)-1Bz, + Sy Bay + 5)" 1B + 6)", (3) 
wher |, = —fi,,n{ = —f,. This representation is called the 


Kronecker product of the two irreducible unitary representations (of the 
principal series) 


Ty 2 (2) =f (Ges) (Be + 5B + By 
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and 


T,(g)f (2) = ie =o) (gx + 8)"-(Bz + 5)ni-2, 


Our problem is to expand f(z,, 2.) in a Fourier integral, i.e., to 
decompose the representation of Eq. (3) into its irreducible components. 
We shall show here how to solve this problem by using the methods of 
integral geometry. In so doing we shall, however, merely state the 
results (whose detailed proof will be found in Gel’fand and Graev (9)], 
where the analogous problem was solved for an arbitrary complex 
semisimple group). 

We start by formulating the problem of sieepealy geometry for the point 
pairs on the complex projective line. Consider the horospheres of this 
space, that is, manifolds generated by motions belonging to the subgroup 
of matrices of the form 


or some subgroup conjugate to it. Our problem is then to find f(z, , 2) 
if we know its integrals over all possible horospheres. (The problem 
will be stated more accurately somewhat later.) 

As was shown in Section 1.6, the horospheres of this space are given 
by equations of the form 


2, — 2, = (a — bz,)(a — bz), (4) 


where (a, b) ~ (0, 0).Under the transformation of Eq. (1), the para- 
meters a and b defining a given horosphere w transform according to 


a’ = 0a + yb, b' = Ba + 8b. 


In other words, the set of these horospheres is a homogeneous space. 
This space is identical with the complex affine plane in which diame- 
trically opposite points (a,b) and (—a, —d) are identified (for these 
points define the same horosphere). The Fourier integral expansion 
of a function on the space of horospheres then becomes rather elementary. 

Let us define the integral over the horosphere given by Eq. (4). Let 
(7, 22) be any element in our space of point pairs, and let us assume that 
2) ~ 0 and zg + 0. Then if b 4 0 the horosphere can be given by the 


parametric equations 


SO i a BY? goat a (5) 
aot PLT)’ 2 oT WM FI)’ 
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where ¢ is a complex parameter and 
“u = sta, v = sib, 


where we write s = 2z¢z?(z] — 29)~1, and s? is either one of the square 
roots. Let f(z, , %,) be an infinitely differentiable function concentrated 
on a sufficiently small neighborhood of (z] , 39).15 We define the integral 
of f(%,, %) over the horosphere of Eq. (5) by 


. 0 0 
mu = 3/55 + apie + wee pT) 
x a(o[lz® + 1], o[fz® + 1]) ae d€, (6) 
where we have written 
Oe: eel) = eticten th ages (7) 


It can be shown that with this definition of the integral, p(u, v) has the 
following property. When f(z, , 22) is transformed by the operator of the 
representation 7(g) according to Eq. (3), y(u, v) is transformed according 


to 
Tig)p(u, v) = p(ux + vy, uB + v8). (8) 


In other words the mapping f(z, , 2.) —> 9(u, v) carries the representation 
on the f(z,, 2.) functions into the representation of Eq. (8) 

Now the problem of integral geometry is to find f(z,, 2.) when 
¢(u, v) is known. The solution of this problem, which we present without 
proof in a form entirely sufficient for purposes of harmonic analysis 
[that is, in the form of an expression for f(z? , 23) in terms of ¢(u, v)], 
is 

i xdyt —4 —1 —1 
F(a 2) = 5 [| een, | ar ¥(eo,2051, 10,0051) 
e 2 4 ry = 
* ae al A Po Ale, 202] #2, A[~w,%_]#)},-, dz dz. (9) 


where w; = 29(29 — 2)"1, j = 1, 2 and (w,w,)* is either of the square 
roots. 


Remark, Equation (9) can be used also to obtain an expression for f 
at any point (z,, 2,). This is done by applying Eq. (9) to T(g)f and 
bearing in mind that the latter function corresponds to 

T(g)p(u, ¥) = p(ua + vy, uB + v8). # 


15 This assumption ensures that all the relevant integrals converge. 
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We can now proceed to solve the basic problem, namely to obtain 
the Fourier integral expansion of f(z, , z,). Consider the Fourier trans- 
form of y(u, v) (which we have called its Mellin transform in Section 2.1, 
where it was written in homogeneous coordinates). We have 


2s x) = 425 p,m) = 01(x)Bi | pz, AMA a dA, (10) 
where 
my = 3("+ tp), mp = 3(—" + ip) 
(recall that is an integer and that p is any real number). The Fourier 
integral expansion of 9(u, v) is 


pu, 0) = (2y* | aly yi(u/0; xorr-tr= dy, (11) 


where the integral over y is understood as integration over p and summa- 
tion over m. For convenience in writing Eqs. (10) and (11) we have 
introduced the normalizing factor a(x) defined by 


ox) = (29) Emy—nj my “1)(,g0) Brg BE Myr 10.90) Hen ny-my-1) 
x (20) Hamas) 20 = zo) Fnytnitn,-D( go = HO) Hngtnstns—), (12) 


Note that as defined by Eq. (6), p(w, v) has the property that 


o(—u, —v) = a(—1, —1)e(u, v) = (—1)1-+"1-D) g(u, 0). 


This means that Eq. (11) involves ¢(z; x) = ¥(z; p, ) either only with 
even n (when m, — m, and n{ — nj are of the same parity and therefore 
g is an even function) or only with odd m(when n; — n, and n{ — nj are of 
opposite parity and therefore p is an odd function). 

By inserting the expression for g(u,v) in terms of f(z,, 2,) into 
Eq. (10), we obtain an expression for (z; x) in terms of the latter 
function. The result is easy to obtain and is found to be 


i\2 _ z 
(25x) = 4(5) fae — 8, 8 — 33x) f (2, 32) dz, dz, dz, d%,, (13) 
where we have written 


A(z, 2'5 x) = ghln{—nj+my—1) gd ng—ng+Mg—1) 9! Hnj—nj+ny—I) ° 


x gf Mrg-matm Dg! — g)—ny-nj-m Dg! —_g) —mg—mg—me-D) (14) 
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It is seen that the appropriate choice of the normalizing factor a(y) makes 
#(2; x) independent of the choice of (z?, 22). What remains now is 
to obtain an expression for f(z, , 2.) in terms of (z; x), which would 
then be its Fourier integral expansion. This can be done by substituting 
Eq. (11) into the expression for ¢(u,v) in Eq. (9). Then elementary 
operations lead to 


f(a, 2) = —(2z)-*(42) [nn,A(e? — 2, 29 — 3; y)wh(2; x) dz dz dy, (15) 
where the kernel A(z? — 2, 23 — 2; x) is given in (14). 


Equations (13) and (15) can be used also to obtain the following 
analog of Plancherel’s theorem for f(z,, 2.) and its Fourier transform1*; 


(5) J | Ff (21> 32)? dz, d2, dzy d3, 
2 
= (5) i) mma | (23 x)? dz dz dy. 


Remark. This analog of Plancherel’s theorem implies that the 
mapping f(z, , 3.) —> #(z; x) Is isometric with respect to the norms 


IP 


i 
(5) | | f (2, 22) |? dz, dz, dz, dz, 
and 


ei? = —w2(5) f mya | as x00? de do ay. 


So far we have defined this mapping only for f(z, , 2.) with bounded 
support. Because the mapping is isometric, however, it can be extended 
to all f(z, , 2.) suth that || f || < 00. An interesting problem, incidentally, 
is to find those #(z; x) functions which are Fourier transforms of 
square integrable f(z, , z.); however, we shall not go into it here. # 


16 Recall that yz, == | m, |? = da + p). 


CHAPTER VII 


REPRESENTATIONS OF THE GROUP OF 
REAL UNIMODULAR MATRICES 
IN TWO DIMENSIONS 


We turn in this chapter to an outline of the representation theory 
of the group of real matrices with determinant | in two dimensions. 
We shall restrict our considerations to the construction of the irreducible 
representations and to a study of their properties, omitting questions of 
harmonic analysis. Thus the content of Chapter VII is similar to that of 
Chapter III, where the analogous problems were treated for complex 
matrices. 

The group of real matrices has several interesting properties that differ 
considerably from these of the group of complex matrices. The most 
important are a more complicated structure of the representations at 
integer points and the existence of representations acting on analytic 
function spaces. These properties will be described in more detail in 
Sections 2.1—2.4, which summarize the results of this chapter. 

As in Chapter ITI, we shall proceed by means of investigating invariant 
bilinear functionals. In a certain sense this treatment is simpler than 
it was in the complex case, since we shall be dealing with functions of 
a real instead of a complex variable. 


1. Representations of the Real Unimodular Matrices 
in Two Dimensions Acting on Homogeneous Functions 
of Two Real Variables 


1.1. The D, Spaces of Homogeneous Functions 


In this section we shall discuss the representations of the group G of 
real matrices 
a B 


y 6 
In analogy with the group of complex matrices, these representations 
will be constructed on spaces of homogeneous functions f(x, , x2), but 
390 


g=| , oS — By = 1. 
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now functions of real rather than complex variables. A function f(x, , x2) 
of two real variables (x,, x.) ~ (0,0) is called homogeneous of degree 
s, where s may be any complex number, if for every real number a > 0 
we have 

Sf (ax, , A%_) = af (x, , x2). 


Further, f(x, , x2) is said to have even parity or to be even if 
F(—*1 , —%2) =F (%1 » %2), 
and to have odd parity or to be odd if 
F(a, , —%2) = f(a» 2) 


Consider all possible pairs of numbers y = (s,€), where s is any 
complex number and e = 0 or |. With each such pair of numbers we 
associate a function space D, consisting of functions f(x, , x2) with the 
following properties. : 


1. Every f(x, , x.) € D, is homogeneous of degree’ s — | and has even 
parity if e = 0 or odd parity if « = | (we shall sometimes also call ¢ the 
parity). In other words for any real a 4 0 we have 


f (ax, , axg) = | a|* 1 sgnta f(x, , x2). 


2. Every f(x, , x.) € D, is infinitely differentiable in x, and x, every- 
where except at the origin (0, 0). 

We topologize D, in the following way. A sequence of functions 
{fn} in D, is said to converge to zero if on every bounded closed set not 
containing the origin the f, converge uniformly to zero together with 
all their derivatives. It can be shown that D, is complete with respect 
to this topology. 

It is possible also to realize D, in other ways. Consider, for instance, 
a curve / in the plane that intersects every straight line passing through 
the origin. The homogeneity and parity conditions then determine 
f(x: *_) from its values on J. Thus D, may be considered not the space 
of homogeneous functions of given parity on the plane, but as functions 
on the line. It should be noted, however, that these functions are not 
entirely arbitrary on the curve /, for if some line a,x, + a,x, = 0 
intersects / at several points, the values of the function at these points 
must be in a ratio independent of the choice of function. 


!'The choice of s — 1 rather than s will be found convenient later. 
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1.2. Two Useful Realizations of D, 


Later we shall find the following two realizations of D, particular 
by useful. 

Consider the line x, = 1 in the (x,, x2) plane. Obviously each 
homogeneous function f(x, , x.) of given parity ¢ is uniquely determined 
by its values on this line. Thus with each f(x, , x.) € D, we may associate 
the function of a single variable 


P(x) = f (2, 1). (1) 
Obviously f(x, , x,) is given in terms of g(x) by 
F (1, %2) = | % [8-1 sgn x, —p(x1/%9). (2) 


In this way D, is realized as the set of functions of a single variable x. 
It is easy to discover which functions g(x) may belong to D, . In fact 
they must have the following properties. 

1. Every g(x) must possess all derivatives. 

2. If o(x)e D,, then its “inversion” (x) = | x |8-! sgn‘x ¢(—1/x) 
must also possess all derivatives. 

This second condition characterizes the behavior of p(x) for large | x |. 
In particular it implies that asymptotically as | x |—» o0 its behavior 
is given by 

g(x) ~ C | x |S! sgné x. 

The second realization of D, is obtained by considering the circle 
whose equation is xj + xg = 1. Every f(x,, x,)€ D, is then uniquely 
determined by its values on this circle. Consequently D, can be realized 
as the space of infinitely differentiable functions (8) on the circle 
(here @ is the polar angle). These functions must satisfy the subsidiary 
condition 

(9 + 7) = (—1)9(9) 
arising from their parity. The function f(x, , x.) is given in terms of its 


9) b 
(9) by f(rcos 6, rsin 6) = r%19(6). 


1.3. Representation of G on D, 


Let G be the group of real unimodular matrices in two dimensions. 
Then each matrix 
a B 


yal) 8 By =! 


s—| 


1.4 Real Unimodular Matrices Acting on Homogeneous Functions 393 


in G defines the linear transformation 
x, = ax, + yx2, x, = Bx, + dx, 
of the (x, , x.) plane, which induces the transformation 
F (1 5 %2) > f (oxy + ym , Bay + dx) 
in D,, for it is obvious that f(x, , x.) € D, implies that 
F(x, + yxy » Bx, + Sx) € D, . 


Thus this is a linear transformation of D,, and we shall denote it by 
T,(g); it is defined by 


T (g)f (x1, 2) = f (oe, + yxq , BX, + Sxxq) (1) 


for every fe D,. It is easily verified that 7\(g) is continuous with 
respect to the topology in D, . Further, it is continuous also with respect 
to g. In other words, given a sequence of matrices g,, such that 
limysofm = g, then 


lim T.(8m)f = T.s)f 
for every f € D,. Finally, it is also easily verified that if g,, g, ¢ G, then 
T, (8182) = T, (gi) T, (82). 


Consequently, 7\(g) is a representation of G. Summarizing, with every 
pair of numbers x = (s, €), where s ts a complex number and « = 0 or 1, 
we associate a representation T,(g) of G defined on the space D, of infinitely 
differentiable functions f(x, , x,), homogeneous of degree s — | and of given 
parity (even for « = 0 and odd for <« = 1). The representation 1s defined 


by Eq. (1). 
1.4. The T,(g) Operators in Other Realizations of D, 


It was pointed out in Section 1.2 that D, can also be realized as the 
space of infinitely differentiable functions (x) of a single variable, and 
that 

F(%1 5 %) = | % [8t sgntxy G(x,/%Q). 
This equation can be used to find the form of 7\(g) in this realization of 
D,, . Proceeding exactly as in Chapter IJ, we arrive at 


a . 
Bx + 6 


T(g)—(x) = | Bx + 8 | sgne (Bx + 8) of 
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If D, is realized as the space of all infinitely differentiable functions ¢(6) 
on the circle (satisfying the symmetry condition due to parity), then 


¢(9) = f (cos 8, sin 4). 


Again, this equation can be used to find the form of 7,(g) in this realiza- 
tion of D,. The result is 


T(g)p(9) = 9(8'\p**(4, 8), 
where 
p°(9, g) = (acos 8 + ysin 6)? + (B cos 6 + 8 sin 6)’, 


and 6’ is given by 
_ Bcos@ + dsiné 


«cos 8 + ysin 8 So Hs 
———_————_ , sin & = 
p98) p(9, 2) 


Remark. It is not difficult also to write the general form of T,(g) 
when D, is realized as the space of functions on some curve /, We assume 
that / intersects every line a,x, + a,x, = 0. Then to every pair of 
numbers (x, , x.) # (0, 0) there corresponds a point M(w, , w,) on land 
a number p(x, , x,) such that 


cos # = 


x = p(X, X)o, , X_ = p(% » Xp)ur, . 
Proceeding in a simple way one finds that the formula for the representa- 
tion is 
a, + § 
Ty(e)f (co , oy) = f (Ae Eon t oes) 


Po(@1 > We) ” po(W , We) 


x | Pol, ’ oy) |$1 sgné Ploy ’ We), 


where p(w, , 2) = p(aw, + yw, , Bw, + Su). # 


1.5. The Dual Representations 


Let D} be the space dual to D, , that is, the space of linear functionals 
F on D,. Then we can define a new representation T(g) of G on D, 
according to 


(T.Q)F, 9) =(F, Ty"(e)9). 


Here (F, g) denotes, as usual, the value of the functional F on the 
function gy. Direct calculation shows that T (2:82) = T(g,) T.(g.) for all 
£1, 22 € G, so that this is indeed a representation. 
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We shall call 7,(g) the representation dual to T,(g). We assert that 
T(g) is an extension of T_,(g), where y = (s, «) and —y = (—s, €). 
This means that D_, can be imbedded in D} and that on D_, the operators 
T(g) coincide with T_,(g). 

For the proof, note that every function #(x) € D_, defines a linear 
functional in D, in accordance with? 


+-00 
(9) =] ¥e)e@) dx, pe D,. 
Thus D_, is included in D{. Further, direct calculation shows that 


(T_Ag)p, p) = (y T,(g)¢). 
Consequently 


(T_{g)}, ~) = (T (ey, ?), 
and therefore 7\(g) = T_,(g), which completes the proof. 


2. Summary of the Basic Results concerning 
Representations on D, 


We shall now summarize the results on the representations of G on 
the spaces we have called D,. These results will be obtained later in 
Sections 4.1-5.7. 

In many respects the representations of the group of real matrices are 
’ similar to the representations of the group of complex matrices studied 
in, Chapter ITI, But they are different enough to be in some sense simpler 
and in another sense more complicated than in the complex case, just as 
the real numbers are in some sense simpler and in another sense more 
complicated than the complex numbers. For this reason and in spite 
of the fact that they are so similar to the results of Chapter III, we 
shall describe the results for the real case in the same detail. One may 
thus follow Chapter VII without having read Chapter ITI. 


2.1. Irreducibility of Representations on D, 


It will be shown in Section 4 that every continuous operator on D, that 
commutes with the operators of a representation is a multiple of the unit 


2 That the integral converges is easily shown by using the asymptotic behavior of 
g(x) and (x) for large | x | (see Section 1,2), 
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operator. In Chapter III we called this property operator irreducibility 
and we remarked that operator irreducibility is not necessarily true 
irreducibility, for a representation may be operator irreducible although 
it has invariant subspaces. In Section 3.1 of Chapter ITI we gave stronger 
definitions of irreducibility. It can be shown that the representation 
in D, for noninteger y is irreducible in this stronger sense, but we shall 
not go into the proof here. 

A special role is played by the representation D, for integer points 
x = (s, €), that is, when s is an integer having the same parity as « + 1. 
For these representations the operators are given by? 


T(ebf (2) =f (Fp) (Be + 8). (1) 
For reasons that will become clear later we shall call these analytic 
representations. We shall see directly that for these integer points D, has 
invariant subspaces. Unlike the complex case, however, there are three 
such subspaces rather than one. 

Consider first the case of nonnegative integer s. Obviously D, contains 
the invariant subspace E, consisting of polynomials of degree s — 1 and 
lower,’ for it is seen that the 7,(g) transform such polynomials into 
other polynomials of degree s — 1 and lower. The dimension of this 
space is clearly s. Since FE, is an invariant subspace, the representation 
of G can also be realized on the factor space D,/E, , that is, on the space 
of functions in D, defined only up to a polynomial of degree s — 1 or 
lower. 

We shall show later that there exist also two other invariant subspaces 
in D,, which we shall call Dt and D; . The first of these consists of 
functions which are the limits of functions analytic in the upper half- 
plane (up to polynomials of degree s — 1 and lower). The second is 
defined similarly with relation to the lower half-plane. We shall see also 
that Din D; = E,and that Di U D; = D,. Thus D,/E, is the direct sum 
of Dt/E, and D,/E,. It can be shown also that these last two factor 
spaces have no invariant subspaces. 

Now let us turn to D_,, where s is a positive integer. On such a space 
the representation is defined by 


T_(o\fte) =f (F—5) (Bx + 8 (2) 


3 These representations are uniquely determined by s, and we shall often denote them 
by T,(g) and the spaces on which they act by D,. 
4We set E, = 0 fors = 0. 
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Consider the subspace F_, of D_, , which consists of functions f(x) with 
vanishing moments 


b, = ee xf (x) dx = 0, 


where k = 0, 1, ..., § — 1. It is easily shown that when f(x) is transformed 
according to Eq. (2) these b, transform among themselves and therefore 
F_, is an invariant subspace. The representation of G can therefore 
also be realized on the factor space D_,/F_,. Obviously the elements of 
this factor space are uniquely determined by the b, , k = 0, 1,...,5 — 1. 
Thus D_,/F_, is finite dimensional of dimension s. 

We shall see in Section 4 that D_, has two other invariant subspaces, 
namely F+,, the space of functions which are the limits of functions 
analytic in the upper half-plane, and F7,, defined similarly with respect 
to the lower half-plane. It can also be shown that Ft, and F7, contain 
no invariant subspaces. These spaces do not intersect, and their direct 


sum is F_,. 


2.2. Equivalence of Representations on D, and the Role of Integer Points 


The concept of the equivalence of two representations was introduced 
in Section 3.2 of Chapter III. We shall show in Section 4.2 that two 
representations D, and D,, are equivalent if and only if one of the 
following two conditions is fulfilled. 


Case 1. x, = X2- 

Case 2. x, = (5, €), X2 = (—S, ©), and x, is not an integer point (that 
is, s is not an integer having the same parity as « + 1). 

‘It will be shown also that if A maps D,, onto D,, so that 


AT,(g) = T,,{g)A, (1) 


i. e., if A is an intertwining operator for T,, and 7J,, , then in each of 
these cases A is uniquely determined up to a multiplicative factor. In 
the trivial Case 1, that is, if D,, and D,, coincide, A is a multiple of 
the unit operator. In Case 2 it is given by 


Ag(x) = Ro fi x, — x |-§1 sgn‘(x, — x) p(x) dx, , (2) 


where the integral is understood in the sense of its regularization. 
For nonnegative s, in particular, « has the same parity as s, and A is 
given up to a multiplicative factor by 


Ag(x) = v(x). 
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Remark. The operator B which is the inverse of A is given, up toa 
multiplicative factor, by replacing s in (2) by —s: 


Bole) = Fey fla — #1 sen — 2) oH) dn # 


Once we have agreed to call essentially different only inequivalent 
representations, we may speak of the set of all inequivalent representa- 
tions of G. The elements of this set will actually be classes of equivalent 
representations. Since each T,(g) representation is given by s — | and 
by «, we may introduce the concept of the “Riemann surface” of 
representations. The points of this Riemann surface are given by a com- 
plex number s and by e« = 0 or 1. Thus the universal covering space 
of this representation space is a pair of complex planes of the variable s. 
We shall call a branch point of this Riemann surface a point such that 
each of its neighborhoods contains equivalent representations. The order 
of the branch point is defined in the natural way. In view of what has been 
said already, the only branch points on the Riemann surface are those 
with s = 0 (e = 0, 1). These branch points both have order 2. 


2.3. The Problem of Equivalence at Integer Points 


Let us now turn to the representations 


Tf(s) =f (F5) (Be + 8), 


Tf) =f (5) be +8 


for s #0 an integer. To be specific we shall assume s positive. In 
Section 4.2 we shall see that there exists an operator A which maps D_, 
into D,, intertwining with the representations. This operator is 
defined uniquely (up to a constant multiplicative factor) and may be 
written 


Ag(s) = fo (% — 9) tp) dy 


Obviously A does not map D_, into D, isomorphically, since it maps 
every g(x) € D_, into a polynomial of degree s — 1 or less. Thus the 
representations on D, and D_, are not equivalent. The kernel of the 
mapping A is F_,, so that A maps D_,/F_, isomorphically onto E, (see 
Section 2.1). 
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Now consider intertwining linear mappings in the other direction, 
i.e., from D, into D_,. In this case the situation is somewhat more 
interesting. It will be shown that there exist two linearly independent 
linear operators A, and A_ mapping D, into D_, and intertwining with 
the representations. These operators are 


a 1 fe p(x) dx, 
Aas) ee x, —x—id’ 

—_ 1 pe _pl)(%) day 
a Sorc. x, —x+10° 


It will be shown also that the kernel of A, is Dj and that its range is 
F+,, so that it maps D,/D; isomorphically onto Ft, . Similarly, A_ maps 
D,/D~¢ isomorphically onto F-, . 

We shall see also that there exist no pairs of representations other than 
those already discussed in Sections 2.2 and 2.3 that possess intertwining 
operators. 


Remark. In Section 3.3 of Chapter ITT we called two irreducible 
representations closest relatives if they were induced by a given operator 
irreducible representation, one of them on an invariant subspace and 
the other in the corresponding factor space. We have also called two 
irreducible representations related if they could be connected by a finite 
chain of closest relatives. It can be shown that the finite-dimensional 
representation on E, is a closest relative of the representations on 
Ft, and F_,. Thus the representations on these two subspaces of D_, 
are related. It can be shown that they are not, however, closest relatives, 
and that there exist no other such relations between the irreducible 
representations of G. # 


2.4, Unitary Representations 


In Sections 5.1 and 5.2 we shall find the conditions under which there 
exists in the carrier space of a representation a Hermitian positive 
definite functional (¢, 4) invariant under the representation. When such 
a functional exists it can be thought of as a scalar product, and when 
the space is completed with respect to this scalar product, the representa- 
becomes a unitary representation of G on a Hilbert space. 

It will be shown that a scalar product can be introduced in D,, x =(5, 8), 
in the following two cases. 
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Case 1. s = tp is imaginary, and « = 0 or 1. Then the scalar product 
is of the form 


(8) = [oa ybe) dx, 


We shall call a representation on D,, with y = (ip, «), a representation 
of the principal series. 


Case 2. « = 0, and s # 0 is a real number such that —1 <s < 1. 
For this case the scalar product is 


(7, $) = To i im | x — | §Vep( 22, )of(xg) dx, dx, . 


A representation on such a D, will be called a representation of the 
supplementary series. 

It is remarkable that these two cases do not include all the irreducible 
unitary representations of G. There exist also unitary representations 
acting on invariant subspaces of D_, for nonnegative integers s. Recall 
that D_, is the space on which the representation is given by 


T_ (eye) =f (F) (Bx + 8, 
and that it contains the two invariant subspaces F*, and F_, consisting, 
respectively, of the limits of functions analytic in the upper half-plane 
and the limits of functions analytic in the lower half-plane. We shall 
see that it is not possible to introduce a scalar product on all of D_,, 
but that it is possible to introduce one on each of these two invariant 
subspaces. In exhibiting these scalar products, it is convenient to realize 
Ft,, for instance, not as a space of functions on the real axis which are 
the limits of certain analytic functions, but as the space of functions 
g(z) analytic in the upper half-plane. Then the scalar product in Ft, 
is given by 


sla 1 dz di 
(7,8) = Fey 3 | v2 Mle\(lm 2) as a, 
where the integral is taken over the upper half-plane. A similar formula 
gives the scalar product in F-,. We shall call the representations on 


F+, and F-, for nonnegative integers s representations of the discrete 
sertes. 


3. Invariant Bilinear Functionals 


The results we have been summarizing in the preceding few para- 
graphs on the representations of G will all be obtained by a single method 
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involving the use of invariant bilinear functionals. Specifically, we shall 
start by solving the following problem. Consider two representations 
T,,(g) and T,,(g) of G. We may then ask when these representations 
possess an invariant bilinear functional Recall that a bilinear functional 
Big, #), for pe D,, and ye D,,, is called invariant if 


B(T,,(g)¢, T,,(8)) = Ble, ) 


for every g EG. 

This problem will be solved in the next few sections. The solution 
will proceed essentially in the same way as the solution to the analogous 
problem in Chapter III; that is, we shall consider not all matrices of G, 
but just the following three:® 


0 


aol 


0 


1 01 
x 1 , &=|_4 al: 


a 
a =| ’ a =|5 


It can be shown that every matrix of G can be written as a product of 
such matrices, so that in determining whether a bilinear functional is 
invariant it is sufficient to consider the operators corresponding to 
just these three forms. 


3.1. Invariance under Translation and Dilation 


Consider two representations of G, 


T,(g)e(s) = | Bx + 8 |" sgn(Bx + 8) o(F—2) (1) 
and 
T(@)yde) = | Bx +8 |** spne(Be + 8) (25), (1’ 


acting on D,, and D,,. We want to find a bilinear functional Big, #) 

invariant with respect to these representations for g in one of the two 

forms 

1 | 
1; 


mt alg 2 


, 


which we shall call, respectively, the translation form and the dilation 
form. Further, we shall restrict our considerations temporarily to 


5 These matrices give rise to the translations x — x + x,, the dilations x — a*x, 
and the inversions x + —I/x, 
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infinitely differentiable functions (x) and x(x) with bounded support. 
The representations of matrices of the translation form are 


T,,(g) P(x) = 9(* + %9); 
T,(8)y(x) = (x + %o). 
Thus for this form the invariance of the bilinear functional becomes 
Bg, f) = B(pe + %), We + %)). 


We now make use of the following result. Every bilinear functional 
B(g, #) invariant with respect to translations on the space K of infinitely 
differentiable functions of bounded support is of the form 


B(g, $) = (Bo, »). (2) 


Here B, is a linear functional on K, and w(x) is the function defined by® 


wf) = f ola yb(™ + 2) dry . (3) 


Thus we know the general form of a bilinear functional invariant under 
operators corresponding to matrices of the translation form. 

We wish further that B(p, %) be invariant under 7\(g) for g in the 
dilation form. These operators are given by 


T,,(g)9(x) = | « |-%*1 sgnsa p(o?x) 


and 
T,,(g)y¥(x) = | « |~%*? sgnea p(o*x). 


The condition that B(y, 4) be invariant undert these operators may 
consequently be written 


B(g, xf) = | & |" 2? sgnt2a B(p(o7x), y(a*x)). (4) 


Note first that this requiries that T,(g) and T,,(g) have the same parity. 
Indeed, if we set « = —1 in (4), we obtain 


Big, ) = (—]I)B(g, ), 


which implies that e, = e&. 


® See Chapter III, Section 4.2, the discussion after Eq. (4). 
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We now substitute (By , w) for B(¢, %) in (4). By bearing in mind that 
f ploP orl + xy]) dy 


=a? | G(x, )yb(o®x + x) dx, = a~®w(a*x), 


we arrive at 
(By, w) = | a [#1 2(By , w(ox)). 


Now let « > 0 and replace « by «?. Then this equation becomes 
(By, ) = a Fart2)(By , w(ax)), (5) 


which shows that B, is a homogeneous generalized function of degree 
A= —3(% + %) — 1. 

For the reader’s benefit we recall some of the basic properties of 
homogeneous generalized functions of a single variable.? For every 
complex number A there exist, up to a constant factor, one even and one 
odd homogeneous generalized function of degree A, and every other 
homogeneous generalized function of this degree is a linear combination 
of these. They are defined as follows. For A # —1, —2,..., the even 
generalized function | x |* is given by 


+00 
(le Pg) =f 1x P(x) dx, 
and the odd generalized function | x |* sgn x is given by 
(| x | sgn x, p) = i” | * |* sgnx y(x) dx. 


Both of these integrals converge for ReA > —1. For ReA < —1 they 
are understood in the sense of their regularizations, which is to say that 
they are given by analytic continuation in A. For \ = —k, where k is a 
positive integer, there exist two linearly independent homogeneous 
generalized functions of degree A; these are 8(-0(x) and x-*, One of 
these is even and the other is odd. 

We have thus established that an invariant bilinear functional B(9, #) 
can exist only for representations T,(g) and T),(g) of the same parity. 
When it exists, this functional is given for each pair of functions » and # 
of bounded support by the expression 


Bp, ¥) = | Bole) | o@ + ma) dy de, 


7See Volume |, pages 80 and 81, 
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where B,(x) is a_ generalized homogeneous function of degree 
— 4s, + s,) — 1. In general B,(x) is of one of the two following forms. 
If ds, + 5.) 4 0, 1, 2,..., then 


B(x) = C, | x |-Hart)-1 4 Cy | x [Hit sen x, (6) 
If $s; + s,) = 0, 1, 2,..., then 
Bo(x) = Cyd #42)(x0) + Cae Hert a2)-1, (7) 


3.2. Necessary and Sufficient Conditions for the 
Existence of an Invariant Bilinear Functional 


Let us now find the values of s, and s, for which an invariant bilinear 
functional may exist. Assume that such a functional exists, so that 
according to Section 3.1 it is given for p and % by 


Bp, #) = | Bolo, — m) 9m Yn) doy dry , 


where B,(x) is a homogeneous generalized function of degree 
—4(s, + s,) — 1. Let us now use, in addition to the requirement of 
invariance under translation and dilation, the requirement that the 
functional be invariant under inversion. Assume, therefore, that gy is 
given by 


= 0 1 
bo = | -1 0 } 
so that 
T,,(go)p(*) = | x [8-1 sgn‘ g(—1/2), (1) 
T,(8o)Y(x) = | x |%71 sgn¢x y(—1/x). (1’) 


Now since these transformations will in general transform functions 
of bounded support into functions whose support may not be bounded, 
we shall have to place additional restrictions on g(x) and (x). Let us 
require, therefore, that each of these functions vanish in some neigh- 
borhood of x = 0. In this way T, (go)p and T,,(g,) will have bounded 
support. 

Now the condition that the bilinear functional be invariant under 
these operators becomes 


| Boer — Xq)p(X1)yY(xq) dx, dx, 


= f Bolo — Xy)] xy 8171 | ag [S271 sgné (4x9) 


x p(—1/% 1) —1/x_) dx, doy . (2) 
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Now let us write x, = —1/x, and x, = —1/x,. Then this equation 
becomes 


Ff Bolas — nde) dry di 


xX, — % 
= J Bo (A) br aa rt sgn (ar) 


x $(%1) Y(x_) dx, dx, , (2’) 
We wish to find now the values of s, and s, for which this is possible. 


Consider first the case in which 4(s, + s,) #0, 1,.... Then B,(x) 
is of the first form given by Eq. (6) of Section 3.1. We shall write® 


Bo(x) = | x |7#t#)-1 sen¥ x, =v = 1,0. 


In order to ensure that the integrals in (2’) converge in the ordinary 
sense, we must make some further assumptions on q(x) and x(x). 
Specifically, we assume that these functions have nonintersecting sup- 
ports, that is, that there exist on the line closed sets A, and A, containing 
no points in common and such that g(x) = 0 outside of A, and ¥(x) = 0 
outside of A, . Then the integrals on both sides of (2’) converge, and we 
obtain 


J | Xy — Xy [EArt et sen(x, — 2g) p(y) (xy) dx, dx, 
‘ = i | 2) — Hy [81+ 82)-1 som’(x, — xq) | xy | Peay) | xy | Pla #2) 


X sgnt"(x1 Xp) —p(%y)yb(%2) Axy dx, . 


Clearly this can be true only if vy = « and s, = s, . We conclude, there- 
fore, that of T,(g) and T,,(g) are representations of G of the same parity 
and with indices\s, and s,, respectively, such that $(s, + s,) # 0,1,..., 
then a bilinear functional invariant with respect to these representations 
can exist only if 8, = s,. When it exists, this functional is unique up to a 
constant multiple. For functions with bounded support it is given by 


Bp, $) = [ | my — my 8 sene(x, — m5) (Ha) doy dey.) 


For Re s, > 0, the integral is understood in the sense of its regularization. 
Let us now turn to the case in which 4(s, + s,) = 0, 1,.... In this 
case B,(x) is given by Eq. (7) of Sections 3.1. Let us assume first that 


By(x) = 8441+ 425)(x), 


® This might not seem to be a sufficiently general form, but it can be shown that either 
C, or Cy must be zero in the expression for Bo(x) given in Eq. (6) of Section 3.1 if Bo(x) 
is to be invariant. 


406 REAL UNIMODULAR GROUP REPRESENTATIONS Ch. VII 


Then Eq. (2’) becomes 


J SUE Fao) — 2p)ep(%)y(Xp) dx, dx, 


4s x * —8)—- —8y— € 
= [sete 2) ere | xy [7877 | xy [7271 sgné (xy x2) 
X (% p(X) dx, dx, . (4) 


This equation can be simplified by using the fact that g(x,)¢(x.) = 0 
in a neighborhood of the lines x, = 0 and x, = 0. Thus a power of 
x, can be carried outside the 5 function.® Then (4’) becomes 


J Steet (a, — 22) (om dyay) dir dy 
= fsttneten(a, — Xq)| 21 [782 | x |782(21%_) #4142) sane (x19) 


X (x1)Y(X_) dx, dxz , 
so that 


[ettsrten (aya) dee = f [] 2 [emnig(ay]tatiae | x [Hatta de. 


It follows that 


tit #82)( x) = | x [FGs.-82)[| x | #¢8a— 81) pac) ] 4 8nt 82), 


This equation is obviously valid for s, = s,. If, however, s, ~ s,, then 
5, = —S,, since otherwise differentiation would yield more than one 
term on the right-hand side. 

Thus if $(s, + 5.) = 0, 1,... and the bilinear functional is given by the 
kernel §'481+482)(x, — x2), the functional can be invariant only in two cases: 


Case 1. 5, = 8. 


Case 2. 55 = —5S,. 
Let us now assume! that 


B(x) = x7 Bert 82)-1, 


® See the analogous discussion following Eq. (4) of Chapter III, Section 4.5, 

10 Tt might seem that we ought to treat the general case of a linear combination of the 
8-function kernel we have just been discussing plus the one we are now starting to discuss. 
It can be shown, however, that nothing new is added in this way. 
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Then again assuming that g(x) and x(x) have nonintersecting supports, 
we have from Eq. (2’) 


J Gy — ag) Hetty (ay (mp) doy dy 


f(xy ay) Herter 7 | ag [A ag) ete 


X Sgn*(21X_) P(X, )yb(X_) dary Axe « (5) 


Obviously this can be a true statement only if s, = s, (recall that s, and 
Sg are nonnegative integers) and s, + 1 is of the same parity as «. We 
have found such conditions for s, and s, before, when treating the func- 
tional whose kernel is 5(#+482)(x, — x,). 

Note that the representation operators in the present case are given by 


T,(g)9(x) = (Bx + 8)-%p ( 


T,(e)a) = (Bx + 8)" (FE ), 


where s, and s, are integers. We call such representations analytic 
representations." It is seen that analytic representations may in general 
possess two different bilinear functionals. This is a peculiarity of the 
real group. In the complex group, as we have seen in Chapter III, the 
invariant bilinear functional on D, is always uniquely defined up to a 
constant multiple. 

‘Thus we have found the necessary conditions for the existence of bilinear 
functionals invariant under T, (g) and T,,(g) for (s; + s,) = 0, 1,...- 
Such functionals can exists only if the representations have the same 
parity, that is, ife, = «, = e andif either s, = s, ors, = —s,. When it 
exists, the bilinear functional is unique up to a constant factor, except 
for a special case. If T, (g) and T,,(g) are analytic representations such 
that s,; = s, = 0,1,..., there may exist two independent invariant 
bilinear functionals. 


41 As was mentioned in Section 2.1, the spaces on which these representations act 
contain invariant subspaces. Specifically, for s; = 0, —1, —2,... there exist two invariant 
subspaces, one of which consists of functions which are the limits of functions analytic 
in the upper half-plane, and the other consists of functions obtained similarly from the 
lower half-plane. The situation is similar for s; = 1, 2, .... This is why these representa- 
tions are called analytic. 
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It can be shown that these necessary conditions are also sufficient 
conditions for the existence of invariant bilinear functionals. The proof 
is almost identical with that for the complex group (see Chapter ITI), so 
we Shall omit it and merely summarize the final results. 

Consider two representations of the real group 


T,(@)o(2) = | Bx + 8 |** sgne(Be + 8) of = 4) 


and 


Tas(@W(2) = | Bx + 8 [t+ spne(Bx + 8) o(E ak 


These representations will have an invariant bilinear functional if and 

only if they are of the same parity (that is, «, = e,) and if either s, = s, 

or s; = —s,. The desired functional B(g, #) is defined as follows. 
For s, = —s, 


By, ¥) = | (ate) de. (6) 

For s, = s, #0, 1,..., Big, #) is defined for functions g(x) and 
(x) with bounded support by 

Ble, $) = ix | %y — Xy [WT sgna(x, — Xe) (ay )yY(%q) day dey (7) 

(understood in the sense of its regularization for Res, > 0). The 

definition is extended to arbitrary functions q, % by linearity and inva- 


riance (see Chapter III, Section 4.4). 
For s, = s, = 0,1, ..., but nonanalytic representations, 


Boe, $) = J oa yyle) dx. (8) 


In the special case in which s, = s, = 0,1, ... and the representations 
are analytic, in addition to this last functional there exists 


BO, #) = J (1 — aa) ps bea) dey dy (9) 


(understood in the sense of its regularization). 


2 Tt is easily shown that this integral converges for arbitrary g(x) and (x). 
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3.3. Degenerate Invariant Bilinear Functionals for 
Analytic Representations 


Let us consider in more detail the question of invariant bilinear 
functionals for analytic representations of G, that is, for representations 
of the form 


= Fas fait d 
T,(e)o(2) = (Bx + 89), 
where ¢ is an integer. 

Consider first the case in which s is a nonnegative integer. Then for 


functions with bounded support we have 


Bg, p) = | Bo(x1 — %2)p(%,)¥b(xq) dx, dx, , 


where B,(x) may be any homogeneous generalized function of degree 
—s—1l. Thus there exist two linearly independent invariant bilinear 
functionals. Let us try to obtain formulas defining these for arbitrary 
functions in D,. We choose (« — i0)-*-! and (x + 20)~*-1 as our linearly 
independent homogeneous generalized functions of degree —s —1,¥ 
and study the functionals corresponding to them. For g(x) and ¢(x) 
with bounded support, these functionals are defined by 


BC) = | (% ~ % — OY g(x (xp) doy dy, (1) 
B_(p, ) = [ (1 ~ 2 + 10)-* 4g (ry Wi(xp) doy dy - (1' 
Let us rewrite these equations so that they will remain meaningful for 


arbitrary functions in D,. We do this by associating with every ¢(x) 
with bounded support the two functions 


il) = arf rs Be ae (2) 
1 (1) G 
e-) = a5) gow 2) 


These functions are the boundary values of functions analytic on the 
upper and lower half-planes, respectively, and 


P(x) = (*) + p(x). 


183See Volume 1, pages 59 and 60. 
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It is then clear that B, and B_ can be written in the forms!* 
BL, ¥) = | pax) de, (3) 


B_(,#) = | (xx) dex. 3’ 


These integrals are known to converge if y(x) and (x) have bounded 
support. We assert that they converge also for arbitrary g(x) and x(x) 
in D, and hence define invartant bilinear functionals on all of D, . 


Proof. We first show that o‘°(x) = [p©(x)], and p(x) = [p(x)]_ 
exist for every (x) € D,. Indeed, we have the asymptotic expansion 


oe) ~ > ayx* (4) 


k=—oo 
as |x | —» 00. By differentiation, then, 


=s-1 


px) DY Dye! 


k=—o0 
and therefore for large | x | 


p(x) ~ Cx, 


hence this function can be used to define p(x) and p(x), which 
therefore exist. 

Further, as is easily verified, asymptotically for large |x| these 
functions behave according to 


P(x) ~ Cyr, g(x) Cyr. (5) 


In the same limit, on the other hand, 
(x) ~~ Cx}, 


and these results together imply the convergence of the integrals in (3) 
and (3’), which thus are invariant bilinear functionals defined on all 
of D, for an analytic representation. 

From this result we can deduce an interesting structural property 
of D,. Note that B,(y, %) and B_(y, #) are degenerate functionals, 
in that there exists a subspace Dy C D, of q(x) functions such that 
B.(y~, 4) = 0 for every % € D, . In fact, Eq. (3) shows that D; contains 


14 We have dropped the constant factors. 
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all »(x) functions such that (x) = 0, or in other words such that 
p'8(x) = ¢'8(x). Obviously this condition means that g(x) is, to within 
a polynomial of degree s — 1, the boundary value of a function analytic 
on the lower half-plane. Further, Dj is invariant, as follows immediately 
from the invariance of B,(9, #). 

In a very similar way, B_(9, #5) is degenerate on a subspace Df C D, 
of y(x) functions which, up to a polynomial of degree s — 1, are boundary 
values of functions analytic on the upper half-plane. 

Finally, the intersection of Df and Dj; is the finite-dimensional 
subspace E, of all polynomials of degree s — 1 and less. Summarizing, 
the carrier space D,, s = 1, 2, ..., of an analytic representation contains 
three invariant subspaces, one finite dimensional and two infinite 
dimensional. 

Let us now turn to negative integers s. In this case there exists to within 
a constant multiple only the one invariant bilinear functional 


Bp.) = | = xa )bee) diy dy (6) 


This integral converges for all functions in D,, and thereby defines a 
functional on the entire space. Obviously B(g, #4) is degenerate on the 
subspace F, of g(x) function for which 


| #92) ax = 0 for k =0,..., —s—1. 


Further, F, is an invariant subspace. We shall see later that it is the 
direct sum of two other invariant subspaces F{ and F; , so that in this 
case also D, contains three invariant subspaces. 


3.4. Conditionally Invariant Bilinear Functionals 


Having shown that the bilinear functionals invariant under analytic 
representations of G are degenerate on certain invariant subspaces, 
we now assert that there exist on these subspaces new invariant bilinear 
functionals. We shall deal with the various cases separately. 

An analytic representation with index s = —1, —2, ... possesses the 
invariant functional given in Eq. (6) of Section 3.3, which is degenerate 
on F,C D,. There exist, however, two bilinear functionals invariant 
on F,, whose kernels are the associated homogeneous generalized 
functions 


(x, — x2)~*1 In(x, — x2 — i0) and (x, — x,)~*-1 In(x, — x. + 10). 
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The invariance of these functionals, 


Bile, $) = | (x1 — %2)~*4 In(xy — x2 — 10) —p(xy)y(x2) dx, dxy 
and 


B_(p,$) = | (1 — 2)" 4 I(x — 2 + 10)p( (2) din, do, 


is easily verified by direct calculation. Note that B, is degenerate on F;, 
the space of functions in F, which are the boundary values of functions 
analytic on the lower half-plane. Similarly B_ is degenerate on Ff. 
It will be shown in Section 4.3 that F, = F}@ F;. Then B, is nonde- 
generate on F}, and B_ on F;. 

We now turn to analytic representations for s = 1, 2,.... Then the 
two existing linearly independent invariant bilinear functionals on 
D, are degenerate on the subspace E, consisting of polynomials of degree 
s — | and lower. We wish to find a bilinear functional invariant on E, . 
Let C(y, #) be such a functional. It is clearly uniquely defined by the 
constants 

Cry = C(x", x), k,l =0,...,s — 1. 


We assert that c,, = 0 for k + 1 ~s— 1. Applying a matrix of the 
dilation form, 


a 0 
e=(6 on |P 


we arrive at 


Cpy = AHEM HBS, 


which yields the desired result. Thus we need to find only the constants 
Ck,s-1-k - Applying a matrix of the translation form, 


O = C(x*, x8-*) = C([x + %]*, [x + x] 5-*). 


X 1 


we arrive at 


By expanding in powers of x, on the right-hand side, we obtain 


Rex_y.s-~ + (8 — R)ee,sar-e = 9, 


which yields 
Rki(s — 1 — k)! 
Ck, s1—-k = (—1)* = — 1)! 
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(we have set cy, = 1). Thus for the polynomials 


s-1 s-1 
9(x) = > aux" and (x) = > bx 
k=0 k=0 


we obtain the bilinear functional 


Clg. ¥) = > 1)k a pe eee (1) 


It is easily verified that C(g, #) is indeed invariant. 


4. Equivalence of Two Representations 


We now go on to find the conditions under which two representations 
T,,(g) and T,,(g) of the real group G are equivalent. 


4.1. Intertwining Operators 


Let 
T(e)ol2) = 9 (FS) | Bx + 3 |" sgns (Bx + 8) 
and 


Tee) = (GTZ) | Bx + 8 |" sgne (Be + 8) 


be two representations of G on D,. and Dy,» tespectively. Let us first 
find the conditions under which there exists a continuous mapping of A 
of D,, into D,, such that 


AT,,(g) = T,,(g)A. 


Recall that the representations are called equivalent if A is a one-to-one 
continuous mapping of D, onto D,, 

We start by establishing a relation between such intertwining operators 
A and invariant bilinear forms. Let A be a continuous mapping of 
D,, into D,,, and let (%,) be an invariant bilinear form on D_,, 
and D,, , where =a = (—s2, €g). Then we found in Section 3.2 that 
(#, p) exists and is given by 


00 
(oe) =f Wa)e(a)dx,  PEDys PED. 
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We now associate with A the bilinear functional Big, ¥) on D,, 
and D_,, defined by 


By, #) = Ws Ag) = [_ Wa)Ag(a) ds, PEDy, PED g. 


We may then assert that A intertwines with T, (g) and T,,(g) if and only 
if B(g, ) exists and is invariant under T, (g) and T_,,(g).¥ 

We have already established the conditions under which invariant 
bilinear. functionals exist. Then by substituting —y, = (—s., €,) for 
X2 = (Sy, €,) in these conditions, we obtain the following conditions 
for the existence of an intertwining operator A. 

Two representation T,(g) and T,(g), where x, = (8,6) and 
Xe = (So, €2), Possess an intertwining operator A #0 which maps D,, con- 
tinuously into ee t.e., one such that 


AT,,(g) = T,{g)A, 


if and only if « = €, = €, and either s, = 8, or 5, = —Sq. 

Let us now obtain expressions for such A operators. Consider first 
the case in which s, = s,, thatis, T, (g) = T,,(g) (we write y = x, = x2). 
Then every bilinear functional invariant under 7,(g) and T_,(g) is of the 
form 


00 
Bop, W) =A] He)o(x) dx. 


By comparing this with our previous expression for B(g, %) in terms of A, 
we conclude that every operator on D, that commutes with T\(g) ts a 
multiple of the unit operator. Thus all the T,(g) representations are operator 
irreducible. 

Now consider the case s, = —s, = s. Let us assume first that 7,(g) 
is not an analytic representation with s = 0, 1, .... Then every bilinear 
functional invariant under T,(g) and T_,(g) may be written either in the 
form 


00 
Big, ) =A P |X, — x2 |-#! sgnt(xy — x2) p(X) (x) dx, dx, , 
fors #0, 1,..., or in the form 


co 
Bp) =A] g'M(aW(x) de, (1) 


fors = 0, l,.... 


15 The proof of this assertion is the same as for the case of the complex group. 
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We thus conclude that an operator A intertwining with T,(g) and 
T_Ag) (except for the case of analytic representations with s = 0, 1, 2, ...) 
may be given as follows: 
Ifs #0, 1, 2, ..., then 
f-00 
Ag x) = fo | — x 8 sgne(x — x) (a) dy (2) 


(understood in the sense of its regularization for Res > 0). 
Ifs = 0, 1, 2, ... [but T,(g) ts not an analytic representation], then 


Ag(x) = p(x). (3) 
These formulas can be unified in the form 
Agl®) = a7 fla —# lM sem — sodden.) 


All that remains is to consider the analytic representation with 
s = 0, 1, 2,..., that is, 7,(g) and T_,(g) given for such s by 


T.(e)o(2) = 9 (G4) (Be + 8)" 
(5) 


(ex) =o (Fe £2) (pe + aye 


For this case any invariant bilinear functional on D, = D, is of the 
form, as was shown in Section 3.2, 


BOW) = [_ Byp'P(2) + AwSCIIM) de, 


where 


1 (3) x. 
pl() f p(x) 1 de 


2m J x, — x —10 


1 p!*(x;) 
(s) 
gate) oe oe 


and A, and A, are arbitrary constants. We then conclude that any operator 
A intertwining with the analytic representations of Eq. (5) must be of the form 


to p(x) Ag f? __ p'?(%) 
sc xf ge wae) ete 


where A, and X, are arbitrary constants. 
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4.2. Equivalence of Two Representations 


We now find the necessary and sufficient conditions for T,(g) and 
T,(g) to be equivalent representations. In Section 4.1 we obtained 
necessary and sufficient conditions for T,,(g) and T,,(g) to possess an 
intertwining operator. These were found to be that the representations 
have the same parity and that s, and s, may differ only, if at all, in sign. 
In order that the representations be equivalent, it is further necessary 
that the intertwining pega be a one-to-one continuous mapping 
of D,, onto the entire space D,, 

To. proceed, consider the two. representations 


T,(eo(=) = 9 (Z4) | Bx + 8 [P+ sgn (Bx + 8) (1) 
and 
T,(gWAs) = 4 (5+) | Be + 8-4 sgn (Bx + 8) (1") 


possessing an intertwining operator. We shall show that except for the 
special case in which T,(g) and T,(g) are analytic representations, they 
are equivalent. 


Proof. By assumption there exists a continuous mapping A of 
D,, into D,, such that 


xy 


AT,,(g) = T,,(8)A. (2) 


From the results of Section 4.1 there also exists a continuous mapping 
A, of D,, into D,, such that 


T,,(g)A, = AiT,,(¢)- (2’) 
Consider the mapping 4,4 of D,, into itself. Equations (2) and (2’) 
imply that 
A,AT, (8) = To(g)A,A, 
and since 7, (g) is operator irreducible, it follows that 
AA AE 


where E is the unit operator. 
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We assert further that A, 4 0. For the proof let us assume first that 
s is not an integer, so that A and A, can be written 


Aghs) = Fem fe 81 seme ~ m) oe) a, 


Auol2) = Fey [|e — 81 tages — 5) of) a 


We shall consider only functions g(x) which are what we have called 
rapidly decreasing (that is, rapidly decreasing with all of their derivatives) 
and such that their Fourier transforms ¢(c) = F[(x)] vanish in a 
neighborhood of o = 0. Let us now take the Fourier transforms of the 
expressions for A and A,. Then the convolutions become products of 
Fourier transforms, and we must find the Fourier transforms of 
| x |-*-l sgn‘ x and | x |*-1 sgn‘ x. These can be calculated from the 
formulas!¢ 


[el a AR at 

Flraay! = a ae ae 

| x [A sgn dies NTE, fa i 
Fl FatD = 2icos > |¢| sgn. 


It thus follows that F[A,Ay(x)] = A,F[p(x)], where A, = 4 cos? gsr 
when e = Oands 4 +1, +3,..., and A, = 4 sin? dsa7 when « = | and 
s #0, +2, +4,.... Note that A, 4 0 in both cases. 

Thus 4,A is a nonvanishing multiple of the unit operator, and in the 
same way it can be shown that 


AA, = AE, 


where A, 4 0. It is then obvious that A and A, are each one-to-one 
continuous mappings onto the entire space. This completes the proof 
that the representations of (1) and (1’) are equivalent. 

Now consider the special case in which 7, (g) and T,,(g) are analytic 
representations, so that 


T,,(@)9(8) = 9 (G5) (Bx + 3 (3) 
T, (a9) = 4 (FF) (Be + 8-45 3’) 


16 See Volume 1, page 359. 
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where s is an integer. We assert that (for s 4 0) these representations are 
inequivalent. In order to be definite, let us assume that s > 0. Then 
every operator A mapping D,, onto D,, so that 


AT,,(g) = T,,(g)A 


is of the form 


Ay r~ p'*\(x1) dx Ag i p(x) dx, 


ko ames a) 2mt J wo %, — x +10 


Obviously this operator is degenerate on the subspace E, of polynomials 
of degree s — | and lower, so that A is not one-to-one. This shows that 
the analytic representations (3) and (3’) are inequivalent. 

Thus we have shown that T,(g) and T,(g), x1 A x2, are equivalent 
representations if and only if the following three conditions are fulfilled: 

(a) They have the same parity. 

(b) s; = —Sy. 

(c) They are not analytic. 


4.3. Partially Equivalent Representations 


We have seen in Section 4.2 that the analytic representations 


Tale)o(x) = 9 (RE) (Be + 8) 


and 
ax +y 
px +6 


T_Aghix) = (F—4) (Bx + 8-4, 
wheres + (isan integer,” possess an intertwining operator but are never- 
theless inequivalent. Let us consider in somewhat more detail the relation 
between these representations. We shall assume, to be specific, that 
s > 0. 

We saw in Section 2.1 that 7,(g) and 7_,(g) are not subspace irre- 
ducible, in fact that D, contains a finite-dimensional subspace E, 
consisting of polynomials of the form 


s~1 
g(x) = > a.x*, 


k=0 


1” Recall that we denote by 7,(g) the analytic representation T,(g), x = (s, 6), and by 
D, the corresponding space. 
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and that D_, contains the invariant subspace F_, consisting of all functions 
y(x) such that 


oo 
| x*y(x) dx = 0 for k=0,...,s — 1. 


Thus 7,(g) and T_,(g) yield two representations each of G, namely those 
on the invariant subspaces and those on the corresponding factor spaces. 
We then assert the following. 


Assertion 1. The restriction of Tg) to E, ts equivalent to the 
representation induced by T_,(g) on D_,/F_,. 


Assertion 2. The representation induced by T,(g) on D,/E, ts equivalent 
to the restriction of T_(g) to F_,. 


Proof. Let A,(s) be a mapping of D_, into D, such that 
A,T_,(g) = T.(g)A, . (1) 
Then A, is of the form 


Aypte) = f= x) tg) dey 


It is clear that the kernel of A, is F_, C D_,. Further, every p(x) € D_, 
is mapped by A, into a polynomial of degree s — 1 or lower, and obvious- 
ly all such polynomials can be obtained in this way. Consequently A, is 
a continuous one-to-one mapping of D_,/F_, onto E,. Then the equi- 
valence of the representations on these two spaces follows immediately 
from Eq. (1). 

Let us now turn to Assertion 2. We have seen that the operator A 
defined by 

Ag(x) = p(x) 


maps D, into D_, so that 
AT,(g) = T_,(g)A. (2) 


Again we wish to find the kernel and image under A. Obviously the 
kernel is E,. Further, A maps D, into F_,, as we shall now show. 
Assume first that g(x) has bounded support. Integration by parts then 
yields 


ee ; 
[ xtp(x)dx =0 for k=0,1,...,5s—1. 


420 REAL UNIMODULAR GROUP REPRESENTATIONS Ch. VII 


Thus if g(x) has bounded support, it is mapped by A into F_,. Since, 
further, F_, is invariant, it must according to Eq. (2) contain the image 
of every function of the form T,(g)¢(x), where (x) has bounded support. 
But every functions g(x) € D, can be written as a linear combination 
of functions T,(g;,,)y,(x), where the ¢;,(x) all have bounded support. 
Thus every function g(x) € D, is mapped by A into F_,. 

We must now show that all of F_, can be obtained in this way. Since 
every function in F_, is the sum of a function with bounded support 
plus the inversion (see Section 1.2) of such a function, both belonging 
to F_,, and since further F_, is invariant, it is sufficient to show that 
every function with bounded support in F_, can be obtained in this way 
from some function in D,. Thus let y(x) be a function with bounded 
support in F_,. Consider the integral operator 


BYx) = [wey de. 


Since foE te) dx =0 for k=0,1,..., s — 1, all the functions 
Bix), .... B(x) also have bounded support. Now by applying the 
operator A = d8/dx° to B%(x), we obviously obtain (x), and therefore 
every function %(x) € F_, is the mapping of some functions in B, . 

We have shown that the kernel of the mapping A = d/dx’ is E, , and 
that the image of D, under A is F_,C D_,. Therefore A is a continuous 
one-to-one mapping of D,/E, onto F_,. Since, further, AT,(g) = T_,(g)A, 
the representations on D,/E, and on F_, are equivalent. 

We now make the following assertion: The representations of G 
on D,/E, and on F_, are reducible. More specifically, each of these subspaces 
is the direct sum of two invariant subspaces. 


Proof. Consider the operators A, and A_ defined by 


_ 1 +00 g!*)(x1) dx, 
As9(x) = Qni J 2 X, — x —i0 
and 


si ee TO p(x) dey 
A_o{x) = — ae |. x, —x +10’ 


whose sum is A. As was shown in Section 4.1, these map D, into D_, and 
intertwine with the representations, i.e., 
A_,T(g) = T_{g)A.. and A_T,(g) = _s(g)A_ 


Every other intertwining operator for T,(g) and 7J_,(g) is a linear 
combination of A, and A_. Let Dj be the kernel of the mapping 4, , 


4.3 Equivalence of Two Representations 421 


and Dt be the kernel of A_. Then clearly Dj and Df are invariant 
subspaces. From the definitions of A, and A_ it follows immediately 
that the intersection of Dy and Dt is E,. Moreover, the sum of D; 
and D¢ is the entire space D, . Indeed, let g(x) be any function in D,. 
Then for large | x | it may be expanded in the asymptotic series 


s—l1 


(x) ~ > ayx™., 


k=-—co 


Without loss of generality we may assume that the coefficients of the 
nonnegative powers of x in this series vanish [this can be achieved by 
subtracting from g(x) a polynomial of degree s — 1, which belongs to 
the intersection of Df and D;]. Then ¢(x) is square integrable and can 
consequently be written in the torm 


p(x) = pr(x) + ¢_(>), 


where ¢,(x) is the boundary value of some function analytic in the upper 
half-plane and p_(x) is the boundary value of some function analytic in 
the lower half-plane. It is easily shown that these functions also belong 
to D,, and it is further obvious that A,p_(x) = 0 and A_¢,(x) = 0, so 
that p_(x)¢ D; and ¢,(x)¢ Dj. This shows that D, is the sum of 
D; and Dj. 

The above implies that D,/E, is a direct sum of the form 


D,/E, = Dt/E, + Dj/E, . 


Now let F*, and F7, be the images of D{ and Dj under A, and A_, 
respectively. Obviously these subspaces are invariant under T_,(g) and 
their intersection is empty. Their sum is F_,. 

F+, and F-, can also be defined intrinsically. Namely, Ft, is the 
subspace of all functions in D_, which are the boundary values of func- 
tions analytic in the upper half-plane; similarly Fz, is the subspace of 
functions in D_, which are the boundary values of functions analytic 
in the lower half-plane. We prove this assertion as follows. Recall that 
F+, is the subspace of all functions in F_, that are the boundary values 
of functions in the upper half-plane. Thus we need only show that 
every function (x) ¢ D_, that is the boundary value of a function 
analytic in the upper half-plane belongs to F_, , that is, has the property 
that 


00 
[ xkg(x)dx =O for k=0,1,..,5 —1. 
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Let $(€) be the Fourier transform of g(x). Because of the large-| x | 
behavior of o( x), this Fourier transform has s — 1 continuous derivatives, 
and i*g*)(Q) = [2 x*o(x) dx. But we know further that ¢(£) = 0 
for € > 0, for we have assumed that g(x) is the boundary value or some 
functions analytic in the upper half-plane. Consequently (x) € F_,, as 
asserted. 

Finally, let us summarize the results which are obtained in this section. 
For the analytic representations 


T.dsyo(2) = » (2) (Be + 8) 


and 


Tse) = 0 (FS) (Be + aye 


acting on D, and D_,, s = 1, 2,..., we have established the following. 
D, contains three invariant subspaces: 
1. E,, the space of all polynomials of degree s — | and less; 
2. Dt, the space of all p(x) such that A_y(x) = 0; 
3. Dy, the space of all g(x) such that A,¢(x) = 0. 
Here A, and A_ are mappings of D, into D_, defined by 


= 1 p(x) dx, 
A.9() ~ Oni J a x, —x—10’ 


1 io p(x) dx, 
Qni | _., x, —x* p10" 


A_¢(x) = 


The intersection of Dj and D; is E, , and their sum is the entire space D, . 
(It is also possible to characterize Df and D, as the subspaces of D, 
which, up to polynomials of degrees — 1, and lower, are boundary values 
of functions analytic in the upper and lower half-planes, respectively.) 

D_, contains three invariant subspaces: 

1. F_,, the space of all g(x) such that fre xko(x) dx = (Q for 
k=0,1,..,58—1; : 

2. Ft, , the subspace of functions that are boundary values of functions 
analytic in the upper half-plane; 

3. F-, , the subspace of functions that are boundary values of functions 
analytic in the lower half-plane. 


Further, F_, is the direct sum of Ft, and F-, .18 


18 D, has an even simpler structure: it is the direct sum of the two invariant subspaces 
Dy = Ff and Dy = Fy. 
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We have also established the equivalence of the representations in the 
following pairs of subspaces: 


1. E, and D_,/F_,. The latter is mapped onto the former by the 
operator 


Ags) = [= 8) oC) di 


2. D,/E, and F_,. The former is mapped onto the latter by the 
differential operator d%/dx°. 

3. Dz/E, and F*, (or Dy/E, and Fz,). The former is mapped onto 
the latter by A, (or A_). 


Remark. It can be shown that the inverses of A, and A_, which 
we shall denote by B, and B_, are given by 


oO, . 
Big) =e f(y — x) Inlay — x — iD)o(x,) dey, 


B_ofs) = ef (x — =)" Inlay — x + )p(m) dx. # 


4.4. Other Models of Fi and Fy 


In Section 4.3 we studied the representations of G on F} and F, for 
negative integer s. Recall that these spaces were defined as follows. 
Fy consists of functions g(x) such that both g(x) and its inversion 
$(x) = x-1p(—1/x) are infinitely differentiable functions, and (x) is 
the boundary value of a function g({z) = (x + ty) analytic in the 
upper half-plane Im z > 0. The definition of FZ is analogous. 


In both of these spaces the representation of G is defined by 


Tele)o(x) = @ (+) (Bx + 8). 


It would be natural, on the other hand, to deal not with the functions 
g(x) on the line, but with the functions g(z) = g(x + ty), analytic 
in the upper half-plane, whose boundary values they are. When we do so, 
we obtain another realization of F? and Fj . 

Let us thus assume F{ to be the space of functions analytic in the 
half-plane Im z > 0. Then the representation of G on Ff is given by 


— fry i 
TAe)el2) = (55) (Be + 8)". 
It should be emphasized that F} does not consist of all functions analytic 
in the upper half-plane, but only of those satisfying certain subsidiary 


424 REAL UNIMODULAR Group REPRESENTATIONS Ch. VII 


conditions. Specifically, p(z) must be infinitely differentiable together 
with its inversion 

(2) = 2*49(— 1/2) 
on the closed upper half-plane. 


Remark. It is sometimes also useful to take as a model for Ff the 
space of functions analytic within the unit circle. This realization is 
obtained by replacing ¢(z) by 

l+w 
av) = (1 — #)4p (i=), 


l1—w 


which is analytic in the unit circle, and by considering Ff to be the 
space of these ,(w) functions. It can then be shown that 9,(w) e Ff 
if and only if in addition to being analytic in the unit circle it is infinitely 
differentiable on the closed unit circle. The representation of G on this 
space is most conveniently described in terms of parameters other than 
the matrix elements of g. Let 


= sl(~ + 8) + uy — 8], = gl(w — 8) — ay + )]. 
Then the representation is given by’ 
T labo) = o( Get) (bw + ay 


The derivation of this formula is left as an exercise to the reader. # 


5. Unitary Representations of G 


We now go on to find the conditions under which it is possible to 
define on the carrier space of the representation an inner product which 
is invariant under the representation. Recall that an inner’ or scalar 
product is a positive definite Hermitian functional. 


5.1. Existence of an Invariant Hermitian Functional 


Let us first find the conditions under which there exists in D, a 
Hermitian functional (gy, %), not necessarily positive definite, which is 
invariant in the sense that 


(pp) = (T,(g)¢, 1 (gp). 


19 As is well known, the transformation w’ = (aw + 6)/(bw + 4) transforms the unit 
circle | w| < 1 into itself. 
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This may be done by establishing a relation between invariant Hermitian 
functionals and the invariant bilinear functionals studied in Section 2. 
Let us then assume that there exists a Hermitian functional (g, ¥) on 
D,,x = (s, «). We may associate with it the bilinear functional 


Bp, $) = (p #), (1) 


defined on D, and D,, where x = (5, €). 

Obviously (¢, #) is invariant if and only if B(g, %) is also invariant. 
Now we have found the conditions under which there may exist an 
invariant bilinear functional on D,, and D,,. By setting xy, = x and 
X2 = X, we arrive at the following condition for the existence of an 
invariant Hermitian functional. 

An invariant Hermitian functional (y, ~) on D,, x = (s, ©), will exist 
if and only if s satisfies one of the two following conditions: 


Case I. 5 = 6. 


Case 2. 5 = —6. 

In other words, s must be either real or pure imaginary. 

From our previous results we can also immediately obtain an expres- 
sion for the invariant Hermitian functional when it exists. We start 
with Case 2. 

Let s = ip, p #0. Then 


+00 
(et) =AJ_ ola)Ha) de. (2) 
Now we take Case |. Let s be real, but s 4 0, 1,.... Then 
(md) =Af lx — a sgn, — 5) (mm) de dee, 3) 


where « is the parity of the representation (for s > 0 the integral is to be 
understood in the sense of its regularization). 

Now let s be a nonnegative integer. Then (except for the special case 
in which T,(g) is an analytic representation)®° 


(8) =A] 9 ayhx) de. (4) 


20 Note that Eqs. (3) and (4) can be unified into the single formula 


1 


T(—s | 7 | xy — x2 [#1 sgn*(x, — x2) o(xy) (x2) dx, dx, - 


(yg, p) = A 
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In the special case in which 7,(g) is an analytic representation and 


s = 0, l, ..., the invariant Hermitian functional depends on two arbitrary 
constants. For this case we obtain 


(o.8) = [ye + Apts) de (5) 


where 


1 ft? f(x) dx 
(s) £2 1 1 
C= =e ee 0° 


1 pt? pl(x) dx, 
(3) = ae 
vee) = i x, —x +10’ 


and A,, A, are arbitrary constants. 


5.2. Positive Definite Invariant Hermitian Functionals 
(Nonanalytic Representations) 


Let us now find the additional conditions under which the invariant 
Hermitian form for given s and « is positive definite. As we have seen, 
if s is pure imaginary, then 


(eo) =f oahfte) de. (1) 


This is obviously positive definite, so that we need only consider the 
case of real s. We restrict ourselves also in this section to the case of 
nonanalytic representations, and shall deal with that special case sepa- 
rately in the next section. Note that for our purposes, therefore, 7,(g) 
and 7_,(g) are equivalent, and we may therefore assume that s < 0. 

Proceeding, then, with s <0, our invariant Hermitian functional 
is defined by the convergent integral 


(eb) =F P| my — ae FM semt(a, — 2) ol bBlae) de, dey (2) 


Let us write this in homogeneous coordinates, taking the model of D, as 
a space of homogeneous functions. This expression then becomes 


(pp) =i [| yxy — waxy 7 sgn (xx — 2p) 


X p(% » Xa)P(xt x) dw da’. (2’) 
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The integral here is taken along a contour w in the (x, , x2) plane that 
crosses every line passing through the origin, and a similar contour w’ in 
the (x; , x3) plane. The differential forms are 


e roa , , , 
day = x, dx_ — X_ dx; day’ = x, dx, — x, dx, . 


Actually Eq. (2) is the special case of (2’) in which the contours are 
chosen as the lines whose equations are x, = 1 and x, = 1. We wish now 
to find the conditions on s and « for this functional to be of definite sign. 
It is convenient for this purpose to choose as our contours the circles 
Xx, = cos 0, x, = sin 6, and x, = cos 0’, x, = sin 6’. Then if we denote 
¢(x, , ¥,) simply by ¢(8) along this curve, we obtain 


2 pla 
(ey) =# f [| sinc@ — 67)|-*-4 sgn sin( — 6") @(O)f(6") 40 a6’. 
0 0 
Let the Fourier series for g(0) and ¥(8) be 


+00 +00 
(6) = DY) ae, — (0) =D dyet¥®. 
k=—00 k=—co 
Now recall that by definition of D, these series contain only even k for 
« = 0 and only odd & for « = 1. Thus (9, #) can be written as a 
Hermitian form in a; and },, namely 


-+00 
(p ) = 40? DX rade, (3) 
k=—00 
where the A, are the Fourier coefficients of i | sin 6 |-$~! sgn‘ sin 0. 
We mention again that if « = 0 this series contains only even indices, 
and if « = | only odd indices. We shall call this the canonical form of our 
Hermitian functional. 
Now in order to calculate the conditions under which (9, #) is of 
definite sign we need only calculate the A,. These coefficients are given 
by the following formulas. If « = 0, then 


2T(—s)(—1)* 


=a [ sin-=19 cos 2k9 do = ——_—_-\ SM") og 
ely, Tot Hrg-b-H OC 
If « = 1,71 
7 stl — __1\k 
Mg =a | sin-*-1 @ sin(2k + 1)0d@ = ipeene SA Go), Coat ay (4) 
0 I(-$s - k)T(-45 + k +1) 


21 See Ryshik, I. M., and Grastein, I.S., “Tables of Series, Products, and Integrals,” 
formula 3.454, p. 162, V.E.B. Deutscher Verlag der Wissenschaften, Berlin, 1963. 
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It is seen first that if the representation is not analytic (that is, ifs 4 —n, 
where 7 is a positive integer of parity opposite from e), the coefficients 
of the canonical form do not vanish. Thus except for these special 
cases the invariant Hermitian functional is nondegenerate. Second, 
we may go on to determine the signs of the A, . For « = 0 we have 


sgn Ay, = (—1)* sgn [I'S — $8 + AI(S — 98 — A]. 


This means that sgn A, = sgn A_., and that for | k| > —4ds + 1) the 
Ag, all have the same sign, while for | k | < —}(s — 1) the signs alternate. 
This means that if y = (s,0), where s <0 but s 4 —1, —3,... (that 
is, 7T,(g) is not an analytic representation), the invariant Hermitian 
functional 


(m8) = | lo — me Fp) dy de 


is positive definite only for 0 > s > — 1. In the interval 
—4n—1>s> —4n —3 


this functional has 2” + 1 positive coefficients in the canonical form, 
and the rest are negative. In the interval —4n + 1 >s > — 4n — 1 
it has 2” negative coefficients in the canonical form, and the rest are 
positive. 

Now let x = (s, 1) where s <0 but s #4 —2, —4,.... Then as is 
seen easily from (4’),’ 


SEN Ageia = —SQN Ape 


for sufficiently large | k | [specifically, for k such that sgn(—4s — k) 
= —sgn(—4s + k)]. Thus for yx = (s, 1) the representation of T,(g) 
possesses a Hermitian functional whose canonical form has an infinite 
number of positive and an infinite number of negative coefficients. We 
have thus established the following result. Nonanalytic representations 
possess a positive definite Hermitian form only in the following two cases. 


Case I. s is pure tmaginary. We shall call these the representations 
of the principal series. 


Case 2. Representations with « = 0 and real s + 0, where |s | < 1. 
We shall call these the representations of the supplementary series. The 
invariant positive definite Hermitian functional is given in these cases 
in the following way. 

For the principal series 


boo 
(ot) =f oe Wha) ae. 
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For the supplementary series with s < 0 
00 
(pb) = fo [ ay — x9 [2p )Pl,) de, dey 


(when s > 0 the integral must be multiplied by —1). 


5.3. Invariant Hermitian Functionals for Analytic Representations 


We now turn to the special case in which the representation is analytic. 
Recall that this means that we may write 


Tale)o(x) =» (*%) (Bx + 8), 


where s is an integer. Consider first the case of nonnegative s. Then 
as was shown in Section 5.1, every invariant Hermitian functional on D, 
is a linear combination of 


(ei. =i foes) de 


and 
+00 

(P= 8 fp ayplx) de. 
where 

3 $20 p(x) dx, 

GEG) ag J 

G(x) dev ) dx. 
(3) os 1 1 
eG aa oats. ‘x, —x +10" 


Each of these functionals is degenerate, as we have seen. Specifically, 
(y, #),. vanishes on Dz, the subspace of functions g(x) such that 
psx) = 0 [that is, (9, %),. = 0 for every fe D, and ¢ € Dj]. Similarly, 
(y, #)_ vanishes on Df. We have already dealt with Dj and Dj; in 
Section 4.3, where we established that their intersection is the subspace 
E, of polynomials of degree s — 1 and lower and that their sum is the 
entire space D, . It then follows that 


D,/E, = Dt/E, + D/E, . 


It was shown further that D{ and Dj; are invariant subspaces. 
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Consider (y, #), as a Hermitian functional on D{/E,. Obviously 
on this space the functional is not degenerate. We may show further 
that on this space it is positive definite. We prove this by going over to 
the Fourier transform 


st00 ’ 
HE) =f olapett de. (1) 


Remark. In general this integral does not converge, since for large 
| x | the p(x) functions may be expressed by an asymptotic series of the 
form 


s—1 
g(x) ~ >, ay,x®, 
k=—~—oco 


Since, however, every such function is defined only up to a polynomial 
of degree s — 1, we may assume that this series begins with the term 
a_,x~1, so that g(x) is square integrable. Then the integral is defined 
in the sense of convergence in the mean. 

Recall that the Fourier transform of p(x) is (—1)88G(€). Then it is 
easily shown that? 


Flel?(x)] = P&2g(2). 


Consequently Plancherel’s theorem implies that 
OO 0 = 
ob. =e* fo Meye) ax = Om fo lereedeo a. — Q) 


Note that since y(«) is the boundary value of a function analytic in the 
upper half-plane, its Fourier transform is a function concentrated on 
-o<€<0. 

From Eq. (2) it follows immediately that (y, #), is positive definite 
on D{/E,. It can be shown similarly that (g, %)_ is positive definite 
on D,/E,. This functional is given in terms of the Fourier transforms 


of g(x) and x(x) by 
(pp) = Qn) te gq (E)p() dé. 


We have thus established the existence of positive definite invariant 
Hermitian functionals on Dt /E, and D,/E, for s = 0, 1, .... 


22 See Volume 1, page 360. By definition, é* = | € |* for & < O and é* = 0 for > 0. 
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Now let us turn to analytic representations with s = —1, —2,.... 
For this case the invariant Hermitian functional on D, is given by 


(pb) = f(y — ma) Apoyo) doy dy « 


This functional obviously vanishes on F, , the subspace of ¢(x) functions 
such that 


pO 
| x(x) dx = 0, k=0,1,...,8—1. 
As we saw in Section 4.3, F, is the direct sum of two invariant subspaces, 
namely Ff, consisting of functions which are the boundary values of 
functions analytic in the upper half-plane, and Fy, defined similarly 
with respect to the lower half-plane. We assert now that there exists a 
positive definite Hermitian form on each of F} and Fy. This follows 
immediately from the fact that the representations of F{ and Fy; are 
equivalent to representations on D*,/E_, and D-,/E_,fors = —1, —2,... 
(see Section 4.3) and from the existence of positive definite invariant 
Hermitian forms on the latter subspaces. We present without proof the 
expressions for these forms on F+ and Fj for negative integers s(s =0 
has already been treated). 
The positive definite invariant Hermitian functional on Ff is given by 


(GPa = | (= m)-4 n(x, — 2 — 10) (ele) dy de) 


The positive definite invariant Hermitian functional on Fy; ts given by 


(9, B)— = | (% — aa) Ina, — m + 0) p(x) Pm) dey de. (3) 


Remark. These expressions can be obtained directly from the 
expressions for the invariant forms in Dt,/E_, and D_,/E_,, since the 
operators A, and A_ which map these spaces onto Ff and Fy are known. 
In any case, it is relatively simple to verify that the functionals defined 
by (3) and (3’) are invariant and positive definite. # 

We shall call the representations of G on F} ~ Dt,/E_, and 
F; = Dz,/E_, (where s = 0, —1, —2, ...) representations of the discrete 
series. 


23 Actually (3) and (3’) define functionals of the entire space D,. On D,, however, 
they are neither invariant nor positive definite. 
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5.4. Invariant Positive Definite Hermitian Functionals on the 
Analytic Function Spaces Fi and F; 


Recall that we have several realizations of F* and Fy . Let us obtain 
the expressions for the invariant Hermitian functionals in these realiza- 
tions. 

We turn first to the model in which Ff is the space of functions ¢(z) 
analytic in the half-plane Im z > 0 and infinitely differentiable together 
with its inversion ¢(z) = 2$-!p(—1/z) on the closed half-plane Im z < 0. 
The representation in this realization is defined by 


Tg)w(2) = (5) (Be + 8)", 


where s = 0, —1, —2,.... It is possible, of course, to obtain the 
expression for the invariant Hermitian functional for this model from 
the expression we have obtained for the other model (Section 5.3). 
It is easier, however, to calculate it directly. 

Thus for s < 0 we attempt to find an invariant functional of the form 


(oN) = 5] olenblerale) de de, () 


where w(z) is some positive function yet to be defined. We now apply 
Tg) to p(z) and 4(z), obtaining 


(Tee)v, TAM) = 3] GT) GED) |e + 8 P04) dea. 


Now set (az + y)/(8z + 5) = w, converting the integral to the form 


i 23-2 dw 
(T(g), T(g)b) = 2 Tox OP! a — Bw | Aaa) dw da. 
Thus invariance requires that 
f | sang 27a )n(2) dz a8 
J ~2s-2,, (8% — 
= 5) poy (OVA) a — Beto) dads. 2) 


Consequently (9, #) is invariant if and only if w(z) satisfies the condition 


v(S—* evs \= = w(z)| « — Ba j2**2. (3) 
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This determines w(z) to within normalization. We set z = 2 in Eq. (3) 
and write w(7) = 1. Then 


a — y oe 2842 | ,2 2 at 
w (prepa) slo ai Pet = Lat + 


We now separate the argument of w into its real and imaginary parts, 
obtaining 


ory + BS i 2 2 1 stl 
S(=ae tee ole e 
so that 


w(z) = (Im 2)-*1. 


It is easily verified that the w(z) so obtained satisfies (3). 

Summarizing, the invariant Hermitian functional on Ft realized as 
functions analytic on the upper half-plane is given, for s = 0, —1, —2, ..., 
by?# : 


(= Fay al, «Me Menllm aye de a. (4) 


Recall that another model of Ff is the space of functions g,(w) analytic 
in the circle | w| < 1. The transition from the functions (2) analytic 
in the upper half-plane to these new functions is obtained by 


pile) = (1 ~ w)tp(i +), 


In this realization p(w) € Ff if and only if y,(w) is analytic inside the 
circle | w#j| <1 and is infinitely differentiable on its boundary. In 
particular, every ¢,(w) is bounded in the unit circle. The representation 
in this realization is given by 


Tg) ee) = ( : 


aw+by_, : : 
eb e-1, 5 
Fo pg (+) (5) 


* The factor 1/I'(—s) is introduced so that Eq. (4) will remain valid for s = 0. Recalling 


that [y7°'/I(—s)]n0 = S(y), we find that for s = 0 


+00 2 
(7, ¥) = | 9(x) o(x) dx. 


That this functional is invariant was seen in Section 5.3. 
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where a and b are given in terms of the matrix elements of 


r=]; 3 


by 
a=4(«e+8)+uey—f)], b= 3[(«—8) ity + 8)]. 


To obtain the form of the Hermitian functional in this realization, 
we write z = i(1 + w)/(1 — w) in Eq. (4). Then 


(oP) = Fray 5), MeMbON — eo) dew as, (6) 


Note that since ¢(w) is bounded in the circle, (gy, p) < oo for every 
gy(wye Ft. 

Equation (6) can also be written in the form of a series which may be 
obtained by using the fact that 1, w, w?, ... form a complete orthogonal 
set with respect to the inner product on F? defined by (6). For the 
elements of this set we have 


R} 
(k —s)!" 


(w, w*) = | w (1 — | w |2)-*-1 dw di = 7 


1 7 
I(—s) 2 ie <1 
Thus if we write 


ow) = Dy aunt i(w) = dye 


the functional becomes 


ice) 


(p, $) = am aD, « 


This shows that if we complete F'; with respect to the norm || ¢ || = (9, ¢)*, 
we obtain the space of all functions analytic in | w| <1, such that 


(9, 2) < 


5.5. Unitary Representations of G by Operators on Hilbert Space 


In Sections 5.2 and 5.3 we found the conditions under which B or, 
in the case of analytic representations, one of its invariant subspaces 
possesses a positive definite Hermitian functional (9, ¥) invariant 
under 7,(g), that is, such that 


(e+) = (T(g)e, Tg). 
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Recall that such a functional exists in three cases: when s is pure imagi- 
nary and « = 0 or 1, whens + 0 lies in the interval —1 <5 < 1 and 
e« = 0, and when s = 0, —1,... and s + 1 is of the same parity as e. 
(In the last case D, contains two invariant subspaces each of which 
possesses its own invariant positive definite Hermitian form.) 

Now in each of these cases the Hermitian functional can be thought 
of as an inner product on the corresponding space. If this space is 
then completed with respect to the norm 


ll v |? = (¢, @); 


one obtains a Hilbert space H in which the initial space forms an every- 
where dense set. Then 7\(g) can be continued uniquely to the unitary 
operators on the entire space H. Let us denote this continuation, or 
rather these operators, also by T,(g). 

Now it is clear that this continuation also has the group property 


T (8122) = T,(81) T, (82) 


and therefore is also a representation of G. Consequently to every 
representation 7\(g) that possesses a positive definite Hermitian func- 
tional there corresponds a representation of G by unitary operators on 
Hilbert space. We then make the following assertion. Im this corres- 
pondence equivalent representations correspond to unitary equivalent 
representations, and inequivalent representations correspond to inequivalent 
ones. 


Proof. We shall first discuss the nonsingular case in which the 
representations do not belong to the discrete series. The discrete series 
will be discussed separately in Section 5.6. 

Consider two equivalent representations 7, (g) and 7,(g) on D,, 
and D,,, and assume that they possess invariant positive definite 
functionals. Equivalence means that there exists a one-to-one bicon- 
tinuous mapping A of D, on D,, that intertwines with the representa- 
tions, 1.e., such that AT, ‘(g) = = T, (ZA. Let (¢, #), and (y, #), be the 
invariant Hermitian functionals on D, and D,, , respectively. Since these 
functions are defined uniquely to “within a multiplicative factor, it 
follows that 


(9) #1 = (Ag, An, ¢ > 0. 


Therefore when properly normalized A is an isometric mapping of 
D, onto D,, , and it can then be continued to an isometric mapping of H, 
(the Hilbert space obtained by completing D,,) onto H, (the completion 
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of D,,). Obviously for the extension of A and the extensions of the 
representations the relation AT, (g) = T,,(g)A will remain valid. Thus 
the representations on H, and H, obtained by extending the equivalent 
representations T,, (g) and T,,(g) are unitary equivalent. 

Conversely, assume that 7’, (g) and T7,,(g) induce unitary equivalent 
representations on the Hilbert spaces H, and H, . Then there exists an 
isometric mapping A of H, onto H, such that AT, (g) = T,,(g)A. Let 
(¢, x) be the invariant inner product on H, . We introduce the Hermitian 
bilinear functional on H, and Hy, defined by 


Big, ip) oe (Ag, ). 


This functional is invariant under T,(g) and T,,(g). In particular, 
B(9, #) is also an invariant Hermitian functional for the pair of spaces 
D,, and D,,. But such a functional can exist, as we have seen, only if 
the representations have the same parity and either s, = —§, ors, = §. 
This implies that either s, = s, or s, = — 5, (since in the representations 
we are now considering s, and s, are either real or pure imaginary). 
Thus the representations on D, and D,, are equivalent. 

We now wish to classify the unitary representations of G. 

Representations of the principal (continuous) series. These representa- 
tions are on the Hilbert space of functions g(x) on the line such that 


00 
(P,P) = ae g(x)@(x) dx < 0, 


The representation is defined by 


T,(s)o(e) = o( G4) | Br +8 "sgn (Be + 8). 


Here p can take on any real value and e = 0 or 1, and y = (ap, €). 

We have shown that two representations of the principal series are 
equivalent if and only if they have the same parity and p is the same for 
both or differs only in sign. 

Representations of the supplementary series. These representations are 
defined by a real parameter s 4 0 in the interval —1 < s < 1. For each 
s the representation is on the space of functions g(x) on the line with 
the inner product defined by 


(8) = pee J la — aio eis) de a 
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(for positive s the integral is understood in the sense of its regularization). 
The representation itself is defined by 


T,(eyo(e) = o(ge§) (Bs + 81, 


where y = (s, 0). 
We have shown that two representations of the supplementary series 
are equivalent if and only if s is the same for both or differs only by sign. 
Representations of the discrete series. These representations are given 
by integer s = 0, —1, 2,.... To each s there correspond two represen- 
tations. The first is on the space of functions analytic in the half-plane 
Im z > 0 such that 


(y, #) = =) : J poco 9 9AM 2) *1 dz d® < 0. 


The second representation is on the functions analytic in the half-plane 
Im z < 0 such that 


1 7 Pe : 
a ean Tec cp POMB@) Um 2 [4 da dé < eo. 
The representation itself is given in both cases by 
re cet = 
Tag)w(2) = o(g-—-5) (Be + 8). 


It will be shown in the next section that the representations of the 
discrete series are pairwise inequivalent. 


5.6. Inequivalence of the Representations of the Discrete Series 


Consider the operators T,(g) corresponding to matrices of the form 


| cos @ ee 
~~ || sin 6 cos 6 ||" 


We wish to find the eigenfunctions and eigenvalues (the spectrum) of 
these operators. We shall see that the spectra corresponding to different 
representations of the discrete series are different, which then implies 
that different representations of the discrete series are inequivalent. 

We treat first the representations on the space of functions analytic 
in the upper half-plane. For convenience we go over to the realization 
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of these representations in which we deal with functions analytic within 
| w| <1, so that in accordance with Section 5.4 the inner product is 
given by 


(y, #) = roa ; I, z p(w)yb(w)(1 — ww)-*-! dw da, 


and the representation is defined by 


= aw +6 he z\s—1 
(ghee) = of -F——) (bu + a) 
(recall that s = 0, —1, —2, ...). Here a and b are given in terms of the 
matrix elemts of g by 


a=$(«+8)+Hy—f)], 56 =$[(«—8)—y +8). 


For the special type of g. we are considering, in particular, a = e” and 
b = 0, so that the representation of such a g is defined by 


T,(g)p(w) = p(e?w)e-#8-1)8, 
Obviously the eigenfunctions of 7;(g) are 1, w, ..., w*, .... They belong 


to the eigenvalues™® 


—i(8-1)@ p—t(s—3)0 —i( s—2k—1) 8 
e~ tl pO STONE: se ents 18 ats 


Note that all of the eigenvalues of 7,(g) have multiplicity 1, or that 
the spectrum of 7,(g) is simple. 

In complete analogy we find that when T,(g) is realized on the space 
of functions analytic in the lower half-plane its eigenvalues are 


etl s-1)8, et(s-3)6, en et(s-2k—1)8, eee 


It is thus seen that for different representations of the discrete series 
these 7,(g) operators are different. Consequently the representations 
themselves are pairwise inequivalent. 


5.7. Subspace Irreducibility of the Unitary Representations 


We shall now show that the unitary representations of the princtpal, 
supplementary, and discrete series are subspace irreducible, which means that 
there exist no proper invariant subspaces under these representations. 


25 These eigenvalues of T,(g) for the special form of g are often called the weights of 
the representation. 
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Proof. We shall restrict ourselves to the discrete series, since the 
proofs for the principal and supplementary series are exactly the same 
as in the complex case, which was treated in Section 6.6 of Chapter III. 
Let us, then, realize our representation on the space of functions analytic 
within the unit circle. As we have seen, 


Ty g)olw) = o(-EP) (bu + ayes 
w+ a 

Assume that the representation is subspace reducible. Then the carrier 

space of the representation is the direct sum of a pair of mutually 

orthogonal invariant subspaces H, and H, . We turn again to the func- 

tions 1, w, w?, .... These functions are the eigenfunctions of the T,(g) 

operators corresponding to 


cos@ —sin@ | 
| sin 6 cos 8 ; 


and they belong to different eigenvalues of T,(g). 

Now the w” form an orthogonal basis. Note that each of these functions 
belongs to either H, or H,, for if this were not so there would exist 
some w” such that 


w" =h, +h, h, £0, h, #0, 


where h, € H, and h, € H, . It is easily seen that h, and h, must also be 
eigenfunctions of 7,(g) belonging to the same eigenvalue as w”. But this 
is impossible, for as we have seen 7,(g) has a simple spectrum. To be 
specific let us assume that y(w) = 1 belongs to H,. This means that 
there is no constant term in any power series expansion of any function 
#(w) € H,, and therefore that every such function vanishes at w = 0. 
Now if H, is assumed nonempty, it contains at least one of the powers 
of w, say w*. By applying T,(g) to w*, where 


> 


0 
e=(o a 


we again obtain a function in H, which must therefore vanish at w = 0. 
Yet ( by 
et ORT OY 
T,(g)w* = (bw + aye ? 


where 
a=30A4+”), 6=4A—. 


Evidently [7,(g)w*],,.. 4 0, so that by assuming that the representation 
of the discrete series is subspace irreducible we are led to a contradiction. 


NOTES AND REFERENCES 
TO THE LITERATURE 


Chapter I, Section 1 


The problem of expressing a function in terms of its integrals over 
planes has been treated by several authors [Radon (38), John (25, 26), 
Khachaturov (29), Kostelyanets and Reshetnyak (32)]. The solution in 
terms of generalized functions is presented in Vol. 1. The given deriva- 
tion of the inversion formula is due to Gel’fand and Graev, and is 
presented here for the first time. Plancherel’s theorem was obtained by 
Yu. Reshetnyak. The analog of the Paley-Wiener theorem is due to 
Gel’fand and Graev (14). The asymptotic behavior of the Fourier 
transform of characteristic functions is due to John (26). 


Chapter I, Sections 2 and 3 


These results are due to Gel’fand and Graev. They are partially 
described in Ref. (14) and partially published here for the first time. 
The generalized hypergeometric function is a concept due to Gel’fand. 


Chapter II, Section 1 


These results are due to Gel’fand and Graev (15). Special cases were 
obtained earlier: lines intersecting a curve of second order by Gel’fand 
(6), and lines intersecting an arbitrary curve by Kirillov (30). 


Chapter Il, Section 2 


In essence the problem treated here was solved by Gel’fand and 
Naimark (17). In the geometric form in which it is here presented (for 
the first time) it is due to Gel’fand and Graev. 
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Chapter Il, Section 3 


These results are due to Gel’fand and Graev. In part they are given in 
Ref. (14) and in part published here for the first time. 


Chapter III 


The results of this chapter (for unitary representations of the Lorentz 
group) were obtained by Gel’fand and Naimark and appear in Ref. (17). 
The method, based on a study of bilinear forms, is due to Bruhat (4), 
who did not consider, however, integer points. The results concerning 
representations at integer points, published for the first time, are due to 
Gel’fand and Vilenkin, who are also responsible for the concept of 
the D, spaces. Tensor irreducibility was first enunciated by Gel’fand. 


Chapter IV 


The results of Sections 1-3 are due to Gel’fand and Naimark (17), 
while the method of presentation is due to the present authors. Section 5, 
the Paley-Wiener theorem, is due to Gel’fand (7) and Zhelobenko (46). 
These results were later generalized to semisimple complex groups by 
Gel’fand and Graev (10). The Paley-Wiener theorem for the real 
Lorentz group was proven earlier (in another form) by Ehrenpreis and 
Mautner (5). 

The present state of the theory of infinite-dimensional representations 
of groups is discussed in the interesting review paper by Mackey (47). 


Chapter V 


This chapter is based on a paper by Gel’fand and Graev (11) which 
makes use of matrix realizations of the spaces involved. The geometric 
presentation given here is due to the present authors. A similar problem 
for planes in Lobachevskian and Riemannian spaces was studied by 
Helgason (24) and Semyanistyi (41, 42). 


Chapter VI 


The general definition of a horosphere in a homogeneous space acted 
on by a complex semisimple group is given by Gel’fand and Graev 
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in Ref. (9), where the relation between representation theory and integral 
geometry is also clarified. The concept of a horosphere is closely related 
to that of the boundary of a symmetric space, introduced by Karpelevich 
(28). The results of Section 2-4 were first published in the Gel’fand 
and Graev paper. The geometric treatment given here is due to the 
present authors. The results of Section 5 are due to Gel’fand and 
Graev (9) [in Ref. (9) they were obtained for an arbitrary complex 
semisimple group]. The same results were obtained earlier in a different 
way by Naimark (37). Recently Vilenkin has established the relation 
between the method of horospheres and the Fock- Miller transformation. 


Chapter VII 


The results of this chapter are due essentially to Bargmann (1). In 
the form given here, they are due to the present authors and are published 
here for the first time. The behavior of representations at integer points 
is due to the present authors and is published here for the first time. 
The question of harmonic analysis on the group of real matrices is 
discussed in interesting papers by Ehrenpreis and Mautner (5), Kunze 
and Stein (33), and Pukdanszky (48). 


BIBLIOGRAPHY 


bet, 


. V. Bargmann, Representations of the Lorentz group, Ann. Math. 48, 568 (1947). 

W. Blaschke, ‘““Vorlesungen tiber Integralgeometrie.”’ Teubner, 1936-1937. 

. S. Bochner, ‘‘“Vorlesungen tiber Fouriersche Integrale.”’ Akad. Verlagsges. Leipzig, 

1932. 

4. F. Bruhat, Sur les représentations induites des groupes de Lie, Bull. Soc. Math. 
France 84, 97 (1956). 

5. L. Ehrenpreis and F. Mautner, Some properties of the Fourier transform on semi- 
simple Lie groups. I, Ann. Math. 61, 406 (1955); H, Trans. Am. Math. Soc. 84, 1 
(1957). 

6. I. M. Gel’fand, Integral geometry and its relation to representation theory (in 
Russian), Uspekhi Mat. Nauk 15, 155 (1960). 

7. I. M. Gel’fand, On the structure of the ring of rapidly decreasing functions on a 
Lie group (in Russian), Doklady Akad. Nauk S.S.S.R. 124, 19 (1959). 

8. I. M. Gel’fand and S. V. Fomin, Geodesic flows on manifolds of constant curvature 
(in Russian), Uspekhi Mat. Nauk 7, 118 (1952). English translation: Am. Math. 
Soc. Translations, Ser. 2, Vol. 1. 

9. I. M. Gel’fand and M. I. Graev, Geometry of homogeneous spaces, representations 

of groups in homogeneous spaces, and related questions of integral geometry (in 

Russian), Communs. (Trudy) Moscow Math. Soc. 8, 321 (1959). English translation: 

Am, Math. Soc. Translations, Ser. 2, Vol. 37. 


wN 


10 


il. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


ai. 


22. 


23. 


24. 


25. 


26. 


a7. 


28. 


29. 


BIBLIOGRAPHY 443 


. I. M. Gel’fand and M. I. Graev, Fourier transforms of rapidly decreasing functions 
on complex semisimple Lie groups (in Russian), Doklady Akad. Nauk S.S.S.R. 
131, 496 (1960). 

I. M. Gel’fand and M. I. Graev, Application of the method of horospheres to the 
spectral analysis of functions in ordinary and in imaginary Lobachevskian spaces 
(in Russian). Communs. (Trudy) Moscow Math. Soc. 11, 243 (1962). 

I. M. Gel’fand and M. I. Graev, On a general method for decomposing the regular 
representation of a Lie group into irreducible representations (in Russian), Doklady 
Akad. Nauk S.S.S.R. 92, 221 (1953). 

I. M. Gel’fand and M. I. Graev, Analog of the Plancherel formula for the classical 
groups (in Russian), Communs. (Trudy) Moscow Math. Soc. 4, 375 (1955). English 
translation: Am. Math. Soc. Translations, Ser. 2, Vol. 9. 

I. M. Gel’fand and M. I. Graev, Integrals of test functions and generalized functions 
over hyperplanes (in Russian), Doklady Akad. Nauk S.S,S.R. 135, 1307 (1960). 
I. M. Gel’fand and M. I. Graev, Integral transforms associated with complexes of 
lines in a complex affine space (in Russian), Doklady Akad. Nauk S.S.S.R.. 138, 
1266 (1961). 

I. M. Gel’fand, R. A. Minlos, and Z. Ya. Shapiro, ‘“Representations of the Rotation 
and Lorentz Groups and Their Applications.”’ Oxford, New York, 1963. 

I. M. Gel’fand and M. A. Naimark, Unitary representations of the Lorentz group 
(in Russian), Izvestia (Bulletin) Akad. Nauk. S.S.S.R. (ser. mat.) Ul, 411 
(1947). 

I. M. Gel’fand and I. I. Pyatetskii-Shapiro, Theory of representations and theory 
of automorphic functions (in Russian), Uspekhi Mat. Nauk 14, 171 (1959). English 
translation: Am. Math. Soc. Translations, Ser. 2, Vol. 26. 

I. M. Gel’fand and Z. Ya. Shapiro, Homogeneous functions and their applications 
(in Russian), Uspekhi Mat. Nauk 10, 118 (1952). English translation: Homogeneous 
functions and their extensions, Am. Math. Soc. Translations, Ser. 2, Vol. 8. 

I. M. Gel’fand and G. E. Shilov, ‘‘Generalized Functions,” Vol. 1. Academic, 
New York, 1964. 

I. M. Gel’fand and G. E. Shilov, ‘Generalized Functions,” Vol. 2 (“Spaces of 
test functions and generalized functions’’) (in Russian). Fizmatgiz, Moscow, 1958. 
English translation in preparation. 

I. M. Gel’fand and N. Ya. Vilenkin, ‘““Generalized Functions,’’ Vol. 4. Academic, 
New York, 1964. 

R. Godement, ‘“Seminaire H. Cartan Ecole Normale Supérieure, 1957-1958.” 
Paris, 1958. 

S. Helgason, Differential operators on homogeneous spaces, Acta. Math. 102, 239 
(1959). 

F. John, Bestimmung einer Funktion aus ihren Integralen tiber gewisse Mannig- 
faltigkeiten, Math. Ann. 100, 488 (1934). 

F. John, Abhingigkeiten zwischen den Flachenintegralen einer stetigen Funktion, 
Math. Ann. 111, 541 (1935). 

F. John, “Plane Waves and Spherical Means, Applied to Partial Differential Equa- 
tions.” Wiley (Interscience), New York, 1955. 

F. I. Karpelevich, Geodesic lines and harmonic functions on symmetric spaces 
(in Russian), Doklady Akad. Nauk S.S.S.R. 124, 1199 (1959). 

A. A. Khachaturov, Determination of the value of a measure on a region in a space 
of m dimensions from its values for all half-spaces (in Russian), Uspekhi Mat. Nauk 
9, 205 (1954). 


444 BIBLIOGRAPHY 


30 


31, 
32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44, 


45. 


46. 


47. 


48. 


. A. A. Kirillovy, On a certain problem of I. M. Gel’fand (in Russian), Doklady Akad. 
Nauk S.S.S.R. 137, 276 (1961). 

F. Klein, “Vorlesungen tiber Héhere Geometrie.” Springer, Berlin, 1926. 

P..O. Kostelyanets and Yu. G. Reshetnyak, Determination of an additive function 
from its values on a half-space (in Russian), Uspehki Mat. Nauk 9, 135 (1954). 

R. A. Kunze and E. M. Stein, Uniformly bounded representations and harmonic 
analysis of the 2 x 2 real unimodular group, Am. ¥. Math. 82, 1 (1960). 

J. Leray, Les solutions élémentaires d’une équation aux dérivées partielles a coeffi- 
cients constants, Compt. rend. acad. sci. 234, 1112 (1952). See also this author’s 
book “Hyperbolic Differential Equations.”” New York, 1955. 

J. Leray, Le calcul différentiel et intégral sur une variété analytique complexe 
(Probléme de Cauchy, III), Bull. Soc. Math. France 87, 81 (1959). 

M. A. Naimark, “Linear Representations of the Lorentz Group.’’ Macmillan, 
(Permagon), New York, 1964. 

M. A. Naimark, Decomposition of a tensor product of irreducible representations 
of the proper Lorentz group into irreducible representations (in Russian), Communs. 
(Trudy) Moscow Math. Soc. 8, 121 (1959). English translation (together with two 
subsequent articles by the same author on the same subject): Am. Math. Soc. Trans- 
lations, Ser. 2, Vol. 36. 

J. Radon, Uber die Bestimmung von Funktionen durch ihre Integralwarte langs 
gewisser Mannigfaltigkeiten, Ber. Verh. Sdchs. Akad. 69, 262 (1917). 

L. A. Santalo Sors, ‘Introduction to Integral Geometry.” Hermann, Paris, 1953. 

A. Selberg, Harmonic analysis and discontinuous groups in weakly symmetric 
Riemannian spaces with applications to Dirichlet series, ¥. Indian Math. Soc.(N.S.) 
20, 47 (1956). 

V. I. Semyanistyi, On some integral transforms in Euclidean space (in Russian), 
Doklady Akad. Nauk S.S.S.R. 134, 536 (1960). 

V. I. Semyanistyi, Homogeneous functions and some problems of integral geometry 
in spaces of constant curvature (in Russian), Doklady Akad. Nauk S.S.S.R. 136, 
288 (1961). 

E. Titchmarsh, ‘The Theory of Functions.” Oxford Univ. Press, London and 
New York, 1950. 

A. Weil, “L’intégration dans les Groupes Topologiques et ses Applications.” Paris, 
1940. 

H. Weyl, ‘The Classical Groups.” Princeton Univ. Press, Princeton, New Jersey, 
1946. 

D. P. Zhelobenko, Structure of the group ring of the Lorentz group (in Russian), 
Doklady Akad. Nauk S.S.S.R. 126, 482 (1959). 

G. W. Mackey, Infinite dimensional group representations. Colloquium Lecture 
given at Stillwater, Oklahoma, Aug. 29-Sept. I at the 66th Summer Meeting of the 
American Mathematical Society, 1961. 

L. Pukdnszky, On Kronecker products of irreducible representations of the 2 x 2 real 
unimodular group, part I, Trans. Am. Math. Soc. 100, 116 (1961). 


Index 


In this index the group of complex unimodular matrices in two dimensions is 
referred to as G. When no specific group is referred to, G is often understood. The 
analogous real group is referred to as “the real unimodular group.” 
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Generalized beta function, 51, 132 
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Group of motions, 331 
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Harmonic measure, 289 
Hermitian functional, 189 
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198 
Homogeneous coordinates of lines on a 
quadratic surface in four complex 
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Plancherel’s theorem, 351 
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Negative curvature, 275 
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Operator irreducibility, 149 
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Paley-Wiener theorem 
for the Fourier transform on G, 357 
for the Fourier transform on the line, 277 
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Partial equivalence of representations, 184 
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transform 
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Radon transform 
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Radon transform of 
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Related representations, 156 
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Index of Radon Transforms 
of Particular Functions 


1. CHARACTERISTIC FUNCTIONS 


Exterior of one-sheeted hyperboloid, 64 

Exterior of two-sheeted hyperboloid, 64 

Interior of half of a circular cone (three 
dimensions), 50 

Interior of one-sheeted hyperboloid, 64 

Interior of positive cone, 37 

Interior of positive cone (three dimensions), 
35 
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hyperboloid, 64 
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hyperboloid (three dimensions), 42 
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f(z), where f is an entire analytic function, 
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function of degree 1, 44 
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form (complex space), 126 
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P*, where P is a positive definite quadratic 
form, 57 

P4, where P is a quadratic form with 
complex coefficients and Im P> 0 
(real space), 60 

PA, (P+ 0), (P — 10)’, where P is a 
nondegenerate quadratic form, 58 

(P + c)4, where P is a positive definite 
quadratic form, 61 

(P+e4 0), (P+e—0)', (P+o4, 
(P + ©)4, where P is a nondegenerate 
quadratic form, 61, 62 

PAs, where P is a nondegenerate quadra- 
tic form and A — 4 is an integer 
(complex space), 127 

x4, 8(x2 y.45 Xn), 26, 29 

x’, concentrated on any ray, 29 

| x1 [4 B(x, j.0, Xn), 30 

| xy [A sgn x, 8(x2 ,.-., Xn), 30 

(Mayer) 54 

(xy? + + + an? + 6)’, 94 

8(x1 ).065 Xn), 25 

8(Xe je) Xn), 31 

8(xy? + + + xn? — 1), 66 


8(xy2 — x2 — +++ — x? + 1), 67 
3(xy? — x2 — “++ ~ xn? — 1), 67 
B(x? — xQ2 — -- — xy), 68 
&(z), 126 


O(2,)(412 — xy? — x57) , 38ff 
Be )(an® — _? — ov — ant), 37 
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